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Abstract

In this paper we prove Tate conjecture for a product of a Shimura
curve and a Picard modular surface.
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1 Introduction

Let X be a smooth projective variety of dimension n defined over a number
field F . For a prime number l, let Hi

et(X, Q̄l) := Hi
et(X ×F Q̄, Q̄l) be the l-adic

cohomology of X. For K a number field, we denote ΓK := Gal(Q̄/K). The Ga-
lois group ΓF acts on Hi

et(X, Q̄l) by a representation ρi,l. For a finite extension
k of F , the elements of V i(X, k) := (H2i

et (X, Q̄l)(i))Γk are called Tate classes
defined over k (here H2i

et (X, Q̄l)(i) is the Tate twist, and H2i
et (X, Q̄l) = {0} for

i > 2n).
Let Ui(X) be the Q-linear space of the algebraic subvarieties of X of codi-

mension i. We have the l-adic cycle map

di,l : Ui(X)⊗ Q̄l → H2i
et (X, Q̄l)(i).

The cohomology classes in the image of this map are said to be algebraic.
For each finite extension k of F , we denote by Ui(X, k) the subspace of

di,l(U
i(X)⊗ Q̄l) left fixed by Γk. The first part of the Tate conjecture [T] states

that
U i(X, k) = V i(X, k),

i.e. each Tate class is algebraic.
The L-function Li(s,X/F ) attached to the representation ρi,l converges for

Re(s) > 1 + i/2. The second part of the Tate conjecture [T], [T1] states that
for each finite extension k of F , the L-function L2i(s,X/k) has a meromorphic
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continuation to the entire complex plane and the order of the pole at s = i+ 1
is equal to

dimQ̄l
Ui(X, k).

The first part of the Tate conjecture for Picard modular surfaces was proved
by Blasius and Rogawski in [BR]. Also the second part of the Tate conjecture
for Picard modular surfaces was proved in [BR], but only for solvable extensions
of the field of definition of the Picard modular surfaces.

Consider F a totally real number field and D a quaternion algebra over F
which splits at exactly one infinite place of F (let’s say the trivial one). Denote
by H the algebraic group over F associated to D×, and define G :=ResF/QH.
Let SK := SG,K be the Shimura curve associated to an open compact subgroup
K of G(Af ), where Af is the finite part of the ring of adeles AQ of Q. Then SK
is defined over F . Let SK := SG,K be the Picard modular surface associated
to some unitary similitude group G = GU(3) defined relative to an imaginary
quadratic extension E of a totally real number field M , and to some open
compact subgroup K of G(AM,f ), where AM,f is the finite part of the ring of
adeles AM of M . Then SK is defined over E. Let E′ be the minimal CM-field
which contains F and E.

In this paper we prove the first part of the Tate conjecture for S := SK/E′ ×
SK/E′ (see Theorem 7.1). We also prove the second part of the Tate conjecture
for S for arbitrary CM finite extensions k of the field of definition E′ of S (see
Theorem 8.1).

2 Shimura curves

Let D be a quaternion algebra over a totally real number field F . Assume that
D splits at exactly one infinite place of F (let’s say the trivial one). Let H be
the algebraic group over F defined by D×, and let G := ResF/QH. It is easy to

see that G(R) is isomorphic to GL2(R)×H×
[F :Q]−1

, where H is the algebra of
quaternions over R.

Let JF be the set of infinite places of F , and J ′F be the subset of infinite
places of F where D ramifies. For v ∈ JF −J ′F , we fix an isomorphism of H(Fv)
with GL2(R). We have G(R) =

∏
v∈JF H(Fv). Let J := (Jv) ∈ G(R), where

Jv :=

{
1 for v ∈ J ′F ;

1/
√

2
(

1 1
−1 1

)
for v ∈ JF − J ′F .

Let K∞ be the centralizer of J in G(R).
For K sufficiently small open compact subgroup of G(Af ), let SK be the

Shimura curve defined over F which satisfies (see for example [RT])

SK(C) = G(Q) \G(AQ)/K∞K.
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3 Cohomology for Shimura curves

Let K be a sufficiently small open compact subgroup of G(Af ). If l is a prime
number, let HK be the Hecke algebra generated by the bi-K-invariant Q̄l-valued
compactly supported functions on G(Af ) under the convolution. If π = πf⊗π∞
is an automorphic representation of G(AQ), we denote by πKf the space of K-

invariants in πf . The Hecke algebra HK acts on πKf .
We have an action of the Hecke algebra HK and an action of the Galois

group ΓF on Hi
et(SK , Q̄l) and these two actions commute. We say that the rep-

resentation π is cohomological if H∗(g,K∞, π∞) 6= 0, where g is the Lie algebra
of K∞ (the cohomology is taken with respect to (g,K∞)-module associated to
π∞).

We know the following result (see for example Proposition 1.8 of [RT]):

Proposition 3.1. The representation of ΓF×HK on Hi
et(SK , Q̄l) is isomorphic

to
⊕πρi(π)⊗ πKf ,

where ρi(π) is a representation of the Galois group ΓF . The above sum is over
weight 2 cuspidal automorphic representations π of G(AQ), such that πKf 6= 0

and the HK-representations πKf are irreducible and mutually inequivalent.

We have two cases (see Proposition 1.5 of [RT]):

A) π is one-dimensional. Then dim ρ1(π) = 0, and dim ρi(π) = 1, for i = 0, 2,
and ρi(π) is a parallel weight i/2 Hecke character.

B) π is cuspidal and infinite-dimensional. Then dim ρi(π) = 0 for i = 0, 2,
and dim ρ1(π) = 2. By abuse of notations we denote also by π the cuspidal
automorphic representation of GL(2)/F associated to π by Jacquet-Langlands
correspondence. Then from Taylor [TA], we know that there exists a λ-adic
representation (for λ a prime of the field of coefficients O of π, such that λ|l for
some rational prime l)

ρπ := ρπ,λ : ΓF → GL2(Oλ) ↪→ GL2(Q̄l),

which satisfies L(s, ρπ) = L(s − 1/2, π) (up to finitely many Euler factors),
and it is unramified outside the primes dividing nl, where n is the level of π
(by fixing an isomorphism ι : Q̄l

∼−→ C one can regard ρπ as a complex-valued
representation). Then we have ρ1(π) = ρπ.

We know (see for example Proposition 4.5.4 of [HLR]):

Proposition 3.2. If π is a cuspidal automorphic representation of weight 2 of
GL(2)/F , where F is a totally real field, then one of the following two statements
holds:

(i) ρπ|ΓL
is irreducible for each finite extension L/F .

(ii) There exists a quadratic extension L/F and an algebraic Hecke character
ψ of L such that ρπ ∼= IndFL(ψ).

The second case occurs iff π is CM.
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4 Picard modular surfaces

Consider a totally real number field M , a quadratic imaginary extension E of M ,
and a Hermitian matrix Φ ∈ GL(V ) ∼= GL3(E) relative to E/M , i.e. tΦ = Φ̄,
where − denotes the complex conjugation for E/M , and V = E3. Assume that
Φ has signature (2, 1) at precisely one infinite place of M , and signature (3, 0) at
the other infinite places. Let G := GU(3) be the associated unitary similitudes
group over M . Then

GU(3)(A) = {g ∈ GL(V ⊗M A)|tḡΦg = µ(g)Φ, for some µ(g) ∈ A×},

for all M -algebras A.
Set

B = G(R)/K∞Z∞,

where K∞ is the maximal compact subgroup of G(R) and Z∞ is the center of
G(R). Then B is complex analytically isomorphic to the unit ball in C2. For a
K sufficiently small open compact subgroup of G(AM,f ), let SK be the smooth
toroidal compactification of an open surface S0

K that satisfies (see for example
[LR])

S0
K(C) = G(M) \B×G(AM,f )/K,

which is a disjoint union of arithmetic quotients of B. Then from [D] and §5 of
[G], we know that S0

K and SK are defined over E.

5 Cohomology for Picard modular surfaces

Let K be a sufficiently small open compact subgroup of G(AM,f ). Then we
have a decomposition (see for example §5 of [HLR])

Hj
et(SK, Q̄l) = IHj

et(S̄K, Q̄l)⊕Hj(S∞K , Q̄l)

where IHj
et(S̄K, Q̄l) is the intersection cohomology of the Baily-Borel compacti-

fication S̄K (which is defined over E (see §5 of [G])) of S0
K, and S∞K is the divisor

at infinity (a finite set of cusps) such that S̄K = S0
K ∪ S∞K , and is defined by

IHj
et(S̄K, Q̄l) := Im(Hj

et(SK, Q̄l)→ Hj
et(S

0
K, Q̄l)).

If l is a prime number, let HK be the Hecke algebra generated by the bi-K-
invariant Q̄l-valued compactly supported functions on G(AM,f ) under convolu-
tion. If Π = Πf ⊗ Π∞ is an automorphic representation of G(AM ), we denote
by ΠK

f the space of K-invariants in Πf . The Hecke algebra HK acts on ΠK
f .

We have an action of the Hecke algebra HK and an action of the Galois
group ΓE on the intersection cohomology IHj

et(S̄K, Q̄l) and these two actions
commute. An automorphic representation Π of G(AM ) is called cohomological
if H∗(G(R),K′∞,Π∞) 6= 0, where K′∞ is the centralizer of the center of K∞ in
G(R).

We know the following result (see [BR]):
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Proposition 5.1. The representation of ΓE×HK on the intersection cohomol-
ogy IHj

et(S̄K, Q̄l) is isomorphic to

⊕Πφ
j(Πf )⊗ΠK

f ,

where φj(Πf ) is a representation of the Galois group ΓE. The above sum is
over cohomological automorphic representation Π = Πf ⊗ Π∞ of G(AM ) that
occurs in the discrete spectrum of G(AM ) and the HK-representations ΠK

f are
irreducible and mutually inequivalent.

The irreducible automorphic representations Π that appear in Proposition
3.1 are one-dimensional or cuspidal and infinite-dimensional, and dimφ2(Πf ) ≤
3, and if j 6= 2 then dimφj(Πf ) ≤ 1 (see [R]). The representation Π is co-
homological if and only if Π∞ ∈ {triv,Π+,Π0,Π−}, where triv is the trivial
representation and Π+,Π0,Π− are the lowest holomorphic, non-holomorphic
and anti-holomorphic discrete series representations of G(R) with trivial cen-
tral character. We remark that φj(Πf ) depends only on Πf , and there may
exists more then one Π∞ such that Πf ⊗Π∞ is cuspidal.

We know (see Theorem 2.2.1 of [BR]):

Proposition 5.2. If Π is as above, then one of the following two statements
holds:

(i) φ2(Πf )|ΓE1
is irreducible for each finite extension E1/E.

(ii) There exists an extension E1/E and an algebraic Hecke character ψ of
E1 such that φ2(Πf ) ∼= IndΓE

ΓE1
ψ.

The second case occurs iff Π is AI (automorphically induced).

6 Tate cycles

Let SK be the Shimura curve associated to some sufficiently small open compact
subgroup K of G(Af ), and SK be the Picard modular surface associated to
some sufficiently small open compact subgroup K of G(AM,f ). Recall that SK
is defined over F and SK is defined over E. Let E′ be the minimal CM-field
which contains E and F . Define S := SK/E′ × SK/E′ . Let 0 ≤ r ≤ 3 be an
integer. By the Künneth formula we have

IH2r
et (SK/E′ × S̄K/E′ ,Ql) = ⊕i+j=2rH

i
et(SK/E′ ,Ql)⊗ IH

j
et(S̄K/E′ ,Ql).

From Propositions 3.1 and 5.1 we obtain

Hi
et(SK/E′ ,Ql)⊗ IH

j
et(S̄K/E′ ,Ql)

= (⊕πV i(π)⊗ πKf )⊗ (⊕ΠV
j(Π)⊗ΠK

f )

= ⊕π,Π(V i(π)⊗ V j(Π))⊗ (πKf ⊗ΠK
f ),
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where π and Π run over cuspidal automorphic representations of G(AQ) and
G(AM ) as in §3 and §5. The group ΓE′ acts on each summand above by
ρi(π)|ΓE′ ⊗ φj(Π)|ΓE′ ⊗ 1.

For k a finite extension of E′, define:

Vi,j(π,Π, k) := {x ∈ V i(π)⊗V j(Π)|ρi(π)⊗φj(Πf )(a)x = ξ−rl (a)x, for all a ∈ Γk},

where ξl is the l-adic cyclotomic character. The elements of Vi,j(π,Π, k) are
called Tate cycles defined over k. We denote by Ui,j(π,Π, k) ⊆ Vi,j(π,Π, k)
the subspace of algebraic cycles defined over k.

7 Tate and algebraic cycles

In this section we prove the first part of the Tate conjecture for S = SK/E′ ×
SK/E′ :

Theorem 7.1. Let k be a finite extension of E′. Then for each integer r
satisfying, 0 ≤ r ≤ 3, we have

Ui,j(π,Π, k) = Vi,j(π,Π, k),

for all non-negative integers i and j satisfying i+ j = 2r.

Proof : So we know that the first part of the Tate conjecture holds for SK
and SK . Thus if we prove that the Tate cycles of SK/E′ × SK/E′ are products
of Tate cycles of individual factors SK and SK we are done. We distinguish two
cases:

1) i is even. Then from §3 we know that φi(π) is nontrivial only for π
one-dimensional and i = 0 or 2. But in this case φi(π) is a weight i/2 Hecke
character and thus it determines a Tate cycle on SK . Hence in this case the
Tate cycles of SK/E′ × SK/E′ are products of Tate cycles of individual factors
SK/E′ and SK/E′ we are done.

2) i is odd, and thus assume i = 1. Then j is odd, and from §5 we know that
in this case φj(Πf ) is trivial or has dimension 1. Assume that dimφj(Πf ) = 1.
From Proposition 3.2 we know that if π is non-CM then ρ1(π)|Γk

is irreducible
for any finite extension k/F . Hence if π is non-CM then Vi,j(π,Π, k) = {0},
and we are done. If π is CM, then ρ1(π) ∼= ρπ ∼=IndΓF

ΓN
χ, where N is an

imaginary quadratic extension of F , and χ is a Hecke character of ΓN of infinite
type (0, . . . , 0, 1, . . . , 1) (here the number of 0′s is [F : Q] and the number of
1′s is equal to [F : Q]). Hence if N 6⊂ k then, ρ1(π)|Γk

is irreducible and
so Vi,j(π,Π, k) = {0}, and we are done. If N ⊆ k, then ρ1(π)|Γk

∼= χ|Γk
⊕

χ̄|Γk
, where ·̄ is the complex conjugation with respect to N/F . But, for E ⊆

k, the infinity type of φj(Πf )( j2 )|Γk
(see the case 5 on page 91-92 of [R]) is

(−1, . . . ,−1, 1, . . . , 1), where the number of −1 is equal to the number of 1.
Because it is clear that a product of a character of infinite type (the order of the
numbers −1, 0, 1 does not matter) (0, . . . , 0, 1, . . . , 1) and a character of infinite
type (−1, . . . ,−1, 1, . . . , 1) is not a parallel weight infinity type character, in this
case we have also Vi,j(π,Π, k) = {0}, and we are done. �
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8 Poles of L-functions and Tate cycles

In this section we keep the same notations as above. So let k be a finite extension
of E′. We fix an isomorphism ι : Q̄l

∼−→ C and define the L-function

L(s, ρi(π)|Γk
⊗ φj(Πf )|Γk

) :=
∏
v

det(1−Nv−sι((ρi(π)⊗ φj(Πf ))(Frobv)
Iv ))−1,

where Frobv is a geometric Frobenius element at a finite place v of k and Iv is
an inertia group at v.

Theorem 8.1. If k is a CM finite extension of E′, and i and j are non-negative
integers satisfying i + j = 2r, where r is an integer satisfying 0 ≤ r ≤ 3, then
the order of the pole at s = r + 1 of L(s, ρi(π)|Γk

⊗ φj(Πf )|Γk
) is equal to

dimQ̄l
Vi,j(π,Π, k).

Proof : Assume that ρi(π) and φj(Πf ) are nontrivial. Since i+ j = 2r from
§3 and §5 we get that ρi(π) or φj(Πf ) has dimension 1. In order to simplify the
notations, let ρ denote ρi(π) or φj(Πf ). Then we know the following result (see
Propositions 3.2 and 5.2 above and Theorem A of [BGGT], the remark after it,
and Theorem 5.3.1 of [BGGT]; if π is CM or one-dimensional or Π is AI, this
result is trivial and the base change is arbitrary):

Theorem 8.2. If k is a CM finite extension of E′, then there exists a CM finite
extension E′′ of k, which is Galois over Q, such that ρ|ΓE′′ is automorphic, i.e.
ρ|ΓE′′

∼= ρΠ′′ , where Π′′ is an automorphic representation of GLn(AE′′) and ρΠ′′

is the l-adic representation associated to Π′′.

We distinguish two cases:

1) dim ρi(π) = 1. If Π is AI, then φj(Πf )|Γk
is a direct sum of monomial

representations. Here a monomial representation of Γk is a representation in-
duced from an open subgroup of Γk. Hence Theorem 8.1 is trivial in this case.
We assume from now on that Π is non-AI. Then from Proposition 5.2 we know
that φj(Πf )|Γk

is irreducible, and because it has dimension at least 2, we get
that in this case Vi,j(π,Π, k) = {0}.

Because k is CM, from Theorem 8.2 we know that there exists a Galois
CM finite extension E′′ of k, such that φj(Πf )|ΓE′′

∼= ρΠ′′ , where Π′′ is an
automorphic representation of GL(n)/E′′. From Theorem 5.10 of [CR] we know
that one can find some subfields Es ⊂ E′′ such that Gal(E′′/Es) are solvable,
and some integers ns, such that the trivial representation

1k : Gal(E′′/k)→ Q̄×,

can be written as 1k =
∑u
s=1 nsIndΓk

ΓFs
1Fs

(a virtual sum). Then

L(s, ρi(π)|Γk
⊗ φj(Πf )|Γk

) =
u∏
s=1

L(s, ρi(π)|Γk
⊗ φj(Πf )|Γk

⊗ IndΓk

ΓFs
1Fs

)ns
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=

u∏
s=1

L(s, IndΓk

ΓFs
(ρi(π)|ΓFs

⊗φj(Πf )|ΓFs
))ns =

u∏
s=1

L(s, (ρi(π)|ΓFs
⊗φj(Πf )|ΓFs

)ns .

Since φj(Πf )|ΓE′′ is cuspidal automorphic of dimension ≥ 2 (because we are
in the non-AI case) and Gal(E′′/Es) is solvable, one can deduce easily that
φj(Πf )|ΓEs

is cuspidal automorphic of dimension ≥ 2. Hence the function
L(s, ρi(π)|Γk

⊗ φj(Πf )|Γk
) has a meromorphic continuation to the entire com-

plex plane, satisfies a functional equation and has no zeros or poles at s = r+ 1
because each L(s, ρi(π)|ΓFs

⊗ φj(Πf )|ΓFs
) has a meromorphic continuation to

the entire complex plane, satisfies a functional equation and has no zeros or
poles at s = r + 1. Thus Theorem 8.1 is proved in this case.

2) dimφj(Πf ) = 1. This case is similar to case 1) above. We are done. �
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