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1 Introduction

Let L be a quadratic real field and let G = ResL/QGL2/L. We denote by SK :=
SG,K the Hilbert modular surface associated to an open compact subgroup
K of G(Af ), where Af is the finite part of the ring of adeles AQ of Q. Let
SK := SG,K be the Picard modular surface associated to some unitary similitude
group G = GU(3) defined relative to an imaginary quadratic extension E of a
totally real number field F , and to some open compact subgroups K of G(AF,f ),
where AF,f is the finite part of the ring of adeles AF of F . Then SK is defined
over E. For simplicity in this paper we assume that the totally real field F does
not contain the quadratic real field L.

In this article we compute the l-adic Lie algebra of the image of the l-adic
Galois representation ρ(π)|ΓE × φ(Πf ) (see Theorem 15.1 below), where ρ(π) is
the l-adic representation of ΓQ := Gal(Q̄/Q) corresponding to the π-component
of decomposition of the étale cohomology of SK as a sum of isotypic compo-
nents (see Proposition 3.1 below), and φ(Πf ) is the l-adic representation of
ΓE := Gal(Q̄/E) corresponding to some stable Πf -component of decomposition
of the étale cohomology of SK as a sum of isotypic components (see Proposi-
tion 5.1 below). We assume that the representation π is non-CM, and that the
representation Π is not automorphically induced, because for π of CM type or
Π automorphically induced, the representation ρ(π) or φ(Πf ) is abelian when
restricted to a sufficiently small open subgroups of ΓQ, and thus the Lie alge-
bra of the image of ρ(π)|ΓE × φ(Πf ) could be computed easily in this case (see
Propositions 12.1, 13.1 and 14.1).

We remark that similar results were obtained in [K], [M], [R1], [R2], [R3],
[R4], [S1], [S2], in the case of modular representations attached to classical
modular forms, elliptic curves or Picard modular surfaces.
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2 Hilbert modular surfaces

Let L be a real quadratic field and let G := ResL/QGL2/L. For K sufficiently
small open compact subgroup of G(Af ), let SK be the smooth toroidal com-
pactification of an open surface S0

K which satisfies

S0
K(C) = G(Q) \G(AQ)/K∞K,

where K∞ = SO2(R)R× × SO2(R)R× ⊂ G(R). Then SK is a surface defined
over Q, and it is called a Hilbert modular surface.

3 Cohomology for Hilbert modular surfaces

Let K be a sufficiently small open compact subgroup of G(Af ). Then we have
a decomposition

H2
et(SK , Q̄l) = IH2

et(S̄K , Q̄l)⊕H2(S∞K , Q̄l)

where IH2
et(S̄K , Q̄l) is the intersection cohomology of the Baily-Borel compact-

ification S̄K of S0
K , and S∞K is the divisor at infinity (a finite set of cusps) such

that S̄K = S0
K ∪ S∞K , and is defined by

IH2
et(S̄K , Q̄l) := Im(H2

et(SK , Q̄l)→ H2
et(S

0
K , Q̄l)).

If l is a prime number, let HK be the Hecke algebra generated by the bi-K-
invariant Q̄l-valued compactly supported functions on G(Af ) under convolution.
If π = πf ⊗ π∞ is an automorphic representation of G(AQ), we denote by πKf
the space of K-invariants in πf . The Hecke algebra HK acts on πKf .

We have an action of the Hecke algebra HK and an action of the Galois group
ΓQ on the intersection cohomology IH2

et(S̄K , Q̄l) and these two actions com-
mute. We say that the representation π is cohomological if H∗(g,K∞, π∞) 6= 0,
where g is the Lie algebra of K∞ (the cohomology is taken with respect to
(g,K∞)-module associated to π∞).

Proposition 3.1. The representation of ΓQ×HK on the intersection cohomol-
ogy IH2

et(S̄K , Q̄l) is isomorphic to

⊕πρ(π)⊗ πKf ,

where ρ(π) is a 4-dimensional representation of the Galois group ΓQ. The above
sum is over weight 2 cuspidal cohomological automorphic representations π of
G(AQ), such that πKf 6= 0, and the HK-representations πKf are irreducible and
mutually inequivalent.

Let ρπ be the l-adic 2-dimensional representation of ΓL associated to π.
Then we know (see [MP] for example) that the representation ρ(π) is a subrep-
resentation of

IndΓQ
ΓL

(ρπ ⊗ ρτπ),
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which verifies
ρ(π)|ΓL = ρπ ⊗ ρτπ,

where τ is the non-trivial automorphism of L over Q, and ρτπ is defined by

ρτπ(γ) = ρπ(τγτ−1).

4 Picard modular surfaces

Consider a totally real number field F , a quadratic imaginary extension E of
F , and a Hermitian matrix Φ ∈ GL(V ) ∼= GL3(E) relative to E/F , i.e. tΦ = Φ̄,
where − denotes the complex conjugation for E/F , and V = E3. Assume that
Φ has signature (2, 1) at precisely one infinite place of F , and signature (3, 0)
at the other infinite places. Let U := U(3) be the associated unitary group over
F . Then

U(3)(A) = {g ∈ GL(V ⊗F A)|tḡΦg = Φ},

for all F -algebras A. Let G := GU(3) be the associated unitary similitudes
group over F . Then

GU(3)(A) = {g ∈ GL(V ⊗F A)|tḡΦg = µ(g)Φ, for some µ(g) ∈ A×},

for all F -algebras A.
Set

B = G(R)/K∞Z∞,

where K∞ is the maximal compact subgroup of G(R) and Z∞ is the center of
G(R). Then B is complex analytically isomorphic to the unit ball in C2. For a
K sufficiently small open compact subgroup of G(AF,f ), let SK be the smooth
toroidal compactification of an open surface S0

K that satisfies

S0
K(C) = G(F ) \B×G(AF,f )/K,

which is a disjoint union of arithmetic quotients of B. Then from [D], we know
that SK is defined over E.

5 Cohomology for Picard modular surfaces

Let K be a sufficiently small open compact subgroup of G(AF,f ). Then we have
a decomposition

H2
et(SK, Q̄l) = IH2

et(S̄K, Q̄l)⊕H2(S∞K , Q̄l)

where IH2
et(S̄K, Q̄l) is the intersection cohomology of the Baily-Borel compact-

ification S̄K of S0
K, and S∞K is the divisor at infinity (a finite set of cusps) such

that S̄K = S0
K ∪ S∞K , and is defined by

IH2
et(S̄K, Q̄l) := Im(H2

et(SK, Q̄l)→ H2
et(S

0
K, Q̄l)).
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If l is a prime number, let HK be the Hecke algebra generated by the bi-K-
invariant Q̄l-valued compactly supported functions on G(AF,f ) under convolu-
tion. If Π = Πf ⊗ Π∞ is an automorphic representation of G(AF ), we denote
by ΠK

f the space of K-invariants in Πf . The Hecke algebra HK acts on ΠK
f .

We have an action of the Hecke algebra HK and an action of the Galois
group ΓE on the intersection cohomology IH2

et(S̄K, Q̄l) and these two actions
commute. An automorphic representation Π of G(AF ) is called cohomological
if H2(G(R),K′∞,Π∞) 6= 0, where K′∞ is the centralizer of the center of K∞ in
G(R).

Proposition 5.1. The representation of ΓE×HK on the intersection cohomol-
ogy IH2

et(S̄K, Q̄l) is isomorphic to

⊕Πfφ(Πf )⊗ΠK
f ,

where φ(Πf ) is a representation of the Galois group ΓE. The above sum is over
the finite part Πf of Π = Πf ⊗Π∞, such that Π is a cohomological automorphic
representation of G(AF ) that occurs in the discrete spectrum of G(AF ) and the
HK-representations ΠK

f are irreducible and mutually inequivalent.

The irreducible automorphic representations Π that appear in Proposition
3.1 are one-dimensional or cuspidal and infinite-dimensional, and φ(Πf ) has
dimension d(Πf ) 6 3. The representation Π is cohomological if and only if Π∞ ∈
{triv,Π+,Π0,Π−}, where triv is the trivial representation and Π+,Π0,Π− are
the lowest holomorphic, non-holomorphic and anti-holomorphic discrete series
representations of G(R) with trivial central character. We remark that φ(Πf )
depends only on Πf , and there may exists more then one Π∞ such that Πf⊗Π∞
is cuspidal.

Let Π0 = Π|U, and let χΠ be the central character of Π. Note that UE is
isomorphic to GL(3)E , and if Z denotes the center of G, then Z(AF ) = A∗E .
Hence χΠ is a character of A∗E . Then from Lemma 4.1.1 of [HLR], we know that

ΠE = Π0E ⊗ χ̄Π

as a representation of
GL3(AE)×GL1(AE),

where ΠE is the base change lift of Π to E, and χ̄Π is the character z 7→ χΠ(z̄).
Fix an isomorphism i : Q̄l → C. Then φ(Πf ) is unramified at almost all

finite places v of E and the local L-factor at such unramified place v is defined
by

Lv(s, φ(Πf )) = det(1− i(φ(Πf )(Frobv))Nv−s+1)−1,

where Frobv is a geometric Frobenius.
In this paper we are interested in stable infinite-dimensional representations

Π, i.e. d(Πf ) = 3. We assume from now on that all the representations Π
are stable infinite-dimensional. We can regard Π0E ⊗ χ̄Π as a representation of
GL3(AE) in an obvious way. Then we have

Lv(s, φ(Πf )) = Lv(s− 1, (Π0E ⊗ χ̄Π)).
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We say that Π is AI if the representation Π0E ⊗ χ̄Π is automorphically
induced from a Hecke character of some field E1 of degree 3 over E.

We know (see Theorem 2.2.1 of [BR]):

Proposition 5.2. If Π is a stable representation, then one of the following two
statements holds:

(i) φ(Πf )|ΓE1
is irreducible for each finite extension E1/E.

(ii) There exists an extension E1/E of degree 3 and an algebraic Hecke
character ψ of E1 such that φ(Πf ) ∼= IndΓE

ΓE1
ψ.

The second case occurs iff Π is AI.

6 Known results

It is known that (see for example Proposition 4.5.4 of [HLR]):

Lemma 6.1. If π is a cuspidal automorphic representation of weight 2 of
GL(2)/F , where F is a totally real field, then one of the following two statements
holds:

(i) ρπ|ΓL is irreducible for each finite extension L/F .
(ii) There exists a quadratic extension L/F and an algebraic Hecke character

ψ of L such that ρπ ∼= IndΓF
ΓL
ψ.

We say that a representation ρ of a group G is dihedral if there exists a
normal subgroup N of index 2 in G and a character χ : N → C× such that
ρ = IndGNχ.

We say that an automorphic representation π of GL(2)/L for some number
field L is of CM type if there exists some quadratic Galois character η : IL/L× →
C×, with η 6= 1 such that π ∼= π ⊗ η. If π is an automorphic representation of
weight 2 of GL(2)/L, then π is of CM type if and only if the l-adic representation
ρπ associated to π is dihedral (here we can regard ρπ as a complex representation
by using an isomorphism i : Q̄l

∼−→ C, see below; we fix such an isomorphism).
We know the following result (Theorem 2.1 of [MP]):

Lemma 6.2. The tensor product of two 2-dimensional irreducible complex rep-
resentations of a group is reducible only if either both representations are dihedral
or they are the twist of each other by a character.

We know (Proposition 4.2 of [MP]):

Lemma 6.3. Let π1 and π2 be two cuspidal non-CM representations of GL(2)/F ,
where F is a totally real number field. If π1 and π2 are twist of each other over
an extension of F , then π1 and π2 are twist of each other over F .

We know (Proposition 4.1 of [MP]):

Lemma 6.4. Suppose that π is a cuspidal, non-CM automorphic representation
of GL(2)/K for some finite extension K/Q. Suppose that K is a quadratic
extension of k and τ is the automorphism of K over k. If πτ ∼= π ⊗ χ for a
Hecke character χ of K, then χ is trivial when restricted to the idéles of k.
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We know (Corrolary 2.6 of [MP]):

Lemma 6.5. Let ρ be a 2-dimensional irreducible representation of a group G.
Then Sym2(ρ) is reducible if and only if ρ is dihedral.

We know (Lemma 2.3 of [MP]):

Lemma 6.6. Let V be a 4-dimensional representation of a group G such that
for a unique quadratic form (up to scalars), the representation of G lands inside
GO(V ). Suppose that the exists 2-dimensional G-modules V1, V2, W1, W2 with
V ∼= V1⊗V2, and also V ∼= W1⊗W2. Then there exists a character χ of G and
i ∈ {1, 2} such that V1

∼= Wi ⊗ χ and V2
∼= Wj ⊗ χ−1 for j 6= i.

We know (Lemma 2.9 of [MP]):

Lemma 6.7. For 2 irreducible non-dihedral 2-dimensional representations τ1
and τ2 of a group G, Sym2τ1 ∼= Sym2τ2 if and only if τ1 ∼= τ2⊗χ for a quadratic
character χ.

For ρ a 2-dimensional representation of a group G, define the adjoint rep-
resentation Ad(ρ) :=Sym2ρ⊗det−1ρ. For π an automorphic representation of
GL2(AF ), where F is a number field, define the adjoint representation of π by
Ad(π) := Sym2π ⊗ ω−1

π , where ωπ is the central character of π.
From Lemma 6.7 one can deduce easily the following result:

Proposition 6.8. Let π1 and π2 be two cuspidal non-CM automorphic repre-
sentations of GL(2)/F , where F is a totally real number field. Let τπ1 and τπ2 be
the l-adic representations associated to π1 and π2. Then Ad(τπ1)|H ∼= Ad(τπ2)|H
for a sufficiently small open subgroup H of ΓF iff τπ1 |H′ ∼= τπ2 |H′ for a suffi-
ciently small open subgroup H ′ of ΓF .

Proof : Assume that τπ1 |H′ ∼= τπ2 |H′ for an open subgroup H ′ of ΓF . Then
obviously Ad(τπ1)|H′ ∼= Ad(τπ2)|H′ . Conversely, assume that Ad(τπ1)|H ∼=
Ad(τπ2)|H for an open subgroup H of ΓE . Since Ad(π1) = Sym2π1 ⊗ ω−1

π1

and Ad(π2) = Sym2π2⊗ω−1
π2

, we get that Sym2(τπ1)|H1
∼= Sym2(τπ2)|H1 , where

H1 is an open subgroup of H contained in kerωπ1ξ
−1/2
l and kerωπ2ξ

−1/2
l (by

abuse of notations), where ξl is the l-adic cyclotomic character. Because π1 and
π2 are non-CM, from Lemmas 6.1, 6.7, we obtain that τπ1 |H1

∼= τπ2 |H1 ⊗χ for a
quadratic character χ. Then τπ1 |H2

∼= τπ2 |H2 for any open subgroup H2 of H1

which is contained in kerχ. �
We know (see Lemma 7.2, Theorem 7.3 and Proposition 8.3 of [K]):

Lemma 6.9. Let Π be a non-AI cuspidal automorphic representation of U(AF )
and let φ(Πf ) be the associated l-adic representation of ΓE. Assume that the
image of φ(Πf ) is contained in the orthogonal group. Then there exists a Hecke
character µ of E such that ΠE ⊗ µ ∼= Ad(πE) for a cuspidal representation π
of GL2(AF ), and πE is the base change of π to GL2(AE). The converse is
obviously true.

6



We know (see Lemma 2 of [K1]) (Lemma 6.3 is actually a particular case of
this one):

Lemma 6.10. Let σ and τ two n-dimensional representations of a group G over
Q̄l and assume that H is an open normal subgroup of G and τ |H is irreducible.
Then σ|H ∼= τ |H iff σ ∼= τ ⊗ ϕ for some ϕ : G→ Q̄×l , which is trivial on H.

7 The representation ρπ

Fix a non-CM cohomological cuspidal automorphic representation π of weight
2 of GL(2)/L, where L is a quadratic real field. Then we have the continuous
irreducible representation ρπ associated to π:

ρπ : ΓL → GL2(M ⊗Ql) ∼= Aut(V ),

where M is the splitting number field of π, and V = Vπ = (M ⊗ Ql)2. We
can regard ρπ as a map into GL2(Q̄l) by using the map M ⊗ Ql → Q̄l given
by m ⊗ x 7→ i−1(m)x, where i was defined in §5. In this paper we use the
same notation ρπ for the map into GL2(M ⊗ Ql), as well as for the map into
GL2(Q̄l), depending on the circumstances. By an extension, if necessary, we
can assume, and we do assume from now on that M is Galois over Q. Let
V̄ = V ⊗Ql Q̄l. As above, by using i−1, we can regard M as a subfield of Q̄l.
Then the decomposition M ⊗ Q̄l =

∏
σ∈Gal(M/Q) Q̄l induces a decomposition

V̄ =
∏

σ∈Gal(M/Q)

Vσ,

where Vσ is a two-dimensional Q̄l-vector space.
Let ρπσ be the representation of ΓL on Vσ, i.e. ρπσ is the composite

ΓL
ρπ−→ GL2(M ⊗Ql) ↪→ GL2(M ⊗ Q̄l)→ GL2(Q̄l) = Aut(Vσ),

where the projection M ⊗ Q̄l → Q̄l is given by m⊗ x 7→ σ(m)x = i−1(σ(m))x.
Then ρπσ is identical to the representation of ΓL on Vπσ . Since π is non-
CM, from Lemma 6.1, we know that for any open subgroup H ⊂ ΓL, the
representation ρπσ |H is irreducible.

8 The representation ρ(π)

Fix as above a non-CM cohomological cuspidal automorphic representation π of
weight 2 of GL(2)/L. Then we have the continuous irreducible representation
ρ(π) defined in §3 associated to π:

ρ(π) : ΓQ → GL4(M ⊗Ql) ∼= Aut(W ),

where M is the splitting number field of π, and W = Wπ = (M ⊗Ql)4. We can
regard ρ(π) as a map into GL4(Q̄l) by using the map M⊗Ql → Q̄l given by m⊗
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x 7→ i−1(m)x, where i was defined in §5. Actually ρ(π) maps into GO4(Q̄l) (or
GO4(M ⊗Ql), the orthogonal similitude group). Let W̄ = W ⊗Ql Q̄l. As above,
by using i−1, we can regard M as a subfield of Q̄l. Then the decomposition
M ⊗ Q̄l =

∏
σ∈Gal(M/Q) Q̄l induces a decomposition

W̄ =
∏

σ∈Gal(M/Q)

Wσ,

where Wσ is a 4-dimensional Q̄l-vector space.
From §3 we know that the representation ρ(π) is a subrepresentation of

IndΓQ
ΓL

(ρπ ⊗ ρτπ),

which verifies
ρ(π)|ΓL = ρπ ⊗ ρτπ.

Let ρ(π)σ be the representation of ΓQ on Wσ, i.e. ρ(π)σ is the composite

ΓQ
ρ(π)−−−→ GL4(M ⊗Ql) ↪→ GL4(M ⊗ Q̄l)→ GL4(Q̄l) = Aut(Wσ),

where the projection M ⊗ Q̄l → Q̄l is given by m⊗ x 7→ σ(m)x = i−1(σ(m))x.
Obviously the representation ρ(π)σ is a subrepresentation of

IndΓQ
ΓL

(ρπσ ⊗ ρτπσ ),

which verifies
ρ(π)σ|ΓL = ρπσ ⊗ ρτπσ .

Thus ρ(π)σ is identical to the representation of ΓQ on Wπσ (which is the space
corresponding to ρ(πσ); hence we have Wσ = Wπσ ), and thus ρ(π)σ = ρ(πσ).
Also for any character α of ΓL, we have

ρ(π)⊗ α|IQ = ρ(π ⊗ α),

where IQ is the idéles of Q, and moreover ρ(πτ ) = ρ(π).

Definition 8.1. Let Γ(π) ⊂ Gal(M/Q) be the set of σ ∈ Gal(M/Q) such that
there exists a finite order Hecke character χσ of Q satisfying

ρ(π)σ ∼= ρ(π)⊗ χσ.

For σ ∈ Γ(π) and χσ nontrivial, ρ(π) is said to admit an extra twist by σ.
One can check easily that Γ(π) is a subgroup of Gal(M/Q).

9 Extra twisting for ρ(π); the irreducible case

In this section we assume that the representation ρ(π) is irreducible.
Then the representation ρ(π)|Γk is also irreducible for any number field k.

Indeed, suppose that ρ(π)|Γk is reducible. Then because ρ(π)|ΓL ∼= ρπ ⊗ ρτπ, we
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get that the representation ρ(π)|ΓkL ∼= ρπ|ΓkL ⊗ ρτπ|ΓkL , is reducible. Since the
representation π is non-CM, by applying Lemmas 6.1, 6.2 and 6.3, we get that
ρτπ
∼= ρπ⊗α for some Hecke character α of L. Hence, from Lemma 6.4, we know

that α is a Hecke character of IL which is trivial on IQ. Therefore α can be
written as α = χτ/χ for some Hecke character χ of IL. Hence

(π ⊗ χ−1)τ ∼= π ⊗ χ−1.

So π ∼= π0/L ⊗ χ, where π0/L is the base change to L of some automorphic
representation π0 ofGL(2)/Q. Then from the properties of ρ(π) (see for example
[MP]), we have:

ρ(π) ∼= (Sym2ρπ0 ⊕ ωπ0 · ωL/Q)⊗ χ|IQ ,

where ωπ0 is the central character of π0 and ωL/Q is the quadratic character
corresponding to L/Q. Hence ρ(π) is reducible, contradiction. Thus we proved
that the representation ρ(π)|Γk is irreducible for any number field k.

We proved that if H is an open subgroup of ΓQ, then H acts irreducibly on
Wσ by the way of ρ(π)σ. Thus EndHWσ = Q̄l for each σ ∈ Gal(M/Q) (here we
denoted EndQ̄l[H]Wσ by EndHWσ). From Lemma 6.10 we deduce:

Lemma 9.1. Let σ, τ ∈ Gal(M/Q), and let H be any open normal subgroup
of ΓQ. Then Wσ

∼= Wτ as H-modules if and only if τ−1σ ∈ Γ(π) and H ⊂
kerχτ−1σ.

Using this lemma and the observation just before it, one gets easily (see for
example Theorem 4.4 of [R3]):

Proposition 9.2. Let H be an open subgroup of ΓQ which is contained in the
kernels of all the characters χγ (γ ∈ Γ(π)). Then EndHW̄ ∼= Ma(Q̄l)b where
a = |Γ(π)| and b = |Gal(M/Q)/Γ(π)|.

For a sufficiently small open subgroup H of ΓQ as in Proposition 9.2, set

X1 = EndHW.

Remark : Assume that ρ(π)σ ∼= ρ(π) ⊗ χσ, for some χσ. Then χσ is unique
because of Lemma 6.10. Define k := Q̄kerχσ . Since ρ(π)|ΓL ∼= ρπ ⊗ ρτπ, and
ρ(π)σ|ΓL ∼= ρπσ ⊗ ρτπσ , from ρ(π)σ ∼= ρ(π) ⊗ χσ, we get that (ρπ ⊗ ρτπ)|ΓkL ∼=
ρπσ ⊗ ρτπσ |ΓkL . From Lemma 6.6, we deduce that ρπσ |ΓkL ∼= ρπ|ΓkL ⊗ δσ or
ρπσ |ΓkL ∼= ρπτ |ΓkL ⊗ δσ for some character δσ of ΓkL. From Lemma 6.3, we
obtain that πσ ∼= π⊗βσ or πσ ∼= πτ⊗βσ for some character βσ of ΓL. Conversely,
if πσ ∼= π ⊗ βσ, then ρ(π)σ = ρ(πσ) ∼= ρ(π ⊗ βσ) = ρ(π) ⊗ βσ|IQ , and hence
χσ = βσ|IQ . If πσ ∼= πτ⊗βσ, then ρ(π)σ = ρ(πσ) ∼= ρ(πτ⊗βσ) = ρ(πτ )⊗βσ|IQ =
ρ(π)⊗ βσ|IQ , and hence χσ = βσ|IQ .

10 Extra twisting for ρ(π); the reducible case

In this section we assume that the representation ρ(π) is reducible. Then as
in §7, we obtain that π ∼= π0/L ⊗ χ, for some Hecke character χ and some
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automorphic representation π0 of GL(2)/Q, and hence

ρ(π) ∼= (Sym2ρπ0 ⊕ ωπ0 · ωL/Q)⊗ χ|IQ .

Then we have that

ρ(π)σ ∼= (Sym2ρπ0σ ⊕ ωπ0σ · ωL/Qσ)⊗ χσ|IQ .

Since π is non-CM, we get that π0 is non-CM, and from Lemmas 6.1 and 6.5, we
deduce that Sym2ρπ0 |H and Sym2ρπ0σ |H are irreducible for any open subgroup
H of ΓQ .

We proved that if H is an open subgroup of ΓQ, then H acts reducibly on
Wσ by the way of ρ(π)σ, more exactly ρ(π)σ is a direct sum of a 3-dimensional
irreducible representation of H and a 1-dimensional representation. Since the
representation Sym2ρπ0σ |H is irreducible, we obtain that EndHWσ = Q̄l for
each σ ∈ Gal(M/Q).

Hence by applying Lemma 6.10, one can see easily that the Lemma 9.1 and
Proposition 9.2 hold also if ρ(π) is reducible. We define X1 as in §9.
Remark : Assume that ρ(π)σ ∼= ρ(π) ⊗ χσ, for some χσ. Then χσ is unique
because Sym2ρπ0 |H is irreducible for any open subgroup H of ΓQ and because
of Lemma 6.10. From the above decompositions of ρ(π) and ρ(π)σ, by applying
the Lemmas 6.1, 6.7 and 6.3, we deduce that π0σ

∼= π0⊗δσ for some character δσ
of ΓQ. From Lemma 6.3, we know that this is equivalent (under the assumption
that ρ(π) is reducible of course) to πσ ∼= π ⊗ βσ for some character βσ of ΓL.
Conversely, if πσ ∼= π⊗βσ, then ρ(π)σ = ρ(πσ) ∼= ρ(π⊗βσ) = ρ(π)⊗βσ|IQ , and
hence χσ = βσ|IQ .

11 Extra twisting for φ(Πf)

Fix a stable non-AI representation Πf as in §5. Then we have the continuous
irreducible representation

φ(Πf ) : ΓE → GL3(N ⊗Ql) ∼= Aut(W),

where N is the splitting number field of Πf , and W = WΠf = (N ⊗Ql)3. We
can regard φ(Πf ) as a map into GL3(Q̄l) by using the map N ⊗Ql → Q̄l given
by n ⊗ x 7→ i−1(n)x, where i was defined in §5. By an extension, if necessary,
we can assume, and we do assume from now on that N is Galois over Q. Let
W̄ = W ⊗Ql Q̄l. As above, by using i−1, we can regard N as a subfield of Q̄l.
Then the decomposition N ⊗ Q̄l =

∏
σ∈Gal(N/Q) Q̄l induces a decomposition

W̄ =
∏

σ∈Gal(N/Q)

Wσ,

where Wσ is a three-dimensional Q̄l-vector space.
Let φ(Πf )σ be the representation of ΓE on Wσ, i.e. φ(Πf )σ is the composite

ΓE
φ(Πf )−−−−→ GL3(N ⊗Ql) ↪→ GL3(N ⊗ Q̄l)→ GL3(Q̄l) = Aut(Wσ),
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where the projection N ⊗ Q̄l → Q̄l is given by n ⊗ x 7→ σ(n)x = i−1(σ(n))x.
Then φ(Πf )σ is identical to the representation of ΓE on WΠfσ . Since Πf is
non-AI, from Proposition 5.2, we know that for any open subgroup H ⊂ ΓE ,
the representation φ(Πf )σ|H is irreducible.

Definition 11.1. Let Γ(Πf ) ⊂ Gal(N/Q) be the set of σ ∈ Gal(N/Q) such that
there exists a finite order Hecke character χσ of E satisfying

(Πfσ)E ∼= (Πf )E ⊗ χσ,

where (Πfσ)E and (Πf )E are the base change lifts of Πfσ and Πf to E.

For σ ∈ Γ(Πf ) and χσ nontrivial, Πf is said to admit an extra twist by σ.
Since Πf is non-AI, χσ is unique if it exists (this is true because from §3 of

[AC], we know that a cuspidal representation of GL3(AE) is AI if and only if
it is isomorphic to a nontrivial twist of itself). Then one can check easily that
Γ(Πf ) is a subgroup of Gal(N/Q) and χσ takes values in N . From the strong
multiplicity one for GL(3), we get that

σ ∈ Γ(Πf )⇔ (Πfσ)E ∼= (Πf )E ⊗ χσ ⇔ φ(Πf )σ ∼= φ(Πf )⊗ χσ.

We know that if H is an open subgroup of ΓE , then H acts irreducible on
Wσ by the way of φ(Πf )σ. Thus EndHWσ = Q̄l for each σ ∈ Gal(N/Q) (here
we denoted EndQ̄l[H]Wσ by EndHWσ). From Lemma 6.10, we deduce:

Lemma 11.2. Let σ, δ ∈ Gal(N/Q), and let H be any open normal subgroup
of ΓE. Then Wσ

∼= Wδ as H-modules if and only if δ−1σ ∈ Γ(Πf ) and H ⊂
kerχδ−1σ.

Using this lemma and the observation just before it, one gets easily (see for
example Theorem 4.4 of [R3]):

Proposition 11.3. Let H be an open subgroup of ΓE which is contained in the
kernels of all the characters χγ (γ ∈ Γ(Πf )). Then EndHW̄ ∼= Ma(Q̄l)b where
a = |Γ(Πf )| and b = |Gal(N/Q)/Γ(Πf )|.

For a sufficiently small open subgroup H of ΓE as in Proposition 11.3, set

X2 = EndHW.

12 The Lie algebra of ρ(π)(ΓQ); the irreducible
case

In this section we assume that the representation ρ(π) is irreducible, and in this
case we compute the Lie algebra g1 of ρ(π)(ΓQ). An endomorphism of W is in
the commutant of every sufficiently small open subgroup of ΓQ if and only if it
is in the commutant of the Lie algebra g1. Thus Endg1W = X1, and we get that
g1 ⊂ EndX1W . Since M ⊗Ql ⊂ EndHW = X1, we obtain

g1 ⊂ EndX1W ⊂ EndM⊗QlW
∼= gl4(M ⊗Ql).
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We have that detρπ = ψεl, where ψ is a finite order character of ΓL and
εl : ΓL → (M ⊗ Ql)× is the cyclotomic character obtained by composing the
standard cyclotomic character εl : ΓL → Q×l with the canonical inclusion Q×l ↪→
(M ⊗Ql)×. We have that ρ(π)|ΓL ∼= ρπ ⊗ ρπτ , and hence detρ(π)|ΓL = ψψτ ε2l .
In particular detρ(π)|H = ε2l for any open subgroup H which is contained in
kerψψτ . Thus we get that if m ∈ g1, then trm ∈ Ql ↪→ (M ⊗Ql).

We know also that ρ(π)(ΓQ) ⊂ GO4(M ⊗Ql).
Hence we obtain that g1 ⊂ h1, where

h1 = {m ∈ EndX1W ∩ go(W )|trm ∈ Ql},

and go(W ) ∼= go4(M ⊗Ql) is the Lie algebra of the orthogonal similitude group
GO(W ). Then (this can be proved in the same way as Theorem 15.1 below):

Proposition 12.1. g1 = h1.

13 The Lie algebra of ρ(π)(ΓQ); the reducible
case

In this section we assume that the representation ρ(π) is reducible, and in this
case we compute the Lie algebra g1 of ρ(π)(ΓQ).

From §8, we know that

ρ(π) ∼= (Sym2ρπ0 ⊕ ωπ0 · ωL/Q)⊗ χ|IQ ,

hence
ρ(π) ∼= (Ad(ρπ0)⊕ ωL/Q)⊗ ωπ0χ|IQ .

But ωπ0 = ε
1/2
l β (by abuse of notations), where β is a finite order charac-

ter. Hence for H sufficiently small open subgroup of ΓQ, i.e H is contained in
kerβχ|IQ and ΓL, we obtain that

ρ(π)|H ∼= (Ad(ρπ0)|H ⊕ 1)⊗ ε1/2l .

We know that ρ(π)(ΓQ) ⊂ GO4(M ⊗Ql), and that Ad(ρπ0)|H is irreducible and
also that Ad(ρπ0)(H) ⊂ GO3(M ⊗Ql) ⊂ GO4(M ⊗Ql).

From §9, we know that if m ∈ g1, then trm ∈ Ql ↪→ (M ⊗Ql).
Hence g1 ⊂ h1, where

h1 = {m ∈ EndX1W ∩ go3(M ⊗Ql)|trm ∈ Ql},

and go3(M ⊗ Ql) ⊂ go4(M ⊗ Ql) is the Lie algebra of the orthogonal group
GO3(M ⊗ Ql) ⊂ GO4(M ⊗ Ql). Then (this can be proved in the same way as
Theorem 15.1 below):

Proposition 13.1. g1 = h1.
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14 On the Lie algebra of φ(Πf)(ΓE)

Let g2 be the l-adic Lie algebra of φ(Πf )(ΓE). We remark that the exact com-
putation of g2 was done in [K]. An endomorphism of W is in the commutant of
every sufficiently small open subgroup of ΓE if and only if it is in the commu-
tant of the Lie algebra g2. Thus EndgW = X2, and we get that g2 ⊂ EndX2W.
Since N ⊗Ql ⊂ EndHW = X2, we obtain

g2 ⊂ EndX2W ⊂ EndN⊗QlW ∼= gl3(N ⊗Ql).

Denote ḡ2 := g2 ⊗ Q̄l. Then

ḡ2 ⊂ EndN⊗Q̄lW̄ =
∏

σ∈Gal(N/Q)

EndWσ.

Since φ(Πf ) is irreducible on open subgroups of ΓE , we get that ḡ2 is a reductive
Lie algebra. Denote by g̃2 the semisimple part of ḡ2 and by g̃2σ the projection of
g̃2 to EndWσ. Then g̃2σ is the semisimple part of the Lie algebra of the image
of the representation φ(Πf )σ. Since φ(Πf )σ is irreducible on open subgroups of
ΓE , we get that g̃2σ acts irreducibly on Wσ. Hence g̃2σ is a simple subalgebra
of gl(Wσ) ∼= gl3(Q̄l). The only two nonzero isomorphism classes of simple Lie
subalgebras of gl3(Q̄l) are:

so3(Q̄l) and sl3(Q̄l).

We remark that so3(Q̄l) ∼= sl2(Q̄l). Of course if one g̃2σ is orthogonal, then
all g̃2σ are orthogonal. Hence we get that there are two distinct classes of
representations Πf :

(1) φ(Πf ) is orthogonal: g̃2σ = so(Wσ) ∼= so3(Q̄l) for all σ ∈ Gal(N/Q).
(2) φ(Πf ) is non-orthogonal: g̃2σ = sl(Wσ) ∼= sl3(Q̄l) for all σ ∈ Gal(N/Q).
If φ(Πf ) is orthogonal, then for each σ ∈ Gal(N/Q) and for sufficiently

small open normal subgroup H of ΓE , φ(Πf )σ(H) is contained in an orthogonal
similitude group GO3(Q̄l). Hence φ(Πf )σ(ΓE) ⊂ GO3(Q̄l) because φ(Πf )σ(ΓE)
normalizes φ(Πf )σ(H) and GO3(Q̄l) is its own normalizer in GL3(Q̄l). This
implies that φ(Πf )(ΓE) ⊂ GO3(N ⊗Ql).

Hence we obtain that g2 ⊂ h2, where

h2 =

{
{m ∈ EndX2W ∩ go(W)} if φ(Πf ) is orthogonal,
{m ∈ EndX2W} if φ(Πf ) is non-orthogonal,

and where go(W) ∼= go3(N ⊗ Ql) is the Lie algebra of the orthogonal group
GO(W). We denote by h̃2 := {m ∈ h̄2|tr(m) = 0} the semisimple part of h̄2.
Then (see Theorem 6.1 of [K] or the proof of Theorem 15.1 below):

Proposition 14.1. g̃2 = h̃2.
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15 The Lie algebra of (ρ(π)× φ(Πf))(ΓE)

We assume that the totally real field F does not contain the real quadratic field
L. In this section we compute the l-adic Lie algebra G of (ρ(π)× φ(Πf ))(ΓE).

We keep the same notations as above. Then, by an extension if necessary,
we can assume, and we do assume from now on that M = N , and hence W =
W1 = (M ⊗Ql)4 and W = W2 = (M ⊗Ql)3.

Obviously G ⊂ g1 × g2.
From §12, we know that if ρ(π) is irreducible, then g1 ⊂ h1, where

h1 = {m ∈ EndX1W1 ∩ go(W1)|trm ∈ Ql},

and go(W1) ∼= go4(M⊗Ql) is the Lie algebra of the orthogonal similitude group
GO(W1).

From §13, we know that if ρ(π) is reducible, then g1 ⊂ h1, where

h1 = {m ∈ EndX1W1 ∩ go3(M ⊗Ql)|trm ∈ Ql},

and go3(M ⊗ Ql) ⊂ go4(M ⊗ Ql) is the Lie algebra of the orthogonal group
GO3(M ⊗Ql) ⊂ GO4(M ⊗Ql).

From §14, we know that g2 ⊂ h2, where

h2 =

{
{m ∈ EndX2W2 ∩ go(W2)} if φ(Πf ) is orthogonal,
{m ∈ EndX2W2} if φ(Πf ) is non-orthogonal,

and where go(W2) ∼= go3(M ⊗ Ql) is the Lie algebra of the orthogonal group
GO(W2).

Also since if x ∈ (ρ(π)×φ(Πf ))(H) for sufficiently small open subgroup H of
ΓE , then x = (ρ(π)× φ(Πf ))(δ) for some δ ∈ H, we get that if m = (m1,m2) ∈
G, then there exists a δ ∈ H such that trm1 =trρ(π)(δ) and trm2 =trφ(Πf )(δ).

By the above identification GO3(M ⊗Ql) ⊂ GO4(M ⊗Ql), in the case that
ρ(π) is reducible and φ(Πf ) is orthogonal, it makes sense to talk about a possible
isomorphism ρ(π)|H ∼= φ(Πf )|H (by ι : W ′1

∼−→ W2, i.e. ιρ(π)|Hι−1 = φ(Πf )|H)
for a sufficiently small open subgroup H of ΓE . If ρ(π)|H ∼= φ(Πf )|H for a
sufficiently small open subgroup H of ΓE , then we have that g1

∼= g2 by ιg1ι
−1 =

g2 and also ιX1ι
−1 = X2. If either ρ(π) is irreducible or φ(Πf ) is non-orthogonal,

then we say that ρ(π)|H 6∼= φ(Πf )|H for any open subgroup H of ΓE . We
remark that if ρ(π) is irreducible, because we assumed that F does not contain
L, it is impossible to have φ(Πf )|H ∼= Ad(ρπ)|H or φ(Πf )|H ∼= Ad(ρπτ )|H
for any open subgroup H of ΓEL. This is true because otherwise φ(Πf ) is
orthogonal, and from Lemma 6.9 we deduce that φ(Πf ) ∼= Ad(ρπ′)|ΓE for some
cuspidal representation π′ of GL(2)/F , and hence Ad(ρπ)|H1

∼=Ad(ρπ′)|H1 or
Ad(ρπτ )|H1

∼=Ad(ρπ′)|H1 for some open compact subgroup H1 of ΓEL. From
Proposition 6.8 we get that ρπ|H2

∼= ρπ′ |H2 or ρπτ |H2
∼= ρπ′ |H2 for some open

compact subgroup H2 of ΓE . But since ρπ′ is a representation of ΓF and F
does not contain L, we obtain that ρπ|H2

∼= ρπτ |H2 . Hence from Proposition
6.3, we get that ρπτ ∼= ρπ ⊗ γ for some character γ, and thus as we did at the
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beginning of §9 this fact implies that π ∼= π0/L ⊗ χ for some cuspidal non-CM
representation π0 of GL(2)/Q and some Hecke character χ, and so we are in the
situation of §10, thus ρ(π) is reducible, contradiction.

Hence G ⊂ H, where
H = {m = (m1,m2) ∈ h1 × h2|there exists a δ ∈ H, for H sufficiently small

open subgroup of ΓE , such that trm1 =trρ(π)(δ) and trm2 =trφ(Πf )(δ), and
m2 = ιm1ι

−1 if there exists an isomorphism ι : ρ(π)|H
∼−→ φ(Πf )|H for some

sufficiently small open subgroup H of ΓE}.
We prove:

Theorem 15.1. G = H.

Proof : Define H̄ := H⊗ Q̄l. Then

Ḡ ⊂ H̄ ⊂
i=2∏
i=1

EndM⊗Q̄lW̄i =
i=2∏
i=1

∏
σ∈Gal(M/Q)

EndWiσ.

Because G is a Ql-subspace of H and the base change preserves the codimension,
it is enough to prove that Ḡ = H̄. Let H̃ = {m ∈ H̄|tr(m) = 0} be the
semisimple part of H̄ and let G̃ ⊂ H̃ be the semisimple part of Ḡ. It is enough
to show that G̃ = H̃, since the abelian parts of Ḡ and H̄ are both equal to
{trρ(π)(δ), trφ(Πf )(δ)|for some δ ∈ H, for H sufficiently small open subgroup
of ΓE}. In order to prove that Ḡ = H̄, it is enough to verify the conditions of
the following lemma for G̃ and H̃ with sσ = so3(Q̄l) (which is isomorphic to
sl2(Q̄l)) or sl3(Q̄l) (we remark that so4(Q̄l) ∼= sl2(Q̄l)× sl2(Q̄l)).

We know (Lemma 4.6 of [R3]):

Lemma 15.2. Let Σ be a finite set, and for each σ ∈ Σ let sσ be a finite-
dimensional simple Lie algebra over a field of characteristic 0. Let G̃ and H̃ be
the subalgebras of

∏
σ sσ, with G̃ ⊂ H̃. Suppose that

(1) H̃ maps onto each factor sσ.
(2) G̃ and H̃ have equal images in sσ × sτ , for σ 6= τ .
Then G̃ and H̃ are equal.

We use (Goursat’s lemma):

Lemma 15.3. Let s1 and s2 be simple Lie algebras, and let G̃ be a Lie subalgebra
of s1× s2 such that the projections pi of G̃ to si are both surjective. Then either
G̃ is all of s1 × s2 or G̃ is the graph of an isomorphism s1

∼= s2.

We have that G̃iσ = H̃iσ = g̃iσ (which is isomorphic to sl2(Q̄l) ∼= so3(Q̄l) or
sl3(Q̄l) or so4(Q̄l) ∼= sl2(Q̄l)× sl2(Q̄l)), where we denote by G̃iσ (resp. H̃iσ) the
projection of G̃ (resp. H̃) on the iσ-component of

∏i=2
i=1

∏
σ∈Gal(M/Q) EndWiσ.

Hence condition 1 of Lemma 15.2 is verified. For iσ 6= jγ (with i ≤ j) in
{1, 2}×Gal(M/Q), let G̃iσ,jγ (resp. H̃iσ,jγ) be the image of G̃ (resp. H̃) in
g̃iσ × g̃jγ . We have to verify condition 2 of Lemma 15.2, that is G̃iσ,jγ = H̃iσ,jγ
(even if so4(Q̄l) ∼= sl2(Q̄l) × sl2(Q̄l) is not simple it is sufficient to verify that
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G̃iσ,jγ = H̃iσ,jγ because of the remarks in §9 and §10 and before Theorem 15.1,
see also the argument below where one could consider instead of so4(Q̄l) its
simple factors sl2(Q̄l) and sl2(Q̄l)). To prove this we apply Lemma 15.3, and
we get that either G̃iσ,jγ = g̃iσ×g̃jγ or else G̃iσ,jγ is the graph of an isomorphism
g̃iσ ∼= g̃jγ (even if so4(Q̄l) ∼= sl2(Q̄l) × sl2(Q̄l) is not simple this result is true
because of the remarks in §9 and §10 and before Theorem 15.1, see also the
argument below where one could consider instead of so4(Q̄l) its simple factors
sl2(Q̄l) and sl2(Q̄l)).

We prove in either case that G̃iσ,jγ = H̃iσ,jγ . We have that G̃iσ,jγ is the
graph of an isomorphism g̃iσ ∼= g̃jγ if and only if Wiσ

∼= Wjγ as Ḡ-modules (for
a proof of this fact see the proof of Lemma 6.2 on page 387 of [K]).

If Wiσ and Wjγ are not isomorphic Ḡ-modules, from Lemma 15.3, we get
that G̃iσ,jγ (and hence H̃iσ,jγ) is equal to g̃iσ × g̃jγ .

On the other hand, if Wiσ
∼= Wjγ as Ḡ-modules, let φ : Wiσ → Wjγ be an

intertwining operator for Ḡ. Then φ extends to an element of EndḠW̄1× W̄2 =
X ⊂ X̄1× X̄2, where X = {x = (x1, x2) ∈ X̄1× X̄2|x2 = ιx1ι

−1 if there exists an
isomorphism ι : ρ(π)|H

∼−→ φ(Πf )|H for some small open subgroup H of ΓE}.
This shows that φ also commutes with H̄, since from

H̄ ⊂ EndXW̄1 × W̄2

we get that

EndH̄W̄1 × W̄2 ⊃ EndEndXW̄1×W̄2
W̄1 × W̄2 = X.

This last equality follows from the fact that X is isomorphic to X1 (if there
exists an isomorphism ι : ρ(π)|H

∼−→ φ(Πf )|H for some small open subgroup H
of ΓE) or to X1 × X2 (otherwise), and because from the Propositions 9.2 and
11.3 we know that X̄i ∼= Mai(Q̄l)bi for some ai and bi. Thus Wiσ and Wjγ

are isomorphic Ḡ-modules only if they are isomorphic H̄-modules. Hence, if
G̃iσ,jγ

∼= g̃iσ, we get that H̃iσ,jγ ∼= g̃iσ, and therefore G̃iσ,jγ = H̃iσ,jγ .
Hence we verified the conditions 1 and 2 of Lemma 15.2, and thus we proved

Theorem 15.1. �
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