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Abstract

In this paper we prove the meromorphic continuation to the entire
complex plane of the zeta function of a product of a Hilbert modular
surface and a Picard modular surface regarded over arbitrary CM-fields.

2010 Mathematics subject classification: 11F41, 11F80, 11R42, 11R80.

Keywords: Hilbert modular surfaces; Picard modular surfaces; L-function;
meromorphic continuation; potential modularity

1 Introduction

Let F be a quadratic real field, and letG := ResF/QGL2/M . We denote by SK :=
SG,K the Hilbert modular surface associated to an open compact subgroup K
of G(Af ). Then SK is defined over Q. Let SK := SG,K be the Picard modular
surface associated to some unitary similitude group G = GU(3) defined relative
to an imaginary quadratic extension E of a totally real number field M , and to
some open compact subgroups K of G(AM,f ), where AM,f is the finite part of
the ring of adeles AM of M . Then SK is defined over E.

In this paper we prove the meromorphic continuation to the entire complex
plane of the L-function L(s, SK/k × SK/k), where k is an arbitrary finite CM-
extension of E (see Theorem 8.1).

2 Hilbert modular surfaces

Let M be a real quadratic field and let G := ResM/QGL2/M . For K suffi-
ciently small open compact subgroup of G(Af ), let SK be the smooth toroidal
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compactification of an open surface S0
K which satisfies

S0
K(C) = G(Q) \G(AQ)/K∞K,

where K∞ =SO2(R)R××SO2(R)R× ⊂ G(R). Then SK is a surface defined
over Q (see [D]), and it is called a Hilbert modular surface.

3 Cohomology for Hilbert modular surfaces

Let K be a sufficiently small open compact subgroup of G(Af ). Then we have
a decomposition

Hj
et(SK, Q̄l) = IHj

et(S̄K, Q̄l)⊕Hj(S∞K , Q̄l)

where IHj
et(S̄K, Q̄l) is the intersection cohomology of the Baily-Borel compact-

ification S̄K of S0
K, and S∞K is the divisor at infinity (a finite set of cusps) such

that S̄K = S0
K ∪ S∞K , and is defined by

IHj
et(S̄K, Q̄l) := Im(Hj

et(SK, Q̄l)→ Hj
et(S

0
K, Q̄l)).

If l is a prime number, let HK be the Hecke algebra generated by the bi-K-
invariant Q̄l-valued compactly supported functions on G(Af ) under convolution.
If Π = Πf ⊗Π∞ is an automorphic representation of G(AQ), we denote by ΠK

f

the space of K-invariants in Πf . The Hecke algebra HK acts on ΠK
f .

We have an action of the Hecke algebra HK and an action of the Galois group
ΓQ on the intersection cohomology IHj

et(S̄K, Q̄l) and these two actions com-
mute. We say that the representation Π is cohomological if H∗(G,K∞,Π∞) 6=
0, where G is the Lie algebra of K∞ (the cohomology is taken with respect to
(G,K∞)-module associated to Π∞).

We know the following result (see [RT]):

Proposition 3.1. The representation of ΓQ×HK on the intersection cohomol-

ogy IHj
et(S̄K, Q̄l) is isomorphic to

⊕Πρ
j(Π)⊗ΠK

f ,

where ρj(Π) is a representation of the Galois group ΓQ. The above sum is
over weight 2 cohomological automorphic representations Π of G(AQ), such that
ΠK
f 6= 0, and the HK-representations ΠK

f are irreducible and mutually inequiv-
alent.

We know (see for example Proposition 1.5 of [RT]) that IHj
et(S̄K, Q̄l) = {0}

for j = 1, 3. We have two cases (see Proposition 1.5 of [RT]):

A) Π is one-dimensional. Then dim ρj(Π) = 1, for j = 0, 4, and dim ρ2(Π) =
2, and ρj(Π) is a direct sum of parallel weight j/2 Hecke characters.
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B) Π is cuspidal and infinite-dimensional. Then dim ρj(Π) = 0, for j = 0, 4,
and dim ρ2(Π) = 4. Let

ρΠ : ΓM → GL2(Q̄l)
be the l-adic 2-dimensional representation of ΓM associated to Π (see [TA]).
Then we know (see [MP] for example) that ρ2(Π) is a subrepresentation of

Ind
ΓQ
ΓM

(ρΠ ⊗ ρτΠ),

which satisfies
ρ2(Π)|ΓM = ρΠ ⊗ ρτΠ,

where τ is the non-trivial automorphism of M over Q, and ρτΠ is defined by

ρτΠ(γ) = ρΠ(τγτ−1).

We know (see for example Proposition 4.5.4 of [HLR]):

Proposition 3.2. If π is a cuspidal automorphic representation of weight 2 of
GL(2)/F , where F is a totally real field, then one of the following two statements
holds:

(i) ρπ|ΓL is irreducible for each finite extension L/F .
(ii) There exists a quadratic extension L/F and an algebraic Hecke character

ψ of L such that ρπ ∼= IndFL(ψ).

The second case occurs iff π is CM.

4 Picard modular surfaces

Consider a totally real number field M , a quadratic imaginary extension E of M ,
and a Hermitian matrix Φ ∈ GL(V ) ∼= GL3(E) relative to E/M , i.e. tΦ = Φ̄,
where − denotes the complex conjugation for E/M , and V = E3. Assume that
Φ has signature (2, 1) at precisely one infinite place of M , and signature (3, 0) at
the other infinite places. Let G := GU(3) be the associated unitary similitudes
group over M . Then

GU(3)(A) = {g ∈ GL(V ⊗M A)|tḡΦg = µ(g)Φ, for some µ(g) ∈ A×},

for all M -algebras A.
Set

B = G(R)/K∞Z∞,

where K∞ is the maximal compact subgroup of G(R) and Z∞ is the center of
G(R). Then B is complex analytically isomorphic to the unit ball in C2. For a
K sufficiently small open compact subgroup of G(AM,f ), let SK be the smooth
toroidal compactification of an open surface S0

K that satisfies

S0
K(C) = G(M) \B×G(AM,f )/K,

which is a disjoint union of arithmetic quotients of B. Then from [D], we know
that SK is defined over E.
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5 Cohomology for Picard modular surfaces

Let K be a sufficiently small open compact subgroup of G(AM,f ). Then we
have a decomposition

Hj
et(SK, Q̄l) = IHj

et(S̄K, Q̄l)⊕Hj(S∞K , Q̄l)

where IHj
et(S̄K, Q̄l) is the intersection cohomology of the Baily-Borel compact-

ification S̄K of S0
K, and S∞K is the divisor at infinity (a finite set of cusps) such

that S̄K = S0
K ∪ S∞K , and is defined by

IHj
et(S̄K, Q̄l) := Im(Hj

et(SK, Q̄l)→ Hj
et(S

0
K, Q̄l)).

If l is a prime number, let HK be the Hecke algebra generated by the bi-K-
invariant Q̄l-valued compactly supported functions on G(AM,f ) under convolu-
tion. If Π = Πf ⊗ Π∞ is an automorphic representation of G(AM ), we denote
by ΠK

f the space of K-invariants in Πf . The Hecke algebra HK acts on ΠK
f .

We have an action of the Hecke algebra HK and an action of the Galois
group ΓE on the intersection cohomology IHj

et(S̄K, Q̄l) and these two actions
commute. An automorphic representation Π of G(AM ) is called cohomological
if H∗(G(R),K′∞,Π∞) 6= 0, where K′∞ is the centralizer of the center of K∞ in
G(R).

We know the following result (see [BR]):

Proposition 5.1. The representation of ΓE×HK on the intersection cohomol-
ogy IHj

et(S̄K, Q̄l) is isomorphic to

⊕Πφ
j(Πf )⊗ΠK

f ,

where φj(Πf ) is a representation of the Galois group ΓE. The above sum is
over cohomological automorphic representation Π = Πf ⊗ Π∞ of G(AM ) that
occurs in the discrete spectrum of G(AM ) and the HK-representations ΠK

f are
irreducible and mutually inequivalent.

The irreducible automorphic representations Π that appear in Proposition
3.1 are one-dimensional or cuspidal and infinite-dimensional, and dimφ2(Πf ) ≤
3, and if j 6= 2 then dimφj(Πf ) ≤ 1 (see [R]). The representation Π is co-
homological if and only if Π∞ ∈ {triv,Π+,Π0,Π−}, where triv is the trivial
representation and Π+,Π0,Π− are the lowest holomorphic, non-holomorphic
and anti-holomorphic discrete series representations of G(R) with trivial cen-
tral character. We remark that φj(Πf ) depends only on Πf , and there may
exists more then one Π∞ such that Πf ⊗Π∞ is cuspidal.

We know (see Theorem 2.2.1 of [BR]):

Proposition 5.2. If Π is as above, then one of the following two statements
holds:

(i) φ2(Πf )|ΓE1
is irreducible for each finite extension E1/E.

(ii) There exists an extension E1/E and an algebraic Hecke character ψ of
E1 such that φ2(Πf ) ∼= IndΓE

ΓE1
ψ.

The second case occurs iff Π is AI (automorphically induced).
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6 Simultaneous potential modularity

Let F be a totally real number field and JF be the set of infinite places of F . If
f is a Hilbert newform of GL(2)/F of weight k = (kτ )τ∈JF , where all kτ have
the same parity and kτ ≥ 2 (one can replace f below by a cuspidal automorphic
representation π of weight k of GL(2)/F which is discrete series at infinity),
then there exists ([TA]) a totally odd λ-adic representation

ρf := ρf,λ : ΓF → GL2(Mλ) ↪→ GL2(Ql),

which is unramified outside the primes dividing Nl and satisfies L(s, ρf,λ) =

L(s, f) (by fixing a specific isomorphism ι : Q̄l
∼−→ C one can regard ρf,λ as

complex valued). Here ΓF := Gal(F̄ /F ), M is the coefficients field of f , λ is a
prime ideal of M above some prime number l, N is the level of f , and totally
odd means that detρf (c) = −1 for all complex conjugations c. Moreover, each
representation ρf,λ is crystalline at any place v - N of F which divides the
residue characteristic of λ, and for each embedding τ : F ↪→ M̄ the τ -Hodge-
Tate numbers of ρf,λ are mτ and k0 − mτ − 1, where k0 :=max{kτ |τ ∈ JF },
and mτ := (k0 − kτ )/2.

In this paper we say that a representation

ρ : ΓF → GL2(Q̄l),

with F a totally real number field, is modular if there exists a Hilbert newform
of weight k ≥ 2 of GL(2)/F such that ρ ∼ ρf .

We now show the following result:

Theorem 6.1. For i = 1, . . . , r, let Fi be a totally real number field, and let fi
be a a Hilbert newform of weight ki ≥ 2 of GL(2)/Fi. Let l be a rational prime,
and F ′ be a totally real number field which contains Fi for i = 1, . . . , r. Then
there exists a totally real number field F ′′ which contains F ′ and which is Galois
over Q such that the representations ρfi,λi |ΓF ′′ , for i = 1, . . . , r, are modular,
where λi|l is a prime of the field of coefficients of fi.

Proof : If fi is a CM-form, then it is well known that ρfi,λi |ΓF ′′ is modular
for any finite extension F ′′/F (see for example Theorem 7.4 of [G]). Hence it
is sufficient to prove Theorem 2.1 when each fi is a non-CM form. We assume
this fact from now on.

We know the following result (this is a particular case of Theorem 4.5.1 of
[BGGT]; see also Lemma 1.4.2 of [BGGT] and the remark after Theorem 4.5.1
of [BGGT]; we remark that in the statement below we take φi representations
of ΓF ′ , and in Theorem 4.5.1 of [BGGT] φi was a representation of ΓE′ satis-
fying some conjugate self-dual condition, but obviously our φi|ΓE′ satisfies this
condition):

Theorem 6.2. Suppose that:
(a) Let E′ be a Galois CM number field, and let F ′ denote its maximal totally

real subfield.
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(b) Let l ≥ 7 be a rational prime which is unramified in E′.
(c) For each i = 1, . . . , r, let φi : ΓF ′ → GL2(Q̄l) be a totally odd continuous

representation.
For every i = 1, . . . , r, suppose also that:
(1) φi is unramified at all but finitely many primes.
(2) ki = (kiτ )τ∈JF ′ , where all kiτ have the same parity and kiτ ≥ 2, and

l > ki0, where ki0 := max{kiτ |τ ∈ JF ′}.
(3) φi is crystalline at all places v|l, and for each embedding τ : F ′ ↪→ Q̄li

the τ -Hodge-Tate numbers of φi are (ki0 − kiτ )/2 and (ki0 + kiτ )/2− 1.
(4) φ̄i|ΓE′(ζl)

is irreducible.

Then one can find a finite CM extension E′′/E′, such that E′′ is Galois, and
for each i = 1, . . . , r, a cuspidal automorphic representation πi of GL2(AE′′) of
weight ki such that φi|ΓE′′

∼= ρπi,γi for some γi|l.

We want to apply Theorem 2.2 to some rational prime l ≥ 7 and to φi :=
ρfi,λi |ΓF ′ for i = 1, . . . , r (one can assume that the totally real field F ′ from

Theorem 2.1 is Galois by replacing it by its Galois closure F
′gal; and we assume

this fact from now on). We choose a rational prime l unramified in F ′ which is
relatively prime to Ni, for i = 1, . . . , r, where Ni is the level of fi, and such that
l > ki0 for each i = 1, . . . , r. Then from above we know that φi for i = 1, . . . , r,
satisfies the conditions (c), (1), (2) and (3) of Theorem 2.2. Since fi is non-CM,
we know from Proposition 3.8 of [D], that for l sufficiently large, the image of
the representation ρ̄fi,λi contains SL2(Fl). But then for such a prime number l,
because F ′ is totally real, the image of the representation φ̄i = ρ̄fi,λi |ΓF ′ contains
SL2(Fl) (see Proposition 3.5 of [V1]). Hence we can choose l sufficiently large
such that for i = 1, . . . , r, the image of φ̄i contains SL2(Fl). Thus for i = 1, . . . , r,
the representation φ̄i|ΓF ′(ζl)

is irreducible. Now one can choose a CM quadratic

extension E′ of F ′, which is Galois over Q, such that l is unramified in E′, and

E′(ζl) linearly disjoint over F ′(ζl) from Q̄kerφ̄i|Γ
F ′(ζl) for i = 1, . . . , r, and hence

the representation φ̄i|ΓE′(ζl)
is also irreducible for i = 1, . . . , r. Hence condition

(4) of Theorem 2.2 is satisfied. Conditions (a) and (b) are also satisfied from our
choices made above. Thus we verified all the conditions of Theorem 2.2, and we
conclude that there exists a CM extension E′′/E′, such that E′′ is Galois, and
for each i = 1, . . . , r, a cuspidal automorphic representation πi of GL2(AE′′)
such that φi|ΓE′′

∼= ρπi,γi for some γi|l. Let F ′′ be the maximal totally real
subfield of E′′. Since φi|ΓE′′ is modular and E′′/F ′′ is quadratic (solvable),
one can deduce easily that φi|ΓF ′′ is automorphic (see Lemma 1.3 of [BGHT]).
Hence we finished the proof of Theorem 2.1. �

We know the following result (Proposition 5.2.2 of [BGGT]):

Proposition 6.3. Suppose that R is a regular, weekly compatible system of
l-adic representations of ΓF defined over M . If s is a subrepresentation of rλ
then we will write s̄ for the semi-simplification of the reduction of s. Also write
l for the rational prime below λ. Then there is a set of rational primes L of
Dirichlet density 1 such that if s is an irreducible sub-representation of rλ with
λ dividing an element of L then s̄|ΓF (ζl) is irreducible.
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7 L-functions

Let SK be the Shimura curve associated to some sufficiently small open compact
subgroup K of G(Af ), and SK be the Picard modular surface associated to
some sufficiently small open compact subgroup K of G(AM,f ). Recall that SK
is defined over F and SK is defined over E. Let E′ be the minimal CM-field
which contains E and F . Let k be a finite extension of E′. Then the L-function
of SK/k × SK/k is defined by the following formula

L(s, SK/k×SK/k) :=

6∏
r=0

∏
i+j=r

∏
π

∏
Π

L(s, ρi(π)|Γk⊗φj(Πf )|Γk)(−1)r dimπKf dim ΠK
f ,

where π and Π are as in Propositions 3.1 and 5.1 and

L(s, ρi(π)|Γk ⊗ φj(Πf )|Γk) :=∏
v

det(1−Nv−sιl((ρi(π)⊗ φj(Πf ))(Frobv))|(V i(π)⊗ V j(Πf ))Iv ),

where v runs over the finite places of k, Iv is an inertia group at v, and Frobv
is an arithmetic Frobenius at v.

8 Meromorphic continuation

In this section we prove following result:

Theorem 8.1. Let k be a finite CM-extension of E′. Then L(s, SK/k × SK/k)
has a meromorphic continuation to the entire complex plane.

Proof : From §7 we get that in order to prove the meromorphic continuation
of L(s, SK/k × SK/k) it is sufficient to prove the meromorphic continuation of
each L(s, ρi(π)|Γk ⊗ φj(Πf )|Γk), where i and j are non-negative integers satis-
fying i+ j ≤ 6. So let’s fix some π and Π, and some non-negative integers i and
j satisfying i+ j ≤ 6.

Because k is a CM-field, from Theorem 6.1 we get that there exists a Galois
finite CM-extension E′′ of k, such that ρi(π)|ΓE′′

∼= ρπ′′ , where π′′ is an auto-
morphic representation of GL(m)/E′′, and φj(Πf )|ΓE′′

∼= ρΠ′′ , where Π′′ is an
automorphic representation of GL(n)/E′′ (when i 6= 1 or j 6= 2 this result is
trivial because from §3 and §5 we have that dim ρi(π) ≤ 1 and dimφj(Πf ) ≤ 1).
From Theorem 5.10 of [CR] we know that one can find some subfields Es ⊂ E′′
such that Gal(E′′/Es) are solvable, and some integers ns, such that the trivial
representation

1k : Gal(E′′/k)→ Q̄×,

can be written as 1k =
∑u
s=1 nsIndΓk

ΓFs
1Fs (a virtual sum). Then

L(s, ρi(π)|Γk ⊗ φj(Πf )|Γk) =

u∏
s=1

L(s, ρi(π)|Γk ⊗ φj(Πf )|Γk ⊗ IndΓk
ΓFs

1Fs)
ns =
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u∏
s=1

L(s, IndΓk
ΓFs

(ρi(π)|ΓFs⊗φ
j(Πf )|ΓFs ))ns =

u∏
s=1

L(s, (ρi(π)|ΓFs⊗φ
j(Πf )|ΓFs )ns .

Since ρi(π)|ΓE′′ and φj(Πf )|ΓE′′ are automorphic and Gal(E′′/Es) is solvable,
one can deduce easily that ρi(π)|ΓEs and φj(Πf )|ΓEs are automorphic (in the
CM or AI case one does not need the fact that Gal(E′′/Es) is solvable because
the base change for CM or AI automorphic representations is arbitrary, and
in non-CM or non-AI case one has to use the irreducibility of ρi(π)|ΓE′′ or
φj(Πf )|ΓE′′ from Propositions 3.2 and 5.2). Hence the function L(s, ρi(π)|Γk ⊗
φj(Πf )|Γk) has a meromorphic continuation to the entire complex plane because
each L(s, ρi(π)|ΓFs ⊗ φ

j(Πf )|ΓFs ) has a meromorphic continuation to the entire
complex plane (see the main result of [JPSS]) . Thus Theorem 8.1 is proved. �

References

[BGGT] T.Barnet-Lamb, T.Gee, D.Geraghty, R.Taylor, Potential automorphy
and change of weight, preprint.

[BGHT] T.Barnet-Lamb, D.Geraghty, M.Harris, R.Taylor, A family of Calabi-
Yau varieties and potential automorphy II, to appear P.R.I.M.S.

[CR] C.W.Curtis, I.Reiner, Methods of Representation Theory, Vol. I, Wiley,
New York, 1981.

[D] P.Deligne, Travaux de Shimura, Sém. Bourbaki Féb. 71, Exposé 389, Lec-
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