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Abstract. In this paper we study the Lascar group over a hyper-
imaginary e. We verify that various results about the group over a
real set still hold when the set is replaced by e. First of all, there
is no written proof in the available literature that the group over
e is a topological group. We present an expository style proof of
the fact, which even simplifies existing proofs for the real case. We
further extend a result that the orbit equivalence relation under a
closed subgroup of the Lascar group is type-definable. On the one
hand, we correct errors appeared in [6, 5.1.14-15] and produce a
counterexample. On the other, we extend Newelski’s Theorem in
[12] that ‘a G-compact theory over a set has a uniform bound for
the Lascar distances’ to the hyperimaginary context. Lastly, we
supply a partial positive answer to a question raised in [4, 2.11],
which is even a new result in the real context.

The Lascar (automorphism) group of a first-order complete theory
and its quotient groups such as the Kim-Pillay group and the Shelah
group have been central themes in contemporary model theory. The
study on those groups enables us to develop Galois theoretic corre-
spondence between the groups and their orbit-equivalence relations on
a monster model such as Lascar types, Kim-Pillay types, and Shelah
strong types. The notions of the Lascar group and its topology are
introduced first by D. Lascar in [9] using ultraproducts. Later more
favorable equivalent definition is suggested in [7] and [11], which is
nowadays considered as a standard approach. However even a com-
plete proof using the approach of the fundamental fact that the Lascar
group is a topological group is not so well available. For example in
[2], its proof is left to the readers, while the proof is not at all trivial.
As far as we can see, only in [14], a detailed proof is written.

Aforementioned results are for the Lascar group over ∅, or more
generally over a real set A. In this paper we study the Lascar group
over a hyperimaginary e and verify how results on the Lascar group over
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A can be extended to the case when the set is replaced by e. Indeed
this attempt was made in [8] (and rewritten in [6, §5.1]). However
those contain some errors, and moreover a proof of that the Lascar
group over e is a topological group is also missing. In this paper we
supply a proof of the fact in a detailed expository manner. Our proof
is more direct and even simplifies that for the group over ∅ in [14].
We correct the mentioned errors in [6],[8], as well. In particular we
correct the proof of that the orbit equivalence relation under a closed
normal subgroup of the Lascar group over e is type-definable over e.
Moreover we extend Newelski’s Theorem in [12] to the hyperimaginary
context. Namely we show that if T is G-compact over e then there
is n < ω such that for any hyperimaginaries b, c, we have b ≡L

e c iff
the Lascar distance between b and c is ≤ n. We also generalize the
notions of relativized Lascar groups introduced in [3], in the context
of hyperimaginaries. Lastly, we prove a new result even in the real
context, which is a partial positive answer to a question raised in [4,
2.11]. That is, if T is G-compact over e, and c has only finitely many
conjugates ci (i < m) over be such that bci 6≡L

e bcj for i < j < m
then, for p = tp(b/e) and p = tp(bc/e), the kernel of the canonical
projection πn : GalnL(p) → GalnL(p) of the relativized Lascar groups is
finite.

In Section 1, we introduce basic terminology for this paper and sup-
ply the mentioned detailed proof of that the Lascar group over e is a
quasi-compact topological group (Corollary 1.20).

In Section 2, we prove that the orbit equivalence relation under
a closed subgroup of the Lascar group over e is bounded and type-
definable. In addition if the subgroup is normal then the equivalence
relation is e-invariant (Corollary 2.4).

In Section 3, using results in Section 2 we study particular quotient
groups of the Lascar group. Namely we investigate the Kim-Pillay
group and the Shelah group, and corresponding notions of Kim-Pillay
types and Shelah strong types, over a hyperimaginary. We point out an
error occurred in [8] (rewritten in [6]), by producing a counterexample.

In Section 4, using the approach in [13] we prove that any type-
definable Lascar type over e has a finite diameter (Theorem 4.7), by
which we can extend Newelski’s result (over ∅) to the class of theories
being G-compact over e (Corollary 4.8).

In Section 5, we introduce the notions of relativized Lascar groups
over e, generalizing those for real tuples over ∅ in [3]. Then as men-
tioned above, we supply an answer covering the hyperimaginary case
to a question in [4] (Theorem 5.6). We also point out that results
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in [4] can be extended to our hyperimaginary context (Corollary 5.8,
Proposition 5.10, Theorem 5.12).

1. The Lascar group over a hyperimaginary

Throughout this paper, we fix a complete theory T with a lan-
guage L and we work in a (κ̄-saturated) monster model M of T . We
use standard terminology as in [1] or [6]. For example, ‘bounded’ or
‘small’ sizes refer to cardinalities < κ̄. By real sets or tuples, we mean
small subsets of M or sequences from M of small lengths, respec-
tively. Being ‘type-definable’ means being ‘type-definable over some
real set.’ When A is a small set, ‘A-invariant’ means ‘invariant un-
der any automorphism of M fixing A pointwise.’ As is well-known,
an A-invariant type-definable (solution) set is A-type-definable. Recall
that a hyperimaginary written as bF = b/F is an equivalence class of
the real tuple b of an ∅-type-definable equivalence relation F . Occa-
sionally we may write hyperimaginaries using boldface letters such as
b, c. The type tpx(bF/cL) of bF over another hyperimaginary cL is a
partial type ∃z1z2(tpz1z2(bc) ∧ F (x, z1) ∧ L(c, z2)), whose solution set
is the set of automorphic images of bF over cL. As usual bF ≡cL dF
denotes tp(bF/cL) = tp(dF/cL). We say bF and cL are interdefinable
or equivalent if, any automorphism f fixes the class bF iff f fixes the
class cL. Real or imaginary tuples in Meq are examples of hyperimag-
inaries, but not every hyperimaginary is equivalent with an imaginary
tuple. Notice that a sequence of hyperimaginaries (di/Fi | i < λ) is
interdefinable with a hyperimaginary d/F where d = (di | i < λ) and
F =

∧
i<λ Fi(x

0
i , x

1
i ) such that xki ∩ xlj = ∅ iff (k, i) 6= (l, j), where

k, l ∈ {0, 1}.
For the rest of this paper, we fix E, an ∅-type-definable

equivalence relation, a a real (possibly infinite) tuple, and
e = a/E = aE a hyperimaginary. For simplicity we may write
a formula in a type, say E(x, y) as ϕ(x, y) (or ϕ(a, b) for |= E(a, b))
which indeed means ϕ(x′, y′) for some suitable finite subtuples x′, y′ of
x, y, respectively. In this section we show that the Lascar group over
e is a quasi-compact topological group (Corollary 1.20). In fact this is
mentioned in [6, 5.1.3] without a proof. But we cannot find any stated
proof in the literature showing that the proof for a real parameter
(as in [14]) can go thru for a hyperimaginary parameter. We confirm
this, largely by following ideas in the real case proof. But the proof
here is more direct (for example Proposition 1.11, Theorem 1.19) and
simplified.

Definition 1.1.
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(1) Aute(M) = {f ∈ Aut(M) : f(e) = e}.
(2) Let e′ be a hyperimaginary. We denote e′ ∈ dcl(e) and say e′

is definable over e if f(e′) = e′ for all f ∈ Aute(M)
(3) Likewise denote e′ ∈ bdd(e) and say e′ is bounded over e if

{f(e′) | f ∈ Aute(M)}
is bounded.

(4) Autfe(M) is the subgroup of Aute(M) generated by

{f ∈ Aute(M) | f ∈ AutM(M) for some model M such that e ∈ dcl(M)}.

The following remarks will be freely used.

Remark 1.2.

(1) A hyperimaginary bF is called countable if |b| is countable. Re-
call that any hyperimaginary is interdefinable with a sequence
of countable hyperimaginaries [6, Lemma 4.1.3]. Thus the de-
finable closure of e, dcl(e) can be regarded as the set of all
countable hyperimaginaries which are definable over e. Then cL
is definable over e iff cL is equivalent with a sequence of count-
able hyperimaginaries from dcl(e). Moreover the (bounded)
set dcl(e) is interdefinable with a single hyperimaginary, as in-
dicated at the end of the first paragraph of this section.

(2) Likewise, the bounded closure of e, bdd(e) can be regarded as
the set of all countable hyperimaginaries which are bounded
over e. Again then bdd(e) is equivalent with a single hyper-
imaginary bounded over e.

(3) It easily follows that Autfe(M) is a normal subgroup of Aute(M).

Definition 1.3. GalL(M, e) = Aute(M)/Autfe(M), and π : Aute(M)→
GalL(M, e) is the canonical projection. For f ∈ Aute(M), f denotes
π(f) = f · Autfe(M).

Remark 1.4.

(1) [11, Lemma 1.6] The following are equivalent.
(a) e ∈ dcl(M).
(b) E(x, a) is finitely satisfiable in M .
(c) e ∈ bdd(M).

(2) Recall that hyperimaginaries bF , cF have the same Lascar (strong)
type over e, denoted by bF ≡L

e cF or Ltp(bF/e) = Ltp(cF/e), if
there is f ∈ Autfe(M) such that f(bF ) = cF .

As is well-known the following are equivalent (so ≡L
e does not

depend on the choice of a monster model).
(a) bF ≡L

e cF .
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(b) There are 1 ≤ n < ω, models Mi (i < n) and real bi (i ≤ n)
such that e ∈ dcl(Mi), b = b0, c = bn, and bi/F ≡Mi

bi+1/F .
(c) There are 1 ≤ n < ω, real b = b0, . . . , bn = c such that

for each i < n, bi/F and bi+1/F begin an e-indiscernible
sequence.

Moreover xF ≡L
e yF is the finest e-invariant bounded equiva-

lence relation coarser than F .
(3) For small models M,N(≺ M) such that e ∈ dcl(M), dcl(N),

if f(M) ≡N g(M) where f, g ∈ Aute(M), then f = g (see for
example [6, Remark 5.1.2(1)]).

We now point out the following.

Theorem 1.5. GalL(M, e), up to isomorphism, does not depend on
the choice of M.

The same proof for the real parameter case (e.g. [6, Remark 5.1.2])
would work, so we omit it.

Definition 1.6. We call GalL(M, e) the Lascar group of T over e.
Due to Theorem 1.5, we omit M and denote it by GalL(T, e).

Corollary 1.7. |GalL(T, e)| ≤ 2|T |+|a|.

Proof. By Remark 1.4(3), any f is determined by any M,N |= T such
that e ∈ dcl(M), dcl(N). Then |{tp(f(M)/N) : f ∈ Aute(M)}| ≤
2|M |+|N |+|T |, and letting M,N contain a and have cardinality |T |+ |a|,
we see that |GalL(T, e)| ≤ 2|T |+|a|. �

Definition 1.8. Let M,N ≺M such that e ∈ dcl(M), dcl(N). Define
SM,e(N) = SM(N) := {tp(f(M)/N) : f ∈ Aute(M)}.

We give the relative Stone topology on SM(N): As usual, let Sx(N) =
{p(x) : |x| = |M | and p is a complete type over N} be the Stone space
(that is, the basic open sets are of the form [ϕ] = {p ∈ Sx(N) : ϕ ∈ p}
for ϕ ∈ L(N)). Then SM(N) is a subspace of Sx(N). We remark as
follows that SM(N) is a compact (i.e. quasi-compact and Hausdorff)
space.

Remark 1.9. Let r(x, a) be a partial type over a that describes tpx(M/e).
Since e ∈ dcl(N), we have r0(x,N) := tp(a/N) |= E(x, a). Hence
tpx(M/e) can also be described by

r′(x,N) = ∃y(r(x, y) ∧ r0(y,N)).

Thus SM(N) = {p ∈ Sx(N) : r′(x,N) ⊆ p} is a closed (so compact)
subspace of the compact space Sx(N).
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Due to Remark 1.4(3), there are well-defined maps µ, ν

Aute(M)
µ→ SM(N)

ν→ GalL(T, e)
f 7→ tp(f(M)/N) 7→ f

such that π = ν ◦ µ. We give GalL(T, e) the quotient topology with

respect to ν. Notice that SM(N)
ν : cts−→ GalL(T, e) implies GalL(T, e) is

quasi-compact (but not necessarily Hausdorff).

We point out another independence.

Proposition 1.10. The topology on GalL(T, e) does not depend on
the choice of M and N , i.e. any pair of models M ′ and N ′ such that
e ∈ dcl(M ′), dcl(N ′) induces the same topology.

Again the proof is the same as the real parameter case, so we omit.

Now we begin to show that GalL(T, e) is a topological group with
the equipped topology. Our proof of this is more direct than that
in [14]. Especially, we do not appeal to the argument extending the
language. Recall that a group G equipped with a topology is called a
topological group if the group operations G × G → G : (x, y) 7→ xy,
G→ G : x 7→ x−1 are continuous.

Thanks to Proposition 1.10, from now on, we fix a small model
M containing a and work with the relative compact Stone space
SM,e(M) = SM(M). As said, we have the following maps:

Aute(M)
µ−→ SM(M)

ν−→ GalL(T, e)

f 7→ p = tp(f(M)/M) 7→ ν(p) = f

Proposition 1.11. The inverse operation on GalL(T, e) is continuous.

Proof. Let C be a closed subset of GalL(T, e). We want to show B =

{f ∈ GalL(T, e) | f−1 ∈ C} is closed. Now assume ν−1(C)(⊆ SM(M))
is type-defined by say Φ(y) over M . Consider a type over M

Ψ(x) = ∃y((xM ≡e My) ∧ Φ(y)).

Let B0 = {p(x) ∈ SM(M) | Ψ(x) ⊆ p(x)}, which is closed.
It suffices to see that B0 = ν−1(B): Let q = tp(M0/M) ∈ B0. Then

there is M1 such that M0M ≡e MM1 and tp(M1/M) ∈ ν−1(C). Now
there is f ∈ Aute(M) such that f(MM1) = M0M . Thus f−1(M) =

M1 and f−1 ∈ C. Therefore f ∈ B, and q ∈ ν−1(B) since q =
tp(f(M)/M).

Conversely, let q = tp(f(M)/M) ∈ ν−1(B). Then tp(f−1(M)/M) ∈
ν−1(C), thus f−1(M) |= Φ(y). Also, clearly f(M)M ≡e Mf−1(M),
hence q = tp(f(M)/M) ∈ B0. �
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Showing the product map of GalL(T, e) is continuous is more com-
plicated and we need preparatory work. Recall that x0x1 . . . xn ≡e

xi0 . . . xin means ∃y((x0 . . . xna ≡ xi0 . . . xiny) ∧ E(y, a)).

Definition 1.12. Let Γ(x0, x1) be a partial type over a saying there is
an e-indiscernible sequence beginning with x0, x1, that is

∃x2x3 . . . (x0x1 . . . xn ≡e xi0 . . . xin | i0 < · · · < in ∈ ω, 1 ≤ n).

We will freely use the following.

Remark 1.13.

(1) We can assume that each formula in Γ is reflexive and symmetric
since Γ itself is so, and Γ is closed under finite conjuction of
formulas.

(2) Due to Remark 1.4(2), x ≡L
e y is the transitive closure of Γ(x, y).

(3) Assume δ ∈ Γ. Then there is n ∈ ω such that there exists
at most length n antichain c0, . . . , cn of δ (i.e. ¬δ(ci, cj) for
i < j ≤ n): Otherwise by Ramsey, there is an a-indiscernible
sequence I = 〈ci | i < ω〉 such that ¬δ(c0, c1) holds. Then since
I is e-indiscernible as well Γ(c0, c1) must hold, a contradiction.

Remark 1.14. For pi ∈ SM(M) (i = 0, 1), we write p0 ≈ p1 if ν(p0) =
ν(p1). Then p0 ≈ p1 iff M0 ≡L

e M1 for any Mi |= pi.

Proof. Assume Mi |= pi. Then there are fi ∈ Aute(M) such that
fi(M) = Mi. Now assume p0 ≈ p1, so f0 = f1. Hence there is g ∈
Autfe(M) such that f0 = gf1, so M0 = f0(M) = g(f1(M)) = g(M1).
Therefore M0 ≡L

e M1.
Conversely assume M0 ≡L

e M1. Then there is g ∈ Autfe(M) such
that M0 = g(M1), so tp(f0(M)/M) = tp(g(f1(M))/M). Thus f0 =
gf1 = f1 by Remark 1.4(3), and ν(p0) = ν(p1). �

Remark & Definition 1.15.

(1) Let

SM2(M) := {tp(f(M)g(M)/M) | f, g ∈ Aute(M)}.

Then the map r : SM2(M)→ SM(M)×SM(M) sending tp(M0M1/M)
to (tp(M0/M), tp(M1/M)) is a closed map since it is a contin-
uous map between compact spaces.

(2) We define a binary relation D on SM(M) by, D(p, q) holds iff
there are M ′ |= p, M ′′ |= q such that |= Γ(M ′,M ′′), i.e. D(x, y)
is type-defined by

tpx(M/e) ∧ tpy(M/e) ∧ Γ(x, y).
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Then by Remark 1.13(2) and 1.14, p ≈ q is the transitive closure
of D. Now by (1), D is a closed subset of SM(M)× SM(M).

(3) For p ∈ SM(M), we let D[p] = {q ∈ SM(M) : D(p, q)}, i.e.
D[p](x) is type-defined by ∃y(p(y) ∧ Γ(x, y)). It is closed so
compact in SM(M). For q ∈ D[p], ν(p) = ν(q).

(4) For δ(x′, y′) = δ(x′, y′, a) ∈ Γ, let

Dδ[p] = {q ∈ SM(M) | ∃y(p(y) ∧ δ(x′, y′)) ⊆ q(x)}.

Note that p ∈ D[p] =
⋂
δ∈ΓDδ[p]. Hence by compactness for

any open O ⊆ SM(M), D[p] ⊆ O iff for some δ ∈ Γ, Dδ[p] ⊆ O.

Lemma 1.16. Let p ∈ SM(M). For any δ ∈ Γ, p ∈ int(Dδ[p]).

Proof. As in Remark 1.13(3), there is a maximal antichain 〈M0, . . . ,Mn〉
of δ in p, so that for any M ′ |= p, there is i such that |= δ(Mi,M

′). Then
p(y) |=

∨n
i=0 δ(Mi, y), so there is ψ ∈ p such that ψ(y) |=

∨n
i=0 δ(Mi, y).

Note that p ∈ [ψ], which is open. We claim [ψ] ⊆ Dδ[p]: For any
q ∈ [ψ], since ψ |=

∨n
i=0 δ(Mi, y), if M ′ |= q, then there is j satisfying

δ(Mj,M
′). Thus q ∈ Dδ[p], so p ∈ int(Dδ[p]). �

The following lemma and corollary will play a critical role as in [14].
We modify/simplify the proof.

Lemma 1.17. Assume W (⊆ SM(M)) is closed under ≈, i.e. W =
ν−1(ν(W )). Let O = int(W ), and let U = {p ∈ SM(M) | D[p] ⊆ O}(⊆
O).

(1) For p ∈ O, the following are equivalent.
(a) ν−1(ν(p)) ⊆ O, i.e. q ∈ O for any q ≈ p.
(b) D[p] ⊆ O
(c) Dδ[p] ⊆ O for some δ ∈ Γ.

(2) U = {p ∈ SM(M) | ν−1(ν(p)) ⊆ O} so U = ν−1(ν(U)), and U
is open.

Proof. (1) By Remark 1.15(2)(3)(4), we have (a)⇒(b)⇔(c). Assume
(b) and (c). We will show (a). Let p = tp(H/M) and Dδ[p] ⊆ O for
some δ(x, y, a) ∈ Γ, and let q = tp(K/M) ≈ p. We need to show q ∈ O.

We first claim that there is δ′ ∈ Γ such that Dδ′ [q] ⊆ W : Notice
that H ≡L

e K by Remark 1.14 and there is f ∈ Autfe(M) such that
f(H) = K. Since Γ is e-invariant, we have Γ ≡ f(Γ) |= δ(x, y, f(a)).
Hence there is δ′(x, y, a) ∈ Γ such that δ′(x, y, a) |= δ(x, y, f(a)). Let
q′ ∈ Dδ′ [q]. It suffices to see q′ ∈ W . Since there is K ′ |= q′ such
that |= δ′(K,K ′, a), we have δ(K,K ′, f(a)). Let H ′ = f−1(K ′) and
p′ = tp(H ′/M). Then δ(K,K ′, f(a)) implies |= δ(H,H ′, a) and since
H |= p, we have p′ ∈ Dδ[p](⊆ W ). Note that K ′ |= q′ and f−1(K ′) |= p′
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where f ∈ Autfe(M), so p′ ≈ q′. Since W is closed under ≈, we have
q′ ∈ W as wanted.

Thus by Lemma 1.16, q ∈ int(Dδ′ [q]) ⊆ O.

(2) That U = {p ∈ SM(M) | ν−1(ν(p)) ⊆ O} follows from (1). Thus
obviously U = ν−1(ν(U)). Now say O =

⋃
i<λ[ψi], so that SM(M)\O =

{r ∈ SM(M) : {¬ψi : i < λ} ⊆ r}. Notice then that q /∈ U(⊆ O) iff
D[q] 6⊆ O iff q(x)∧Γ(x, y)∧{¬ψi(y)}i<λ is consistent. Hence SM(M)\U
is closed. �

Corollary 1.18. Let (p ∈)D[p] ⊆ O ⊆ SM(M) where O is open. Then
ν(p) ∈ int(ν(O)).

Proof. Put W = ν−1(ν(O)), so that W is closed under ≈ and O ⊆
int(W ). As in Lemma 1.17, let (p ∈)U = {q ∈ SM(M) | D[q] ⊆
int(W )}(⊆ int(W )). Then by Lemma 1.17(2), U is open and ν−1(ν(U)) =
U . Thus ν(U) is open and ν(p) ∈ ν(U) ⊆ ν(W ) = ν(O). �

Now we are ready to show our goal.

Theorem 1.19. The multiplication on GalL(T, e) is continuous.

Proof. Denote (G, .) = GalL(T, e). Let C be a closed subset of G, say
ν−1(C) is type-defined over M by Φ(z). We want to show

B := .−1(C) = {(f, g) | fg ∈ C}
is closed in G2. Now let

B0 = {(p, q) ∈ SM(M)× SM(M) | (ν(p), ν(q)) ∈ B}.

Claim.

(1) B0 is ≈-closed, i.e. if (p0, p1) ∈ B0 and qi ≈ pi (i = 0, 1) then
(q0, q1) ∈ B0.

(2) B0 is closed in SM(M)2.

Proof of Claim. (1) is clear by the definition of B0.
(2) Consider a type over M

Ψ(x, y) = ∃z(xz ≡e My ∧M ≡e y ∧ Φ(z)).

Let B1 ⊆ SM2(M) be type-defined by Ψ, i.e. B1 = {p(x, y) ∈ SM2(M) |
Ψ(x, y) ⊆ p(x, y)}, which is closed in SM2(M).

Due to Remark 1.15(1), it suffices to show that B0 = r(B1): Let
tp(M0M1/M) ∈ B1. Hence M ≡e M1 and there is M2 such that
M0M2 ≡e MM1 and tp(M2/M) ∈ ν−1(C). Thus there are f, g ∈
Aute(M) such thatM1 = g(M) andM0M2 = f(MM1). Then fg(M) =
f(M1) = M2. Therefore fg ∈ C, and (tp(M0/M), tp(M1/M)) =
(tp(f(M)/M), tp(g(M)/M)) ∈ B0 as wanted.
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For the converse, let (tp(f(M)/M), tp(g(M)/M)) ∈ B0, so that
(f, g) ∈ B by definition of B0. Hence fg ∈ C. Now f(M)fg(M) ≡e

Mg(M) ∧M ≡e g(M) ∧ Φ(fg(M)), and tp(f(M)g(M)/M) ∈ B1. �

We are ready to show B is closed in G2. Let (f0, f1) ∈ G2 \ B,
and let W = {(p, q) ∈ SM(M)2 | ν(p) = f0, ν(q) = f1}. Hence
B0 ∩W = ∅ and again W is ≈-closed. Fix (p0, p1) ∈ W . Now we have
D[p0]×D[p1] ⊆ W (Remark 1.15(3)). Since both B0 and D[p0]×D[p1]
are closed so compact in SM(M)2, by purely topological arguments,
there are open neighborhoods Ui(⊆ SM(M)) of D[pi] (i = 0, 1) such
that B0 ∩ (U0 × U1) = ∅. Hence by Lemma 1.18, ν(pi) = fi ∈ Oi :=
int(ν(Ui)) ⊆ G, so (f0, f1) ∈ O0 × O1. Now since B0 ∩ (U0 × U1) = ∅,
by Claim (1) B0 ∩ (ν−1(ν(U0)) × ν−1(ν(U1))) = ∅ as well. Hence we
must have B ∩ (O0 ×O1) = ∅. Therefore B is closed in G2. �

Corollary 1.20. The Lascar group over a hyperimaginary e, GalL(T, e)
is a quasi-compact topological group.

Proof. By Proposition 1.11 and Theorem 1.19. �

2. Type-definability of orbit equivalence relations

Given a subgroup H ≤ Aute(M), we write x ≡He y for |x| = |y| = α
to denote the orbit equivalence relation on Mα under H, that is for
b, c ∈Mα, b ≡He c iff there is h ∈ H such that c = h(b). More generally
if F is an ∅-type-definable equivalence relation onMα, then xF ≡He yF
is the orbit equivalent relation on Mα/F under H, which is coarser
than F .

In this section we aim to show that given closed H ′ ≤ GalL(T, e)
and H = π−1(H ′) ≤ Aute(M), xF ≡He yF is a type-definable bounded
equivalence relation; and in addition if H ′�GalL(T, e) then xF ≡He yF
is e-invariant (Corollary 2.4). This result is claimed to be proved in
[8] (restated in [6, Lemma 5.1.6(1)]) but the proof contains an error:
There for each complete hyperimaginary type p over a hyperimagi-
nary, Ψp(x, y) type-defines a bounded equivalence relation on the so-
lution set of p, but the description after this there need not work to
extend Ψp(x, y) to the whole monster model keeping it type-definable
and bounded.

When e = ∅ and H ′ = {id} � GalL(T ), a correct proof using an
ultraproduct argument is given in [11, Lemma 4.18]. Here we supply a
direct proof (not appealing to the ultraproduct method) of the general
case result while we still utilize ideas in [11].

We recall the following folklore first.
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Fact 2.1. Let F be a type-definable equivalence relation on Mα which
is e-invariant. Then there is an ∅-type-definable equivalence relation
F ′ such that for any b ∈Mα, bF and ba/F ′ are interdefinable over e.

Proof. Since F is e(= a/E)-invariant, F is type-definable over a by say
F (x, y; a). Then for p(x) = tp(a), we put

F ′(xz, yw) ≡ (F (x, y; z) ∧ E(z, w) ∧ p(z) ∧ p(w)) ∨ xz = yw.

It is not hard to check that F ′ satisfies the statement. �

The equivalence of (1) and (3) of the following proposition is proved
in [11, Lemma 1.9] when e = ∅. The argument is essentially the same,
but modifications are made to handle the hyperimaginary parameter.

Proposition 2.2. Let b be any small tuple inM, and let H ≤ Aute(M).
The following are equivalent.

(1) H = AutbF e(M) for some e-invariant type-definable equiva-
lence relation F .

(2) H = Aut(ba/L)e(M) for some ∅-type-definable equivalence rela-
tion L such that ba/L ∈ dcl(be).

(3) Autbe(M) ≤ H and the orbit of b under H is type-definable.

Proof. Let X be the orbit of b under H.
(1) ⇒ (2): This follows from Fact 2.1.

(2)⇒ (3): Since ba/L ∈ dcl(be), we have Autbe(M) ≤ H. Moreover
X is type-defined by ∃y(L(xy, ba) ∧ xy ≡e ba).

(3) ⇒ (1): Since X is invariant under H, it is also invariant un-
der Autbe(M), so type-definable by some be-invariant partial type
Φ(x, b, a) (*) where Φ(x, y, z) ⊆ L. We define

F ∗(x, y) ≡ ∃z(Φ(x, y, z) ∧ tpx(b/e) ∧ tpyz(ba/e)).

Claim. F ∗(x, y) is an equivalence relation on the solution set of tp(b/e).

Proof of Claim. Let d ≡e b be given, hence d = f(b) for some f ∈
Aute(M). Then � Φ(b, b, a) implies � Φ(d, d, f(a)) and so F ∗(d, d)
holds.

To show symmetry, assume F ∗(c, d) holds for some c, d |= tp(b/e).
Thus there is a′ such that da′ ≡e ba and Φ(c, d, a′) holds. Hence there
also is c′ such that cd ≡e c′b, and for some g ∈ Aute(M) we have
g(cda′) = c′ba′′ and Φ(c′, b, a′′) holds. Note that ba ≡e ba

′′ and as said
in (*) above, Φ(x, b, a′′) also type-defines X. Hence c′ ∈ X and there
is f ∈ H such that c′ = f(b). Note that f−1(b) ∈ X as well and
Φ(f−1(b), b, a′′) holds. Hence by applying g−1.f ∈ Aute(M) we have
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Φ(d, c, a′′′) where a′′′ = g−1.f(a′′) and ca′′′ ≡e ba. Therefore we have
F ∗(d, c).

For transitivity, assume F ∗(u, v) and F ∗(v, w). Hence there are a0, a1

such that va0 ≡e ba ≡e wa1 and Φ(u, v, a0), Φ(v, w, a1) hold. Now
there is u′v′a2 such that u′v′a2ba ≡e uva0wa1. Hence Φ(u′, v′, a2) and
Φ(v′, b, a) hold, and v′ ∈ X. Thus there is h ∈ H such that h(b) = v′,
and we have Φ(u′′, b, a3) where u′′ = h−1(u′), a3 = h−1(a2). Notice that
ba3 ≡e v

′a2 ≡e ba, and hence again by (*), we have u′′ ∈ X. Therefore
there is k ∈ H such that k(b) = u′′ = h−1(u′), and u′ = h.k(b) ∈ X.
Hence Φ(u′, b, a), and Φ(u,w, a1) hold. Thus F ∗(u,w) follows because
ba ≡e wa1. �

Define F (x, y) ≡ F ∗(x, y) ∨ x = y, so that F is a type-definable
equivalence relation on M|x|. Notice that F is e-invariant. It remains
to show H = AutbF e(M).

If h ∈ H, then h(b) ∈ X and Φ(h(b), b, a) holds. Thus F (h(b), b).
Conversely, assume h ∈ AutbF e(M). Then F (h(b), b), so F ∗(h(b), b)
and Φ(h(b), b, a′) hold where ba′ ≡e ba. Hence again by (*), we have
h(b) ∈ X and there is g ∈ H such that h(b) = g(b). Then g−1.h ∈
Autbe(M) ≤ H since g−1.h(b) = b. Therefore h ∈ H. �

Proposition 2.3. Let H ≤ Aute(M) and let H ′ = π(H) ≤ GalL(T, e).
Then H ′ is closed in GalL(T, e) and H = π−1(H ′), if and only if H =
Aute′e(M) for some hyperimaginary e′ ∈ bdd(e).

Proof. (⇒): Recall that (before Proposition 1.11) we have fixed M |= T
such that a ∈ M . Note that AutM(M) = AutMe(M) ≤ Autfe(M) ≤
H, and since H ′ is closed, {h(M) : h ∈ H} is type-definable over M .
Thus by Proposition 2.2, H = AutMF e(M) for some ∅-type-definable
equivalence relation F .

It remains to show that MF ∈ bdd(e): Notice that due to Corollary
1.7, [Aute(M) : H] = λ is small. Thus there is {fi ∈ Aute(M) | i < λ}
such that Aute(M) =

⊔
i<λ fi · H. But for all g, h ∈ Aute(M), if

g ·H = h ·H, then h−1g ∈ H and hence g(MF ) = h(MF ).

(⇐): Without loss of generality, say e′ = a′/E ′ where a′ ∈M . Note
that for q(x′) = tp(a′/e), since e′ ∈ bdd(e),

F (x′, y′) := (q(x′) ∧ q(y′) ∧ E ′(x′, y′)) ∨ (¬q(x′) ∧ ¬q(y′))

is an e-invariant bounded equivalence relation on M|a′|. Then due
to the last statement of Remark 1.4(2) with real x, y of arity |a′|, we
have Autfe(M) ≤ H. Thus π−1(H ′) = H. Moreover, H = {f ∈
Aute(M) : f(a′) |= E ′(x′, a′)}, so ν−1(H ′) = µπ−1(H ′) = {p(x) ∈
SM(M) : E ′(x′, a′) ⊆ p(x)} where x′ ⊆ x, which is closed. �
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Corollary 2.4. Let H ′ ≤ GalL(T, e) be closed, and let F be an ∅-type-
definable equivalence relation. Then for H = π−1(H ′), xF ≡He yF is
equivalent to xF ≡e′e yF for some hyperimaginary e′ ∈ bdd(e), and
hence xF ≡He yF is an e′e-invariant type-definable bounded equivalence
relation. Especially, if H ′ �GalL(T, e), then xF ≡He yF is e-invariant.

Proof. Due to Proposition 2.3, H = Aute′e(M) for some hyperimag-
inary e′ = dF ∈ bdd(e). Hence the H-orbit equivalence relation
xF ≡He yF is simply xF ≡e′e yF which is type-definable, bounded
(since xF ≡da yF implies xF ≡e′e yF ), and e′e-invariant. In addition if
H � Aute(M) then it easily follows that xF ≡He yF is e-invariant. �

3. Strong types over a hyperimaginary

In this section we reconfirm results in [6, 5.1.6-18] (excerpted from
[8]), while correcting errors in [6, 5.1.14,15] and supplying a counterex-
ample to [6, 5.1.15].

We begin to equip a topology on Aute(M) by pointwise convergence;
basic open sets are of the formOu,v = {f ∈ Aute(M) : f(u) = v} where
u, v are some finite real tuples. The proof of [14, Lemma 29] can go
through in the hyperimaginary context;

Proposition 3.1. The projection map π : Aute(M) → GalL(T, e) is
continuous.

Proof. Let U be an open subset of GalL(T, e) and f = f ·Autfe(M) ∈
U . Since ν is a quotient map, ν−1(U) is open, so there is a basic
open set Vϕ(x′) = {p ∈ SM(M) : ϕ(x′) ∈ p} ⊆ ν−1(U) such that
tp(f(M)/M) ∈ Vϕ(x′). Let u ∈ M be the finite tuple corresponding to
the finite tuple x′ of variables. Then µ−1(Vϕ(x′)) = {g ∈ Aute(M) :
g(u) |= ϕ(x′)} contains f and f(u) |= ϕ(x′). Notice that the basic
open set Ou,f(u) = {h ∈ Aute(M) : h(u) = f(u)} contains f and is
contained in {g ∈ Aute(M) : g(u) |= ϕ(x′)} = µ−1(Vϕ(x′)), implying
that π−1(U) is open. �

Corollary 3.2. Let H ′ be a closed subgroup of GalL(T, e), H = π−1(H ′) ≤
Aute(M) and let b, c be any small real tuples. Then

H = {f ∈ Aute(M) : f fixes all the ≡He -classes of any hyperimaginaries}
= {f ∈ Aute(M) : f fixes all the ≡He -classes of any finite real tuples}.

Moreover, b ≡He c iff b′ ≡He c′ where b′, c′ are corresponding finite sub-
tuples of b, c respectively.

Proof. For the equalities, clearly it suffices to show the second equality.
Notice that by Proposition 3.1, H is closed in Aute(M). Thus f ∈ H iff
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for every basic open set O ⊆ Aute(M) containing f , O∩H is nonempty.
Recall that every O is of the form Ou,v for finite u, v; and f ∈ Ou,v iff
f(u) = v. Thus f ∈ H iff for each finite real u, there is g ∈ H such
that g(u) = f(u). But it is equivalent to say that u ≡He f(u) for every
finite real tuple u.

The last statement follows by compactness, since Corollary 2.4 says
x ≡He y is equivalent to x ≡e′e y for some e′ ∈ bdd(e). �

We now define and characterize the KP(Kim-Pillay)-type over a hy-
perimaginary.

Definition 3.3.

(1) Denote

AutfKP (M, e) = π−1({id})
where {id} is the (topological) closure of the identity in GalL(T, e).

(2) We let≡KP
e be the orbit equivalence relation under AutfKP (M, e).

Namely, for hyperimaginaries bF , cF ,

bF ≡KP
e cF iff bF ≡He cF

where (Autfe(M) ≤)H = AutfKP (M, e)(≤ Aute(M)). We
call the equivalence class bF/ ≡KP the KP-type of bF over e.
Obviously bF ≡L

e cF implies bF ≡KP
e cF .

Remark 3.4. Since GalL(T, e) is a topological group, {id} is a normal
closed subgroup of GalL(T, e) (see [5]). We denote

GalKP(T, e) := GalL(T, e)/{id} = Aute(M)/AutfKP (M, e).

Hence GalKP(T, e) is a compact topological group.

Now we characterize ≡KP
e and find equivalent conditions. Some ar-

guments are from [6, Section 5.1].

Proposition 3.5. Let F be an ∅-type-definable equivalence relation.

(1) xF ≡KP
e yF is an e-invariant type-definable bounded equivalence

relation which is coarser than F .
(2) xF ≡KP

e yF is the finest among the e-invariant type-definable
bounded equivalence relations which are coarser than F (x, y).

Proof. (1) This follows directly from Corollary 2.4 and Remark 3.4.

(2) Let L be any e-invariant type-definable bounded equivalence re-
lation coarser than F and assume that bF ≡KP

e cF . It suffices to show
that L(b, c). Now by Fact 2.1, there is a hyperimaginary ba/L′ such
that ba/L′ and bL are interdefinable over e. Thus ba/L′ ∈ bdd(e)
and by Proposition 2.3, π(Aut(ba/L′)e(M)) is closed in GalL(T, e) and
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π−1(π(Aut(ba/L′)e(M))) = Aut(ba/L′)e(M). Hence AutfKP (M, e) ≤
Aut(ba/L′)e(M). Now bF ≡KP

e cF implies there is f ∈ Aut(ba/L′)e(M)
such that f(bF ) = cF and this f fixes bL by the interdefinability over
e, thus we have L(b, f(b)) and F (f(b), c), resulting L(b, c) (since L is
coarser than F ). �

Proposition 3.6. Let bF , cF be hyperimaginaries. The following are
equivalent.

(1) bF ≡KP
e cF .

(2) bF ≡bdd(e) cF .
(3) For any e-invariant type-definable equivalence relation L which

is coarser than F , if bL has boundedly many e-conjugates, then
L(b, c) holds.

(4) bc |= ∃z(z ≡KP
e x ∧ F (z, y)).

Therefore it follows AutfKP (M, e) = Autbdd(e)(M).

Proof. (1) ⇒ (2): Notice that xF ≡bdd(e) yF is e-invariant, type-
definable (see Remark 1.2) bounded equivalence relation coarser than
F . Hence by Proposition 3.5(2), bF ≡KP

e cF implies bF ≡bdd(e) cF .

(2) ⇒ (3): Assume (2) and the conditions for L in (3). By Fact
2.1, there is a hyperimaginary ba/L′ such that ba/L′ and bL are in-
terdefinable over e. Then ba/L′ ∈ bdd(e), thus by (2), there is f ∈
Aut(ba/L′)e(M) such that f(bF ) = cF . Then F (f(b), c) holds, thus
L(f(b), c). But f ∈ Aut(ba/L′)e(M), hence fixes bL, thus L(b, f(b)) and
by transitivity L(b, c) holds.

(3) ⇒ (1): By Proposition 3.5(1), xF ≡KP
e yF satisfies all conditions

of L in (3). Thus (3) implies that bF ≡KP
e cF .

(1) ⇔ (4): Easy to check.

Now the last equality follows from Corollary 3.2. �

We now recall the notion of G-compactness and its equivalent con-
ditions in the context of hyperimaginaries.

Definition 3.7. T is called G-compact over e if the trivial identity
subgroup is closed in GalL(T, e).

Therefore by the general facts on compact groups (see [5]), T is G-
compact over e iff GalL(T, e) is Hausdorff (so compact) iff Autfe(M) =
AutfKP (M, e) iff GalL(T, e) and GalKP(T, e) are isomorphic as topo-
logical groups.

Proposition 3.8. The following are equivalent.

(1) T is G-compact over e.
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(2) For any hyperimaginaries bF and cF , bF ≡KP
e cF iff bF ≡L

e cF .
(3) For any small real tuples b and c, b ≡KP

e c iff b ≡L
e c.

(4) For any ∅-type-definable equivalence relation F , xF ≡L
e yF is

type-definable.

Proof. (1) ⇒ (2): By (1), AutfKP (M, e) = Autfe(M), thus the or-

bit equivalence relations ≡AutfKP (M,e)
e and ≡Autfe(M)

e coincide for any
hyperimaginaries.

(2) ⇒ (3): Trivial by letting F the equality.

(3)⇒ (1): Recall thatM |= T and a ∈M . Now let f ∈ AutfKP (M, e).
Assuming (3), in particular we have M ≡L

e f(M), thus there is g ∈
Autfe(M) such that g(M) = f(M). Then by Remark 1.4(3), it fol-
lows that f ∈ Autfe(M). Hence AutfKP (M, e) = Autfe(M), and (1)
follows.

(2) ⇒ (4): Clear by Proposition 3.5(1).

(4)⇒ (2): We already know that xF ≡L
e yF is an e-invariant bounded

equivalence relation coarser than F (Remark 1.4(2)). Then assuming
(4), by Proposition 3.5(2), we have (2). �

As is well-known any simple theory is G-compact over a hyperimag-
inary (see [6]), while non G-compact theories (over ∅) are presented in
[2] and [13]. In [2], an example shows the KP-type and the Lascar type
of a finite tuple over ∅ can be distinct; and another shows KP-types
and Lascar types over ∅ of all finite tuples are the same while they
are distinct for an infinite tuple. In [13, Section 3.2], an example of
G-compact theory T over ∅ is given, while it is no longer G-compact
after naming real parameters.

Next we define and characterize the (Shelah) strong type over a
hyperimaginary.

Definition 3.9.

(1) Gal0L(T, e) denotes the connected component of the identity in
GalL(T, e).

(2) AutfS (M, e) := π−1(Gal0L(T, e)).
(3) Two hyperimaginaries bF and cF are said to have the same (She-

lah) strong type if there is f ∈ AutfS (M, e) such that f(bF ) =
cF , denoted by bF ≡s

e cF . Since AutfKP (M, e) ≤ AutfS (M, e),
bF ≡KP

e cF implies bF ≡s
e cF .

Remark 3.10. Note that Gal0L(T, e) is a normal closed subgroup of

GalL(T, e) [5] and ≡s
e is the orbit equivalence relation ≡AutfS (M,e)

e , so
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≡s
e is type-definable over e by Corollary 2.4. We denote

GalS(T, e) := GalL(T, e)/Gal0L(T, e) = Aute(M)/AutfS (M, e).

Thus GalS(T, e) is a profinite (i.e. compact and totally disconnected)
topological group. Notice that Gal0L(T, e) is the intersection of all
closed (normal) subgroups of finite indices in GalL(T, e), since such
an intersection is the identity for a profinite group [5].

Now in order to characterize ≡s
e in the context of hyperimaginaries,

we define the algebraic closure of e.

Remark & Definition 3.11.

(1) For a hyperimaginary e′, denote e′ ∈ acl(e) and say e′ is alge-
braic over e if {f(e′) | f ∈ Aute(M)} is finite.

(2) As in Remark 1.2, the algebraic closure of e, acl(e) can be
regarded as a bounded set of countable hyperimaginaries, which
is interdefinable with a single hyperimaginary bF ∈ bdd(e) (but
possibly bF /∈ acl(e)).

(3) Notice that given di/Li ∈ acl(e) (i ≤ n), as pointed out at the
end of the first paragraph of Section 1, (d0/L0, . . . , dn/Ln) is
equivalent to a single dL ∈ acl(e). Hence by compactness, for
any hyperimaginaries bF and cF ,

bF ≡acl(e) cF iff bF ≡dL cF for any dL ∈ acl(e).

The following clarifies Propositions 5.1.14 and 5.1.17 in [6]. There,
the proof of 5.1.14(1)⇒(2) with the hyperimaginary parameter need
not work, and (1),(5) should be deleted out (we will supply a coun-
terexample).

Proposition 3.12.

(1) AutfS (M, e) = Autacl(e)(M).
(2) Let bF , cF be hyperimaginaries. The following are equivalent.

(a) bF ≡s
e cF .

(b) bF ≡acl(e) cF .
(c) For any e-invariant type-definable equivalence relation L

coarser than F , if bL has finitely many conjugates over e,
then L(b, c) holds.

(d) bc |= ∃z(z ≡s
e x ∧ F (z, y)).

Proof. (1) We claim first that

Gal0L(T, e) =
⋂
{π(AutdLe(M)) | dL ∈ acl(e)} :
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Let dL ∈ acl(e) where dL is a hyperimaginary. Let d0
L(= dL), . . . , dnL

be all the conjugates of dL over e. Then any f ∈ Aute(M) per-
mutes the set {d0

L, . . . , d
n
L}. Hence it follows that AutdLe(M) has a

finite index in Aute(M). Thus (due to Proposition 2.3) AutdLe(M) =
π−1(π(AutdLe(M))) and π(AutdLe(M)) is a closed subgroup of finite
index in GalL(T, e). Then as in Remark 3.10, we have Gal0L(T, e) ≤
π(AutdLe(M)).

Conversely, given a normal closed subgroup H ′ ≤ GalL(T, e) of finite
index, and H := π−1(H ′), Proposition 2.3 says H ′ = π(AutbF e(M)) for
some bF ∈ bdd(e). But since H ′ is of finite index, so is H = AutbF e(M)
in Aute(M), and we must have bF ∈ acl(e). Therefore the claim follows
from Remark 3.10,

Therefore

AutfS (M, e) = π−1(Gal0L(T, e)) = π−1(
⋂
{π(AutdLe(M)) | dL ∈ acl(e)})

=
⋂
{AutdLe(M) | dL ∈ acl(e)} = Autacl(e)(M),

where the last equality follows by Remark 3.11(3).

(2)(a) ⇔ (b): It follows from (1).

(b) ⇒ (c): Suppose that L is an e-invariant type-definable equiva-
lence relation coarser than F , and bL has finitely many conjugates over
e. By Fact 2.1, there is a hyperimaginary ba/L′ such that ba/L′ and
bL are interdefinable over e. Then ba/L′ ∈ acl(e). Now by (b), there
is f ∈ Autacl(e)(M) such that f(bF ) = cF , so F (f(b), c). This f fixes
ba/L′ and e, in turn, f fixes bL. Thus L(f(b), b), and since L is coarser
than F , we have L(b, c).

(c)⇒ (b): Assume (c). Let a hyperimaginary dL ∈ acl(e)(⊆ bdd(e))
and let {di/L : i ∈ I} be the set of all e-conjugates of dL, where I is a
finite set and di ≡e d for each i ∈ I. Due to Remark 3.11(3), it suffices
to show bF ≡dL cF .

Let p(x, d) := tp(bF/dL) = ∃z1z2(tpz1z2(bd) ∧ F (x, z1) ∧ L(z2, d)).
Put J the maximal subset of I such that (p(x, d) ∈){p(x, di) : i ∈ J}
is realized by b. Then denote dJ = (di : i ∈ J), wJ = (wi : i ∈ J). and
let

p′(x,wJ , a) := tpwJ
(dJ/e) ∧

∧
j∈J

p(x,wi)

= ∃z(wJz ≡ dJa ∧ E(z, a)) ∧
∧
j∈J

∃yizi ≡ bd(F (x, yi) ∧ L(zi, wi)).

Claim.

L′(x, y; a) := ∃wJ(p′(x,wJ ; a) ∧ p′(y, wJ ; a)) ∨ F (x, y)
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is an e-invariant type-definable equivalence relation coarser than F .

Proof of Claim. We check L′ is an equivalence relation: It is clearly
reflexive and symmetric. For transitivity, say L′(b1, b2) and L′(b2, b3)
holds.

(i) If F (b1, b2) and F (b2, b3), then F (b1, b3), so nothing to prove.
(ii) If F (b1, b2) and there is uJ such that b2b3uJ |= p′(x,wJ , a) ∧

p′(y, wJ , a), since b1/F = b2/F , we have b1b3uJ |= p′(x,wJ , a)∧
p′(y, wJ , a).

(iii) If there are uJ , vJ such that b1b2uJ |= p′(x,wJ , a) ∧ p′(y, wJ , a)
and b2b3vJ |= p′(x,wJ , a) ∧ p′(y, wJ , a), then in particular b2uJ
and b2vJ both satisfy p′(x,wJ , a). But we must have {ui/L |
i ∈ J} = {vi/L | i ∈ J} as sets, since if {ui/L | i ∈ J} (
{ui/L, vi/L | i ∈ J}, it contradicts the maximality of J . Then
due to the definition of p′, we have b1b3uJ |= p′(x,wJ , a) ∧
p′(y, wJ , a).

L′ is clearly coarser than F and since p′ is e-invariant, L′ is also e-
invariant. Claim is proved. �

We now check that bL′ has finitely many e-conjugates. Notice that
(di/L : i ∈ J) has finitely many e-conjugates, say the number is m0.
But by the definition of L′, bL′ cannot have more than m0-many con-
jugates.

Therefore by Claim and (c), we have L′(b, c). Thus F (b, c) or bc |=
∃wJ(p′(x,wJ , a) ∧ p′(y, wJ , a)). The former case, of course bF ≡dL cF .
The latter case, say there is d′J such that p′(b, d′J , a) and p′(c, d′J , a) hold.
Note that we already have p′(b, dJ , a), thus as argued in (iii) above, we
must have {di/L | i ∈ J} = {d′i/L | i ∈ J} and |= p′(c, dJ , a). But
since p(x, d) ∈ {p(x, di) : i ∈ J}, we have c |= p(x, d) and so bF ≡dL cF ,
as wanted.

(a) ⇔ (d): Easy to check. �

We now state several criterion for KP-types and strong types over
e being equal, reconfirming [6, 5.1.18]. Note that, Gal0L(T, e) = {id}
iff GalKP(T, e) is profinite iff AutfKP (M, e)(M) = AutfS (M, e) iff
GalKP(T, e) and GalS(T, e) are isomorphic as topological groups [5].

Proposition 3.13. The following are equivalent.

(1) AutfKP (M, e) = AutfS (M, e).
(2) For any hyperimaginaries bF and cF , bF ≡KP

e cF iff bF ≡s
e cF .

(3) For any real small tuples b and c, b ≡KP
e c iff b ≡s

e c.
(4) For any real finite tuples b and c, b ≡KP

e c iff b ≡s
e c.

(5) acl(e) and bdd(e) are interdefinable.
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Proof. (1) ⇒ (2): Directly follows by the definition of ≡KP
e and ≡s

e.

(2) ⇒ (3): Clear by letting F the equality.

(3) ⇒ (1): Use the same method as the proof of (3) ⇒ (1) in
Proposition 3.8, and work with M |= T such that e ∈ dcl(M). Let
f ∈ AutfS (M, e). Then M ≡s

e f(M), thus by (3), there is g ∈
AutfKP (M, e) such that g(M) = f(M). By Remark 1.4(3), there
is h ∈ Autfe(M) ≤ AutfKP (M, e) such that hg = f , thus f ∈
AutfKP (M, e). Hence we get AutfKP (M, e) = AutfS (M, e).

(3) ⇒ (4): Trivial.

(4)⇒ (3): Let b and c be any real small tuples such that b ≡s
e c and

let b0, c0 be any corresponding finite tuples respectively. Then by (4),
b0 ≡KP

e c0. Thus by Corollary 3.2, we have b ≡KP
e c.

(1)⇔ (5): This comes from AutfKP (M, e) = Autbdd(e)(M) (Propo-
sition 3.6), and AutfS (M, e) = Autacl(e)(M) (Proposition 3.12). �

We finish this section with an investigation of acleq and acl. Recall
that acleq(e) := {e} ∪ (acl(e) ∩Meq) is the eq-algebraic closure of e,
where as usual Meq is the set of all imaginary elements (equivalence
classes of ∅-definable equivalence relations) of M.

Remark 3.14. We point out that in any T , acl(∅) and acleq(∅) are
interdefinable over ∅. This follows from Proposition 3.12(1) and the
fact that Autacleq(∅)(M) = AutfS(M) [14, Theorem 21(2)], or one can
directly show it by compactness: If a hyperimaginary c/F has finitely
many conjugates over ∅, then the union of its conjugate classes is ∅-
type-defined, say by Φ(x). In Φ(x), F is relatively ∅-definable with
finitely many classes. Hence by compactness one can find a formula
δ(x) ∈ Φ(x) and an ∅-definable finite equivalence relation F ′ on δ(x)
such that c/F and the imaginary c/F ′ are interdefinable.

However, contrary to [6, Corollary 5.1.15], in general acl(e) and
acleq(e) need not be interdefinable. As said before Proposition 3.12, the
error occurred there due to the incorrect proof of [6, 5.1.14(1)⇒(2)].
An example presented in [4] for another purpose supplies a counterex-
ample. Consider the following 2-sorted model:

M = ((M1, S1, {g1
1/n | n ≥ 1}), (M2, S2, {g2

1/n | n ≥ 1}), δ) where

(1) M1 and M2 are unit circles centered at origins of two disjoint
(real) planes.

(2) Si is a ternary relation on Mi, defined by Si(b, c, d) holds iff b,
c and d are in clockwise-order.
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(3) gi1/n is a unary function on Mi such that gi1/n(b) = rotation of b

by 2π/n-radians clockwise.
(4) δ : M1 → M2 is the double covering, i.e. δ(cos t, sin t) =

(cos 2t, sin 2t).
(5) LetM be a monster model of Th(M), and let M1 andM2 be

the two sorts of M.

In [3, Theorems 5.8 and 5.9], it is shown that Th(Mi) has weak
elimination of imaginaries (that is, for any imaginary element c there
is a real tuple b such that c ∈ dcl(b) and b ∈ acl(c)), and quantifier
elimination. We point out that similar proofs, which we omit, yield the
same results.

Fact 3.15. Th(M) has quantifier elimination and weak elimination of
imaginaries.

Now for i = 1, 2, we let Ei(x, y) iff x and y inMi are infinitesimally
close, i.e.

Ei(x, y) :=
∧
1<n

(Si(x, y, g
i
1/n(x)) ∨ Si(y, x, gi1/n(y))),

which is an ∅-type-definable equivalence relation. Let c ∈M2, c1, c2 ∈
M1 where δ(c1) = δ(c2) = c, so that c1, c2 are antipodal to each
other. Notice that c1/E1 and c2/E1 are conjugates over c/E2, so that
c1/E1, c2/E1 ∈ acl(c/E2). Then the following implies that acl(c/E2)
and acleq(c/E2) are not interdefinable.

Claim. acleq(c/E2) and c/E2 are interdefinable in M.

Proof. To lead a contradiction suppose that there are distinct imag-
inaries d1, d2 ∈ acleq(c/E2) such that d1 ≡c/E2 d2. Now weak elim-
ination of imaginaries of Th(M) implies that acleq(d1, d2) and B :=
{b ∈ M | b ∈ acleq(d1, d2)} are interdefinable (*). In particular,
B ⊆ acleq(c/E2) ∩M. However, due to quantifier elimination, for any
infinitesimally close b, b′ ∈ Mi (i = 1, 2), there is f ∈ Autc/E2(M)
sending b to b′. Hence indeed B = ∅, which contradicts (*). �

4. Diameter

In [12], Newelski showed that a type-definable Lascar strong type
over a real set A has a finite diameter, which implies that T is G-
compact over A iff there exists a uniform n < ω bounding the diameters
of any real tuples over A. The proof uses intricate analyses of open
subsets of the type-definable set. Then in [13], using the notion of c-
free sets, a shorter and direct proof showing the same result is given.
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Here by applying arguments in [13], we prove that the same holds for
hyperimaginaries. We cite basic definitions below.

Let Φ(x) = Φ(x, b) be a partial type over b. Assume that for any
c, d |= Φ(x) there is f ∈ Aut(M) such that f(c) = d while Φ(x, b) ↔
Φ(x, f(b)), i.e. Φ(M) = f(Φ(M)) (*). Note that any two realizations
of Φ(x) have the same type over ∅.
Definition 4.1.

(1) A formula ψ(x, d) is said to be c-free over Φ if there are f0, . . . , fn ∈
Aut(M) for some n < ω such that

Φ(x) |=
∨
i≤n

ψ(x, fi(d))

and fi(Φ(M)) = Φ(M) for every i ≤ n.
(2) A type q(x) is said to be c-free over Φ if for any ϕ(x) ∈ L(M)

such that q(x) ` ϕ(x), ϕ(x) is c-free over Φ.
(3) A type q(x) is said to be weakly c-free over Φ if for any ψ(x) ∈
L(M) with q(x) ` ψ(x), there is a non-c-free formula φ(x) ∈
L(M) over Φ such that ψ(x) ∨ φ(x) is c-free over Φ.

Definition 4.2. We put

PΦ := {q(x, y) ∈ S(∅) | q(x, y) ∪ Φ(x) ∪ Φ(y) is consistent},
and

PΦ
wcf := {q(x, y) ∈ PΦ | q(d, y) is weakly c-free over Φ for any (some) d � Φ}.
The following is the key result from [13] which we will use.

Fact 4.3.

(1) PΦ and PΦ
wcf are closed and non-empty in Sxy(∅).

(2) Let D 6= ∅ be a relatively open subset of PΦ
wcf . Then there are

d0, . . . , dk � Φ such that for any d � Φ, there is d′ � Φ holding
(a) tp(d, d′) ∈ D and
(b) tp(di, d

′) ∈ D for some i ≤ k.

Now we begin to prove our hyperimaginary context result Theorem
4.7. Assume that given an ∅-type-definable equivalence relation F and
real b, the Lascar strong type of bF over e is type-definable. That is
there is a partial type π0(x) (over ab) such that d |= π0(x) iff dF ≡L

e bF .

Definition 4.4. Recall that we say the Lascar distance between bF
and dF over e is at most (1 ≤)n ∈ ω, denoted by de(bF , dF ) ≤ n, if
there are b = b0, b1, . . . , bn = d ∈ M such that bi/F , bi+1/F begin an
e-indiscernible sequence for each i < n. The (Lascar) diameter of bF
over e is max{de(bF , dF ) | bF ≡L

e dF} if exists. Otherwise, it is ∞.
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Remark 4.5.

(1) By Remark 1.4(2), bF ≡L
e dF iff de(bF , dF ) ≤ n for some n < ω.

(2) For r(x, y) := tp(ba), we let

π(x, y) ≡ π0(x) ∧ r(x, y) ∧ E(y, a),

a type over ab. If dc, d′c′ � π(x, y), then there is f ∈ Aut(M)
such that f(dc) = d′c′. Then since f(e) = e and f(π0(M)) =
π0(M), it follows that f(π(M)) = π(M). Therefore π(x, y)
satisfies the assumption (*) in the beginning of this section.
Now as in Definition 4.2, we let

P (xy, x′y′) := P π and Pwcf(xy, x
′y′) := P π

wcf ,

and we can apply Fact 4.3 to P and Pwcf .
(3) Recall that (bi/F | i < ω) is e-indiscernible iff there are a′ ≡ a

with E(a, a′) and b′i (i < ω) with F (bi, b
′
i) such that (b′i | i < ω)

is a′-indiscernible.
(4) Clearly there is a type Λ(x0, x1, z) over ∅ saying x0, x1 begin a z-

indiscernible sequence. Using (3) and Λ, we can ∅-type-define a
relation Φn(xy, x′y′) saying that (tpxy(ba) =)r(x, y), r(x′, y′), E(y, y′)
and dy/E(xF , x

′
F ) ≤ n. Namely we let

Φn(xy;x′y′) ≡ r(x, y) ∧ r(x′, y′) ∧ E(y, y′)∧
∃xn∃(xix′izi)i<n(x = x0 ∧ F (xn, x

′)∧∧
i<n

F (xi, x
′
i) ∧ E(y, zi) ∧ Λ(x′i, xi+1, zi)).

Fact 4.6 (Baire Category Theorem).

(1) A topological space X is a Baire space iff whenever the union
of countably many closed subsets of X has an interior point, at
least one of the closed subsets must have an interior point.

(2) Any locally compact Hausdorff space is a Baire space.

We are ready to prove our goal.

Theorem 4.7. Type-definable Lascar strong type of a hyperimaginary
over a hyperimaginary has a finite diameter.

Proof. We will show there is m ∈ ω such that for any uF with uF ≡L
e bF ,

we have de(uF , bF ) ≤ m (†). As pointed out in Fact 4.3(1), P is closed
in Sxy,x′y′(∅). Indeed, P (xy, x′y′) is type-defined by

∃zwz′w′(xyx′y′ ≡ zwz′w′ ∧ π(z, w) ∧ π(z′, w′)),

which is ∅-invariant, so ∅-type-definable.

Claim. P (xy, x′y′) ⊆
⋃
i<ω[Φi(xy, x

′y′)].
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Proof of Claim. Suppose that tp(d0c0d
′
0c
′
0) ∈ P . Hence there is dcd′c′ ≡

d0c0d
′
0c
′
0 such that π(d, c) and π(d′, c′) hold. It suffices to show that

Φn(dc, d′c′) for some n. Notice that dc ≡ ba ≡ d′c′ and cE = e(=
aE) = c′E hold. Also, since dF ≡L

e d
′
F (≡L

e bF ), Φn(dc, d′c′) must holds
for some n as described in Remark 4.5. �

Now we let Xi = P ∩ [Φi(xy, x
′y′)] ⊆ Sxyx′y′(∅), so that P =⋃

i<ωXi by Claim. Note that both Xi and Pwcf are closed (Fact 4.3),
so Pwcf =

⋃
i<ω(Pwcf ∩Xi) is compact Hausdorff. Then by Baire Cat-

egory Theorem, there is n < ω such that the interior of Pwcf ∩ Xn

in Pwcf is nonempty, so we can apply Fact 4.3. Namely there are
u0v0, . . . , ukvk � π such that for any real uv |= π, there is u′v′ |= π
such that

(a) tp(uv, u′v′) ∈ Xn and
(b) tp(ui0vi0 , u

′v′) ∈ Xn for some i0 ≤ k.

In particular, e = vE = v′E = vi/E for all i ≤ k, and de(uF , u
′
F ), de(ui0/F, u

′
F ) ≤

n (∗). Now there is m0 ∈ ω such that de(ui/F, uj/F ) ≤ m0 for all
i, j ≤ k, since ui/F ≡L

e uj/F . We show that m = 4n+m0 is the bound
in (†) above.

Suppose that uF ≡L
e bF . Since there is f ∈ Autfe(M) such that

uF = f(bF ), without loss of generality we can assume u = f(b). Hence
there is v such that uv ≡ ba and π(u, v) hold. Since π(b, a) holds as
well, by (a)(b) above, there are u′v′, b′a′ � π such that

(1) tp(ba, b′a′), tp(uv, u′v′) ∈ Xn, and
(2) tp(ujvj, b

′a′), tp(ulvl, u
′v′) ∈ Xn for some j, l ≤ k.

Therefore by the same reason in (∗) above,

de(uF , bF ) ≤ de(uF , u
′
F ) + de(u′F , ul/F ) + de(ul/F, uj/F )

+ de(uj/F, b
′
F ) + de(b′F , bF )

≤ n+ n+m0 + n+ n = 4n+m0.

�

In addition to Proposition 3.8, we now supply more conditions equiv-
alent to T being G-compact over e. In particular, by applying Theorem
4.7 we extend Newelski’s result on the uniform finite bound for the di-
ameters of real tuples, mentioned in the beginning of this section, to
the hyperimaginary context.

Corollary 4.8. The following are equivalent.

(1) T is G-compact over e.
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(2) For any hyperimaginary bF , there is a partial type Ψ(x) (over
ab) such that c |= Ψ(x) iff cF ≡L

e bF .
(3) For any hyperimaginary bF , there is n < ω such that for any

cF ≡L
e bF , we have de(bF , cF ) ≤ n.

(4) There is a uniform n < ω such that for every pair of hyper-
imaginaries bF and cF , bF ≡L

e cF iff de(bF , cF ) ≤ n.

Proof. (1) ⇒ (2), (4) ⇒ (1): By Proposition 3.8(4).

(2) ⇒ (3): By Theorem 4.7.

(3) ⇒ (4): Assume (3). To lead a contradiction, suppose not (4),
that is for each n there is a pair of hyperimaginaries bn/Fn, cn/Fn such
that bn/Fn ≡L

e cn/Fn but de(bn/Fn, cn/Fn) > n (*).
Without loss of generality we can assume bn ≡L

e cn. Consider b =
(bn | n < ω), and let F =

∧
n Fn. As pointed out in the first paragraph

of Section 1, bF is a single hyperimaginary. Then by (3), there must
be m such that for any real d with |d| = |b|, we have bF ≡L

e dF iff
de(bF , dF ) ≤ m. Now since bm ≡L

e cm, there is f ∈ Autfe(M) such
that f(bm) = cm. We now let cF = f(bF ) where c = (c′n | n < ω) and
c′n = f(bn) (so cm = c′m). Thus bF ≡L

e cF , and de(bF , cF ) ≤ m. In
particular de(bm/Fm, cm/Fm) ≤ m, contradicting (*). �

5. Relativized Lascar groups

In [3], the notions of realtivized Lascar groups for real types are
introduced. In this last section, we generalize the definitions for the
hyperimaginary types, and supply a partial positive answer (Theorem
5.6) to a question raised in [4], which is even a new result in the real
context. We will use Proposition 3.8 in proving the result. Throughout
this section we fix a hyperimaginary bF and p = tp(bF/e).

Definition 5.1.

(1) Aut(p) = Aute(p) := {f � p(M) | f ∈ Aute(M)}.
(2) For a cardinal λ > 0, Autfλ(p) = Autfλe(p) :=

{f ∈ Aut(p) | for any bF = (bi/F )i<λ such that bi/F |= p, bF ≡L
e f(bF )}.

(3) Autffix(p) = Autffix
e (p) :=

{f ∈ Aut(p) | for any λ and bF = (bi/F )i<λ such that bi/F |= p, bF ≡L
e f(bF )}.

(4) GalλL(p) = Aut(p)/Autfλ(p).
(5) Galfix

L (p) = Aut(p)/Autffix(p).

Remark 5.2.

(1) Obviously, if f ∈ Autfe(M) then f � p(M) ∈ Autfλ(p).
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(2) One can easily check that Autfλ(p),Autffix(p) are normal sub-
groups of Aut(p).

(3) There is an example in [4] that Gal1L(p) and Gal2L(p) are distinct
for p ∈ S(∅).

We point out the following basic facts which can be proved by the
same arguments in [3]. (A detailed proof may be found in [10].)

Fact 5.3.

(1) Autffix(p) = Autfω(p), so Galfix
L (p) = GalωL(p).

(2) Up to isomorphism, the group structure of GalλL(p) is indepen-
dent of the choice of a monster model.

(3) Recall that e ∈ dcl(M). Then ν ′ : SM(M) → GalλL(p) defined
by ν ′(tp(f(M)/M)) = (f � p(M)) ·Autfλ(p) is well-defined and
GalλL(p) is a quasi-compact topological group with the quotient
topology given by ν ′, which is independent of the choice of M .

We use a boldface letter b to denote the fixed hyperimaginary bF ,
so the type p(x) = tp(b/e). Now let c = cL be a hyperimaginary such
that c ∈ acl(be). Say c0(= c0/L), · · · , cm−1 = cm−1/L (1 ≤ m) are all
the distinct be-conjugates of c. We assume that bci 6≡L

e bcj for any
distinct i, j < m (†) until Theorem 5.6. Put

p(xy) = tp(bc/e) ≡ ∃z1z2w(tpz1z2w(bca)∧F (x, z1)∧L(y, z2)∧E(a, w)).

In the rest, bc with attached small scripts refers to a realization of
p(x, y). Moreover for example, given b′c′, the corresponding plain letter
b′c′ refers to a real tuple such that b′ = b′/F and c′ = c′/L, so that b′c′

is a real realization of p(x, y) and vice versa. Notice that b′c′ ≡e bc,
while b′c′ ≡e bc need not hold.

For each b′ |= p, we fix cb
′

0 · · · cb
′

m−1 which is the image of c0 · · · cm−1

under some e-automorphism sending b to b′. We may just write b′cb
′

to refer to some b′cb
′

j (j < m). As usual we write x<n to denote the
sequence of variables x0 · · ·xn−1 and we use similar abbreviations for
finite sequences of hyperimaginaries.

Notation 5.4.

(1) For T G-compact over e, we write EL(−,−, a) to denote an
e-invariant type over a defining the Lascar equivalence over
e of hyperimaginaries (see Proposition 3.8). We may assume
that EL is closed under finite conjunctions and every formula
φ(x, y, a) ∈ EL is reflexive and symmetric.

(2) πn : GalnL(p) → GalnL(p) is the natural projection. Namely
πn((f � p(M)) · Autfn(p)) = (f � p(M)) · Autfn(p), which
clearly is well-defined.
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(3) Kn is the kernel of πn : GalnL(p) → GalnL(p). We write f to
denote f · Autfn(p) ∈ GalnL(p).

In [4], it is asked whether Kn is finite for finite n > 0 (when both b, e
are real) if T is G-compact over e. In this section we positively answer
the question under the assumption (†) (even for hyperimaginaries).

Lemma 5.5. Assume that T is G-compact over e and that (†) holds.
Then given positive n < ω, there is a formula

αn((xy)<n, (x
′y′)<n, a) ∈ EL((xFyL)<n, (x

′
Fy
′
L)<n, a)

such that if

|= (
∧
i<n

p(b′i, c
′
i) ∧ p(b′′i , c′′i )) ∧ b′<n ≡L

e b′′<n ∧ αn((b′c′)<n, (b
′′c′′)<n, a),

then |= EL((b′c′)<n, (b
′′c′′)<n, a).

Proof. To lead a contradiction, suppose that there is no such αn. Then
for each α ∈ EL((xFyL)<n, (x

′
Fy
′
L)<n, a), there are b′ic

b′i , b′′i c
b′′i |= p

(i < n) such that

|= b′<n ≡L
e b′′<n ∧ α((b′cb

′
)<n, (b

′′cb
′′
)<n, a) but

¬EL((b′cb
′
)<n, (b

′′cb
′′
)<n, a)

where for example,

(b′cb
′
)<n = (b′ic

b′i | i < n) and (b′cb
′
)<n = (b′ic

b′i | i < n).

Now since b′<n ≡L
e b′′<n, there are conjugates b′ic

b′i
∗ (i < n) satisfying

|= EL((b′cb
′

∗ )<n, (b
′′cb

′′
)<n, a),

so that (c
b′i
∗ | i < n) 6= (cb

′
i | i < n). Note now that since ¬L(cj, c`)

for each pair j < `(< m), there is ψj`(y, z) ∈ L(y, z) ⊆ L such that
¬ψj`(cj, c`). Put ψ(y, z) ≡

∨
j<`<m ¬ψj`(y, z). Then we must have

(cb
′
i , c

b′i
∗ | i < n) |= Ψ(yi, zi | i < n), where

Ψ(yi, zi | i < n) := ∃(y′z′)<n(
∧
i<n

L(yi, y
′
i) ∧

∧
i<n

L(zi, z
′
i) ∧

∨
i<n

ψ(y′i, z
′
i)).

In conclusion, the following type
∧
i<n(p(xi, yi) ∧ p(x′i, y′i))∧

EL((xFyL)<n, (x
′
Fy
′
L)<n, a) ∧ EL((xF zL)<n, (x

′
Fy
′
L)<n, a) ∧Ψ((yz)<n)

of variables (xy)<n, (x
′y′z)<n is finitely satisfiable, witnessed by (b′cb

′
)<n, (b

′′cb
′′
cb

′
∗ )<n.

Hence by compactness, there are realizations (bc)<n and (bc′)<n of
(xFyL)<n and (xF zL)<n of the type, respectively. Thus we have (bc)<n ≡Le
(bc′)<n, which implies bici ≡L

e bic
′
i for all i < n. But since |= Ψ((cc′)<n),
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there must be some i0 < n such that ci0 6= c′i0 , contradicting our as-
sumption (†). �

Theorem 5.6. If T is G-compact over e and (†) holds, then Kn is
finite for each finite n ≥ 1.

Proof. We start with a claim. We work with the formula αn obtained
in Lemma 5.5.

Claim 1. There is φn((xy)<n, (x
′y′)<n, a) ∈ EL((xFyL)<n, (x

′
Fy
′
L)<n, a)

such that for any a0, a1, a2 |= q(z) := tp(a/e),

φn((xy)<n, (x
′y′)<n, a0) ∧ φn((x′y′)<n, (uv)<n, a1) ∧ φn((uv)<n, (x

′′y′′)<n, a2)

|= αn((xy)<n, (x
′′y′′)<n, a).

Proof of Claim 1. Suppose not the claim, that is, for each φ((xy)<n, (x
′y′)<n, a) ∈

EL((xy)<n, (x
′y′)<n, a), there are a0, a1, a2 |= q such that

φ((xy)<n, (x
′y′)<n, a0) ∧ φ((x′y′)<n, (uv)<n, a1) ∧ φ((uv)<n, (x

′′y′′)<n, a2)

∧¬αn((xy)<n, (x
′′y′′)<n, a)

is consistent. Then by compactness,

q(z0) ∧ q(z1) ∧ q(z2) ∧ EL((xy)<n, (x
′y′)<n, z0) ∧ EL((x′y′)<n, (uv)<n, z1)

∧EL((uv)<n, (x
′′y′′)<n, z2) ∧ ¬αn((xy)<n, (x

′′y′′)<n, a)

is consistent. But EL((xy)<n, (x
′y′)<n, a) is e-invariant, thus in fact we

get
(xy)<n ≡L

e (x′′y′′)<n ∧ ¬αn((xy)<n, (x
′′y′′)<n, a),

which is impossible since αn((xy)<n, (x
′′y′′)<n, a) ∈ EL((xy)<n, (x

′′y′′)<n, a).
�

Let {(b`c`)<n | ` ∈ I} be a (small) set of all the representatives
of ≡L

e-classes of realizations of
∧
i<n p(xi, yi). Thus for any (b′c′)<n |=∧

i<n p(xi, yi), there is ` ∈ I such that |= EL((b′c′)<n, (b
`c`)<n, a), so

|= φn((b′c′)<n, (b
`c`)<n, a) a fortiori. Hence by compactness there are

(b0c0)<n, . . . , (b
k−1ck−1)<n such that∧

i<n

p(xi, yi) `
∨
`<k

φn((xy)<n, (b
`
ic
`
i | i < n), a). (∗)

(Here some of b`’s (` < k) could be the same.) Recall that for i < n,

c
b`i
0 , . . . , c

b`i
m−1 are the fixed b`ie-conjugates of c

b`i
0 . Hence indeed c`i = c

b`i
i0

for some i0 < m.
Now let f ∈ Kn. Thus f(b`<n) ≡L

e b`<n. Then for each ` < k, there is

ι` ∈ nm such that f((b`c`)<n) ≡L
e (b`ic

b`i
ι`(i)
| i < n). Moreover if f = g
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then f((b`c`)<n) ≡L
e g((b`c`)<n). Hence due to our assumption (†), the

mappings `(< k) 7→ ι` for f and g must be the same. Therefore by
the following claim we can conclude that |Kn| is finite ≤ (mn)k = mnk,
since there are only mn-many choices of ι` for each ` < k.

Claim 2. Let f, g ∈ Kn. Suppose that the described mappings ` 7→ ι`
(for all ` < k) above for f and g are the same. Then f = g.

Proof of Claim 2. Let (b′c′)<n |=
∧
i<n p̄(xiyi). By (∗), there is some

l < k and (blcl)<n satisfying φn((b′c′)<n, (b
lcl)<n, a) (∗∗). Thus

φn(f((b′c′)<n), f((blcl)<n), f(a)) and φn(g((b′c′)<n), g((blcl)<n), g(a)).

Now due to the supposition in Claim 2, we have

f((blcl)<n) ≡L
e (blic

bli
ιl(i)
| i < n) ≡L

e g((blcl)<n).

Hence there is h ∈ Autfe(M) such that f((blcl)<n) = hg((blcl)<n).
Then f((blcl)<n) = hg((blcl)<n) may not hold, while φn(f((blcl)<n), hg((blcl)<n, a)
must hold. Moreover by (∗∗), we have φn(hg((b′c′)<n), hg((blcl)<n), hg(a)).

Thus by Claim 1 (with φn being symmetric), it follows that

|= αn(f(b′c′)<n, hg((b′c′)<n), a).

Now since f, g ∈ Kn, we have f(b′<n) ≡L
e hg(b′<n) ≡L

e b′<n. Hence
Lemma 5.5 implies that f((b′c′)<n) ≡L

e hg((b′c′)<n) ≡L
e g((b′c′)<n).

Since (b′c′)<n is an arbitrary realization of
∧
i<n p̄(xiyi), we conclude

that f = g. �

�

In the remaining section we confirm that two real case results on K1

in [4] can be extended, by following essentially the same proofs, to the
hyperimaginary context (Corollary 5.8, Proposition 5.10).

We now remove the assumption (†), and recall that c = c0, · · · , cm−1

are all the distinct be-conjugates of c. Possibly reordering them, we
assume that bc0, · · · , bcm0−1 (1 ≤ m0 ≤ m) are the representa-
tives of all the distinct ≡L

e-classes in p = tp(bc/e) with the first
coordinate b.

Lemma 5.7. If T is G-compact over e, then there is a formula

α(xy, x′y′, a) ∈ EL(xFyL, x
′
Fy
′
L, a)

such that if

|= p(b′, c′) ∧ p(b′′, c′′) ∧ b′ ≡L
e b′′ ∧ α(b′c′, b′′c′′, a),

then |= EL(b′c′, b′′c′′, a).
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Proof. If m0 = 1 then any formula in EL would work. Hence we assume
m0 > 1. Now the type

EL(xFyL, x
′
Fy
′
L, a) ∧ ∃zwz′w′(zFwLz′Fw′L ≡e xFyLx

′
Fy
′
L

∧
∨

0≤i<j<m0

EL(zFwL, bci, a) ∧ EL(z′Fw
′
L, bcj, a))

is inconsistent. Thus there is α(xy, x′y′, a) ∈ EL(xFyL, x
′
Fy
′
L, a) such

that

α(xy, x′y′, a) ∧ ∃zwz′w′(zFwLz′Fw′L ≡e xFyLx
′
Fy
′
L

∧
∨

0≤i<j<m0

EL(zFwL, bci, a) ∧ EL(z′Fw
′
L, bcj, a))

is inconsistent. Assume b′c′b′′c′′ |= p(xy)∧p(x′y′)∧α(xy, x′y′, a)∧xF ≡L
e

x′F . Notice that there is c∗b∗c∗∗ such that b′c′b′′c′′ ≡e bc∗b∗c∗∗. Thus
b∗ ≡L

e b. Now bc∗ ≡L
e bci and b∗c∗∗ ≡L

e bcj for some i, j < m0. But by
the choice of α, it must be i = j and hence b′c′ ≡L

e b′′c′′. �

The following can be obtained by exactly the same proof of Theorem
5.6 with n = 1 (in this case (†) is needless) and α in Lemma 5.7, which
we will not repeat.

Corollary 5.8. If T is G-compact over e, then K1 is finite.

Remark 5.9. Assume that Gal1L(p) is abelian. Let f ∈ Aute(p) and
let b0 |= p. If f(b0) ≡L

e b0, then for any b′ |= p, f(b′) ≡L
e b′.

Proof. There is g ∈ Aute(p) such that g(b0) = b′. Now since Gal1L(p)
is abelian, f(b′) = f(g(b0)) ≡L

e g(f(b0)) ≡L
e g(b0) = b′. �

Proposition 5.10. If Gal1L(p) is abelian, then |K1| = m0.

Proof. Let f, g ∈ Gal1L(p) and assume f(bc) ≡L
e g(bc). Then there

is h ∈ Autfe(M) such that hf(bc) = g(bc), thus g−1hf(bc) = bc.
By Remark 5.9 with p, we have g−1hf ∈ Autf1

e(p). Hence f = g.
In addition if f, g ∈ K1 then f(b) ≡L

e g(b) ≡L
e b. Therefore we get

|K1| = m0, since there are only m0-many distinct ≡L
e-classes in p with

the first coordinate Lascar equivalent to b over e. �

Now several observations in [4] automatically follow in our context.
For example, if T is G-compact over e then πn is a covering homomor-
phism when (†) holds, or n = 1. We point out Theorem 5.12 as well,
which relies on a purely compact group theoretical result from [4].

Fact 5.11. Let G be an abelian compact connected topological group,
and let F be a finite subgroup of G. Then G and G/F are isomorphic
as topological groups.



AUTOMORPHISM GROUPS OVER A HYPERIMAGINARY 31

Theorem 5.12. Assume T is G-compact over e; and acl(e) and e are
interdefinable. If n = 1 or (†) holds; and GalnL(p) is abelian, then it is
isomorphic to GalnL(p) as topological groups.
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