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Abstract

We develop a solution method and solution refinement for a class of general
Markov-switching rational expectations (MSRE) models. Then we derive very
tractable conditions for determinacy in mean-square stability sense. Our method-
ology enables us to completely characterize the set of economically relevant ra-
tional expectations equilibria under determinacy and indeterminacy. Introducing
Markov-switching property to an otherwise standard linear RE model can expand
the parameter space over which a model has a unique stable equilibrium. Stochas-
tic regime changes also inject additional volatility to the system. We apply our
methodology to a standard New-Keynesian model subject to regime-switching in
monetary policy and show that determinacy under regime-switching is in general
neither necessary nor sufficient for determinacy under fixed regimes.
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1 Introduction

The main purpose of this paper is two-fold. First, we develop a solution method and
solution refinement for a class of general Markov-switching rational expectations (MSRE)
models. Second, we derive very tractable conditions for determinacy in mean-square
stability sense. Then we completely characterize the set of rational expectations equilibria
(REE) to both determinate and indeterminate MSRE models.

Only recently has Markov-switching - one of the most productive modeling tech-
niques in time-series econometrics - been applied to structural rational expectations
(RE) macroeconomic models. For instance, Davig and Leeper| (2007)) consider a regime-
switching monetary policy in an otherwise canonical New-Keynesian model and provide
a new perspective for understanding U.S. historical monetary policy. They show that
the possibility of regime-switching between passive and active policy stances can expand
the parameter space over which the unique bounded equilibrium exists. MSRE models
can also be used to deal with uncertainty in important structural parameters governing
optimal behavior of private agents. Liu, Waggoner and Zha (2009)), for instance, con-
sider regime-switching in the optimal price-setting behavior of firms and derive a regime-
switching New-Keynesian Phillips curve a la|Calvo| (1983)). The optimal monetary policy
of the central bank facing regime-shifting behaviors of private agents is also of great im-
portance, as emphasized by Davig (2007). This new class of macroeconomic models has
already been estimated by Bianchi (2011), |Liu, Waggoner and Zha/ (forthcoming)) and
Davig and Doh! (2009).

Due to the inherent non-linearities arising from regime-dependency, standard solu-
tion techniques or determinacy conditions for linear RE models such as [Blanchard and
Kahn| (1980)’s cannot be directly applied to MSRE models. [Farmer, Waggoner and Zha
(2009) derive a set of determinacy conditions. However, their methodology works only
for the models without predetermined variables, and the conditions are quite demanding
to completely examine. |Farmer et al. (forthcoming) made an important contribution
by proposing a numerical algorithm to find minimum state variable solutions. Unfortu-
nately, little information regarding determinacy has been available to the models with
predetermined variables. Another important class of MSRE models, such as the model
with regime-switching behaviors of private agents in Davig (2007)), cannot be represented
in their form either because parameters depend on future regimes, not just the current

regime.



This paper’s main purpose is to provide a necessary tool for the analysis of the
general MSRE models. The first contribution is to derive a tractable solution method
for a fundamental solution. We extend the forward method of |Cho and Moreno (2011)
developed for the standard linear RE models to the class MSRE models. The forward
method is essentially to “solve forward” the model recursively and if there is a stable
relation between the current endogenous variables and the state variables as the forward
recursion continues, the relation is defined as the well-known forward (forward-looking)
solution in the sense of Blanchard| (1979), which is a minimum state variable (MSV)
solution.

While the method proposed by Farmer et al| (forthcoming) may be used to solve
for the MSV solutions, we adopt the forward method mainly because the information
embedded in the forward method plays a decisive role for identifying determinacy con-
ditions, which we will elaborate extensively in this paper. The forward method also
provides a powerful solution refinement criterion, called no-bubble condition. When a
model is solved forward, the expectational term is typically assumed to die out as the
forward recursion continues. However, we show that the expectational term goes to zero
if and only if it is computed with the forward solution and all other MSV, often called
bubble-free solutions fail to satisfy no-bubble condition. Hence, no-bubble condition can
be used to refine away all other MSV solutions.

Second and the most important contribution is to derive tractable determinacy con-
ditions. To proceed, it is necessary to have a relevant concept of stability as different
stability criteria, essentially identical for the linear models, do not coincide with each
other for MSRE models. While there may be several candidates, we use mean-square
stability adopted by [Farmer et al. (2009) because it is the most relevant from a economet-
ric point of view and it works with a weak covariance-stationarity restriction on both the
structural and bubble shocks. Unlike the case for linear RE models, stability of a REE in
the first moment does not imply stability in the second moment under a Markov-switching
environment. This is because the regime-switching possibility injects additional volatility
to a REE so that its variance can be unbounded. If all shock processes are assumed to be
bounded, then boundedness adopted by Benhabib (2009)) and |Davig and Leeper] (2007)
can also be a relevant stability concept but we focus on mean-square stability mainly
because of its tractability.

The essential idea underlying our methodology can be illustrated as follows. As
Lubik and Schortheide (2004) show, any REE to a MSRE model can be decomposed



into a fundamental, MSV solution and a non-fundamental component. Determinacy is
therefore the case where there is a unique (mean-square) stable fundamental solution and
there is no stable non-fundamental component associated with that MSV solution. In this
regard, Cho and McCallum| (2011)) derive a tight relation between forward method and
determinacy for linear RE models. The forward method provides the forward solution
and the unique matrix F' governing stability of the non-fundamental (bubble) component.
They show that (1) if all the eigenvalues of the matrix F' associated with the forward
solution lie inside or on the unit circle, there is no stable bubble component. (2) If
in addition, the forward solution is stable, then there is no other stable MSV solution.
Therefore, the model at hand becomes determinate under these two conditions and the
forward solution is the determinate equilibrium. It is this idea that we utilize from the
forward method. We extend their work to the class of MSRE models and derive a similar
condition except that F' is replaced with an appropriate probability weighted matrix of
F for all regimes.

The most powerful consequence of identifying determinacy in this alternative way is
that one does not need to solve for all the non-fundamental components. [Farmer et al.
(2009) derive the closed form processes for non-fundamental components. However, the
class of such processes is extremely large, thus it is quite a daunting task to find all of
them and examine mean-square stability. To summarize, our determinacy conditions for
MSRE models are as simple as those for the standard linear models. One has only to
examine the existence of the forward solution, check stability of that solution and the
matrix pertaining to the non-fundamental components. No-bubble condition, the solution
refinement scheme of the forward method also enables us to completely characterize the
set of economically relevant equilibria under determinacy and indeterminacy.

We apply our methodology to a standard New-Keynesian model subject to regime-
switching in monetary policy stance. Davig and Leeper| (2007) has shown that the central
bank switching between a passive and active policy stances can be an admissible determi-
nate equilibrium when shocks are bounded. We show that such an equilibrium can also
be determinate in mean-square stability sense when shocks are unbounded, covariance-
stationary. However, we also find that if one regime is too active relative to the other,
the additional volatility induced by regime-switching can actually lead the economy to
indeterminacy. We also apply our methodology to a model with a Markov-switching
elasticity of intertemporal substitution parameter of the households. The model can help

us understand the optimal behavior of agents whose preferences are subject to regime



changes and the reaction of the central bank in such an environment. Our impulse
response analysis also exhibits quantitatively and qualitatively rich dynamics. Finally,
we examine determinacy of other examples in the literature and show that not all the
solutions are economically relevant based on our solution refinement.

This paper is organized as follows. Section 2 presents two illustrative MSRE models.
In section 3, we present a class of general MSRE models and the classes of REEs. Section
4 develops our forward method and the solution refinement criterion. Section 5 derives
determinacy conditions under mean-square stability and characterizes the complete set
of the relevant REEs under determinacy and indeterminacy. In section 6, we apply our

methodology to several examples. Section 7 concludes/l]

2 Illustrative Examples

We present two types of Markov-switching models in this section and analyze them after

we develop our determinacy conditions and solution methodology for MSRE models.

Example A (Markov-switching monetary policy): Consider a Markov-switching mon-
etary policy in a canonical New-Keynesian model studied by Davig and Leeper| (2007)),
and |[Farmer et al.| (2009):

T = BEm + Ky + 2y, (1a)
1 .

v = By — ;(@t — Eymi1) + 2py, (1b)

i = (1= p)(dr(80)7 + Gyye) + pis1 + zmpy, (1c)

where 7, y; and i; are inflation, the output gap and the short-term interest rate, respec-
tively. s, is a Markov chain that switches over two states. ¢, (s;) represents the monetary
policy stance against inflation, which is active (passive) if ¢, (s;) > 1 (¢dx(s;) < 1). p
captures the interest rate smoothing behavior of the central bank. z;; for @ = S, D
and M P represents respectively the exogenous, regime-independent aggregate supply,
demand and monetary policy shocks. All these shocks are assumed to be covariance-
stationary. E;[-] = E[-|Z;] is the mathematical expectation operator conditional on the

information set Z; which includes the current regime s;.

'Matlab codes for our methodology and the numerical examples in this paper are provided at
http://web.yonsei.ac.kr/sc719.



It is well-known that in the case of ¢, = 0 and p = 0, if an active (passive) regime
prevails forever, the model is determinate (indeterminate) for regime-independent models.
Davig and Leeper| (2007) show that the parameter space over which the model is unique
and bounded is larger than that of its fixed regime counterpart. This is expressed in
their long-run Taylor principle (LRTP): even though monetary policy can be temporarily
passive, if there is a sufficiently large probability that the policy shifts to the active
regime, the model can have a unique bounded equilibrium. When the shock processes
are not bounded, however, the model where the LRTP holds can be indeterminate, as
Farmer et al. (2009) show. While the determinacy conditions of Farmer et al.| (2009)
cannot be applied to this model with predetermined variables, our methodology easily
quantifies the determinacy area and shows that the condition analogous to the LRTP
governs stability in the first, but not the second moment of the system, hence it is not
sufficient for determinacy in the sense of mean-square stability. In particular, the model
may not be determinate even when both regimes are active if one regime is too active
relative to the other, and the interest rate smoothing behavior is strong.

From a theoretical perspective, this model with an ad-hoc specification of regime-
switching in monetary policy may not be entirely satisfactory. The policy rule is not
optimal by construction: it is not easy to justify why the monetary authority shifts its
policy stances while forward-looking rational private agents are not regime-switching.
This observation leads us to consider an alternative example in which private agents are
subject to regime-shifting. For illustrative purposes, we consider the optimal behavior of

households when their elasticity of substitution shifts stochastically.

Example B (Markov-switching elasticity of intertemporal substitution): Consider a
standard power utility function of a representative household where the inverse of elas-

ticity of intertemporal substitution o depends on a regime variable s;:

H,Cylmolse) — 1

U(C) = =

(2)

where C; is consumption and H; is an exogenous preference shifter. Just as policy stances
can change over time, preferences of households may fluctuate as well. ¢ is an important
parameter in both economics and finance, but its empirical estimate varies over a wide
range. While the time variation of o due to the history-independent Markov chain is not

very satisfactory, this kind of model can shed light on explaining the parameter instability



of o reported in the literature. The intertemporal optimality condition is given by:
E [eXp(—w — U(St+1) In Ct+l -+ U(St) In Ct + 1n(Ht+1/Ht) -+ In Rt+1)’1t} = 1’ (3)

where exp(—1) is the time discount factor and Ry is the gross real interest rate. Now
we log-linearize the Euler equation around the steady states with respect to Cyiq,
Hyy1/Hy and Ry ; while preserving non-linearity of the regime-switching parameters.
Combining this equation with the same aggregate supply curve, and a regime-
independent policy rule yields:

o = BEme + Ky + 2y, (4a)
o(Se+1) 1, 1

- I - - E . 1b

Yt t { o (s2) yt+1:| (T(St)(lt (Tie1) + U(St)ZD,t, (4b)

it = (L= p)(bami + Qyyt) + pit—1 + 20py, (4c)

where we have assumed that consumption equals output Y; in equilibrium. 3, = InY; —
InY, i; and 7,1 are the output gap, the nominal interest rate and inflation net of their
steady states, and zp; = —Ey[In(Hy1 /Hy)).

This model differs from the Markov-switching monetary policy model in an important
aspect. Conditional on the current regime, agents choose their optimal consumption by
taking into account the possibility that their risk appetites may shift in the future.
Current consumption depends on the expectations of future risk aversion and future
consumption in a non-linear fashion; hence, o(s;;1) enter inside the expectational term.
This implies that assigning regime-switching on the structural parameter in a linearized
behavioral equation such as replacing with v, = Ey [yia1] — @(zt — Eymi) + 2py

may not represent the optimal behavior of agents.

3 Markov-Switching Rational Expectations Models
and the Class of Equilibria

In this section, we present the class of general MSRE models and the full set of equilibria.



Consider the following class of MSRE models:

v, = EJA(st, Sev1)Te1] + B(se)xi—r + C(sy) 2, (5)
Zt = Rthl + €, (6)

where z; is an n x 1 vector of endogenous variables, measured from its steady state, which
is assumed to be known to all agents in the model. z; is an m x 1 vector of exogenous
variables and ¢; is an m x 1 asymptotically covariance-stationary vector with ; ~ (0, D)E|
s¢ is a S—states Markov chain with the transition matrix P where its (i, j)-th element is
pij = Pr(sey1 = jlse =) for all 4,5 € {1,2,.., S}. The information set being conditioned
in the expectation at time ¢ is given by Z, = {xy, x;_1, .., S¢, S¢_1, ...}. A, B and C at each
state s; and s;11 are n X n, n X n and n X m matrices of the structural parameters. R is
an mxm matrixﬁ The model is quite general in that A may depend on both current and
future regimes and it can be singular for all states. The model also allows the presence
of predetermined variables. Note that nests a standard linear RE model as a special
case with S = 1 and P = 1. One can easily see that the aforementioned models in the

previous section are nested in (/5)).

3.1 Rational Expectations Equilibria to MSRE Models

While there can be many alternative but equivalent ways of characterizing the complete
set of the REEs, we characterize it as a sum of the two parts: the fundamental solution,
also known as minimum state variables (MSV) solution following McCallum| (1983)), and
the non-fundamental component that depends on arbitrary bubble or sunspot shocks.

Our characterization of the REEs to is summarized in the following proposition.

Proposition 1 Any Rational Expectations solution to model @ with (@ can be written

as a sum of a MSV (fundamental) solution and a non-fundamental component, w; as:
xy = [Qsy)xi—1 + I(se) 2] + wy. (7)

The first two components of the right-hand side constitute a MSV solution, where

ZAndolfatto and Gomme| (2003) analyze a model with regime-dependent variances such that D =
D(s¢—1). While our methodology can be easily extended to incorporate this specification, we do not
explicitly consider regime-dependent variance for simplicity.

3The model with regime switching R can also be represented in the form of by redefining z; to
include z;.



(Q(s¢),I'(s¢)) must satisfy the following conditions for all s; and sy =1,2,...,S:

Q(s;) = Z(s¢) 'B(sy), (8a)
D(s;) = E(s0)7'Clss) + E[F (1, 8001)T (s041)] R, (8b)

where Z(sy) and F (s, s411) are defined as:

E(st) = (I — EifA(st, 8641)s¢41)]) 5 (9)
F(sy,5041) = Z(s1) tA(s4, 5041), (10)

under the regularity condition that =(s;) is non-singular for all s;. The non-fundamental

component wy; must satisfy the following:
Wt = Et[F(St, St+1>wt+1]. (11)

Proof. It is straightforward to show that plugging (@ into the model and rearranging
them yield the formula through . Since wy represents any process that is left
other than MSV component, the set of equilibria of the form (@ is exhaustive. Q.E.D.
|

The fundamental component of the general solution @,
Ty = Q(St)xt_l + F(St)zt (12)

is by itself a RE solution because it solves the model . Analogously to the linear RE
models, we refer to this type of solution as the MSV solution because it depends on the
minimal set of state variables, x;_1, z;, and the regime variable s;. While this solution
is inherently non-linear, it is linear in the first two state variables and the Markov chain
enters as regime-switching coefficients. These coefficient matrices depend only on s; and
are independent of z;_; and z;. The non-fundamental component w; represents any other
process that cannot be written in the form of the MSV solutions and its functional form

will be given in Section 5.



3.2 Road Map toward Defining Determinacy and Deriving De-

terminacy Conditions

Our characterization of the REEs to a MSRE model enables us to define determinacy
as the case where there is a unique stable fundamental solution and there is no stable
process w; subject to ((11]), regardless of which concept of stability is utilized. We adopt
mean-square stability as a main device, but discuss several other plausible concepts of
stability in Section 5. To the best of our knowledge, there is no known way of identifying
the full set of either fundamental solutions or non-fundamental components. Farmer et
al| (forthcoming) propose a numerical algorithm to find multiple MSV solutions to a
MSRE model. It is however not clear how many MSV solutions a model has in general.
Moreover, their method is not applicable to MSRE models with A(St78t+1).ﬁ Farmer
et al. (2009) contribute to the literature by showing the explicit functional form of the
whole w; processes in the case of F'(s, si41) = F(s;). However, even in this simpler case,
the class of such processes is too huge to verify stability of all w; processes.

Our methodology circumvents these technical obstacles and provides a very efficient
way to identify determinacy and solve for the determinate solution. To complete our

mission, we follow the four steps explained below.

1. In Section 4, we develop a simple method to solve for a particular fundamental
equilibrium, referred to as forward solution, x; = Q*(s¢)x;_1 +1"(s¢) 2 together with

F*(sy, 8441), which does not require any information of stability and determinacy.

2. In Second 5.1 we introduce the concept of mean-square stability and its properties.
Section 5.2.1 shows that the forward solution is mean-square stable if all the eigen-
values of a probability weighted matrix Ug«gq- (to be defined later) lie inside the

unit circle.

3. In Section 5.2.2, it is proved that if a probability weighted matrix Wp«gp- has all

4Solving for Q(s;) is equivalent to solving for the MSV solutions because once Q(s;) is solved for, the
rest of the matrices can be obtained. Unfortunately, the complete set of solutions for Q(s;) is difficult to
obtain, since the problem is non-homogenous in the sense that involves cross-products of Q(s; = 1)
and Q(s; =] ) for all 7,7 =1,...,5. One may expand as a regime-independent matrix quadratic form
such that AQ? + BQ+ C = 0,5xns where A, B and C are functions of the original matrices, A, B and
C at all states. One may then attempt to employ the generalized Schur decomposition theorem to solve
for 2 and then back Q out. Unfortunately, Bis always singular and rank conditions are violated. To our
knowledge, the existence and the number of solutions to such rank-deficient matrix quadratic equations
are not yet known in mathematics literature. This may explain why [Farmer et al.| (forthcoming) propose
a numerical procedure for finding (2.



its eigenvalues lie inside or on the unit circle, there is no other mean-square stable
process wy. A key implication is that one does not need to obtain the full set of

solutions of w; and examine stability of them.

4. Section 5.3 presents the main proposition that if rg(@Q*(gQ*) <land r,(Vpsgp:) <
1 where 7, () represent the maximum absolute eigenvalue of the argument matrix,
then there is no other mean-square stable MSV solutions. This property of the
forward method together with non-existence of mean-square stability derived in step
3 finally enables us to derive determinacy conditions: the model is determinate
in mean-square sense under the two conditions above (including the existence of

the forward solution), and the forward solution is the determinate equilibrium.

4 The Forward Method

The forward method we develop here for MSRE models is essentially identical to the
one that (Cho and Moreno (2011)) developed for linear RE models. We first present the

solution methodology, followed by the solution refinement scheme.

4.1 Solution Methodology

The first step is to derive a forward representation implied by the model in which the
vector of current endogenous variables is related to the expectations of future endogenous
variables and the current state variables recursively using the law of iterative expectations
and additionally, the Markov chain property. The forward method simply amounts to

textbook-style “solving the model forward” as stated in the following.

Proposition 2 Consider model (@ together with @ For any nitial regime s;, xy,
xi_1 and z;, there exists a unique sequence of real-valued matrices (g (st), Tk(s:)), k =
1,2,3, ... such that:

Ty = Ey[Mi(st, Sti1, ooy Stak)Trpne] + Que(80) 21 + Ti(se) 24, (13)
where Q1(s;) = B(sy), ['1(s¢) = C(s¢) and for k =2,3, ...,

Q(s)) = Zp_i(s) ' B(sy), (14a)
Ti(s) = Zp_1(50) 7 C(s0) + Ey[Fr1(ss,5041)Tro1(501)] R, (14b)

10



with Z_1(s¢) and Fy_1(s¢, S141) given by:

Sie-1(s0) = (Lo — E[A(st, $41)Qk-1(5041)]) (15)
Feoa(st, se01) = Epe1(se) A(se, Se41), (16)

if the following reqularity condition is satisfied for all k > 1 and sy, =1,2,...,5:

|Zk-1(s0)] # 0. (17)

Proof. See Appendiz AP m
The conditional expectations in , and can be easily computed. For
instance, E[A(s;, Si41)—1(Se41)]se = 1] = Zle pij A%, 7)-1(j) for all s;. Note that
if the sequence of the matrices defined in through converge as the forward
recursion continues, their limiting expressions fulfill through . This hints that the
limiting values of these sequences will define a MSV solution. Formally, the convergence

property of these sequences and the forward solution are defined as follows.

Definition 1 The MSRE model @ 1s said to satisfy the forward convergence condition
(FCC) if the coefficients of the state variables, (Qx(st),Tk(s¢)) in the forward represen-

tation of the model converge for every regime s; as k tends to infinity. Under the
FCC, the model implies:

Ty = lim Et[Mk(St, Staly---y St+k)$t+k] —+ Q*(St)xt,1 -+ P*(St>2t, (18)

k—o0
where Q*(s;) = kh_)rgo Qi(sy), T(sy) = kh_}Irolo Tk(sy) and F*(sy, 8441) = kh_}rilo Fy(s¢, S41) for

every s; and Sgi1.

Definition 2 When the MSRE model (@ satisfies the FCC, the forward solution is de-
fined as the model-implied forward representation of the model in the limit without the

expectational term in @

Ty = QF (St)xtfl + F*(St)zt. (19)

We show in the appendix that there exists a unique sequence for My(st,Sti1, .., Stak) as
well, but our methodology does not require us to compute this complicated term, including
E[My(8t, St415 -+, St4+k)Ti1k]-

11



Note that Q*(s;) and F*(s, s441) exist if and only if =*(s;) exists. By construction,
the forward solution is a MSV solution because (2*(s;),["(s:)) and =Z*(s¢), F*(s¢, St41)
satisfy , @D and from Proposition 1. Moreover, the forward solution is unique
for every single model if it exists because the sequence of (Qx(s;), ['k(s;)) is uniquely
constructed by the initial coefficient matrices given by the model. Therefore, Proposition
2 is a solution algorithm to compute the forward solution. This solution is by itself a very
natural fundamental equilibrium to any model, regardless of determinacy, because it is the
relation uniquely implied by the underlying model that is absent from the expectational
effect involving the endogenous variables far in the future on the current variables. This

completes the technical aspect of the forward method.

4.2 No-Bubble Condition as a Solution Refinement

We emphasize the uniqueness of the forward solution and this should be an advantage
of the forward method. One may think that our method is unsatisfactory because it
does not solve for all MSV solutions. However, the forward method provides a very
intuitive solution refinement criterion and the forward solution is the unique equilibrium

that passes the criterion, which is the following no-bubble condition. Formally,

Definition 3 A rational expectations solution to the MSRE model (@ s said to satisfy
the no-bubble Condition (NBC) if the expectational term involving future endogenous
variables converges to zero in the forward representation of model for every s; when

expectations are formed with that solution:

khj& E, [Mk(St; St41y ey 5t+k)xt+k] = Opx1- (20)

It should be emphasized that the NBC is a solution property; that is, it depends on
a particular solution with which expectations are formed. The forward solution must
satisfy the NBC by construction. Hence, when expectations are formed with this solution,
the expectations of endogenous variables far in the future should not affect the current
endogenous variables. A standard linear model without lagged variables is often solved
forward and this condition is typically assumed to hold as there is a unique MSV solution
to such a model. Even in this simple case, we show that such a seemingly innocuous
assumption can be misleading. When a model includes predetermined variables, multiple

MSYV solutions exist and all those solutions other than the forward solution must violate

12



the NBC because, otherwise, it is a contradiction to the fact that the MSV solution
differs from the forward solution. This property of the NBC is first observed by |Cho
and Moreno| (2011) and it is preserved for MSRE models as well, as the the following

proposition show.

Proposition 3 The forward solution @) to the MSRE model (@ with (@ exists if and
only if the model satisfies the FCC, and it is the unique MSV solution that satisfies the

no-bubble condition.

Proof. See Appendiz B. m

Note that we have not discussed stability of REEs. Nor did we use any information
about determinacy throughout the forward method in this section. Nevertheless, the
NBC becomes a very powerful solution refinement within the class of MSV solutions.
The NBC eliminates two kinds of equilibria. First, there may well exist MSV solutions
to the models that are not forward convergent, but all of them fail to satisfy the NBC.
Specifically, note that any solution of such kind must satisfy the forward representation
of the model . If that solution satisfies the NBC, i.e, the expectational term converge
to zeros, then the forward representation becomes x; = ]}1_{& (Qe(sg)xi—1 + Tr(sy)z) and
must converge to that solution, but it is a contradiction to the supposition that at least
one of Qx(s;) and T'x(s;) is not convergent.

To build up intuition behind the logic of the NBC, it is sufficient to think about
a simple linear model. For instance, consider the Fisher equation ¢, = Eimq + 7.
where 7; and m; are the nominal interest rate and inflation respectively. The real interest
rate r; is assumed to be 0 for simplicity. Suppose that the monetary policy rule is
given by i; = am + z where the monetary policy shock z; follows an AR(1) process
z = pz1 + ¢ with 0 < p < 1 and an i.2.d. shock ¢. Substituting out the nominal
rate yields m, = aEymyq — az where a = 1/a. The model is determinate if a < 1
and indeterminate if @ > 1. Suppose that the policy rule is passive: 0 < a < 1,
implying a > 1. When solved forward, the model becomes 7; = My Em;y +1'x2; where
My, = a* and Ty, = —a X5 (ap)*~'. If ap < 1, the forward solution exists and is
given by m = ™z, = —az /(1 — ap)ﬁ Therefore, inflation is stabilized following a

contractionary monetary policy shock as inflation reacts negatively to z;. However, if

60f course in the latter case, the full set of solution is given by 7; = I'*2; +wy, where w; = (1/a)w;_1 +
& with an arbitrary white noise &;.

13



ap > 1 under indeterminacy, 'y goes to negative infinity and the model fails to satisfy
the FCC. Nevertheless, there does exist a stable solution m; = —az:/(1 — ap), which has
the same functional form as the forward solution. But when the expectational term is
computed with this solution, it goes to positive infinity. This MSV solution just obtained
(by other method, say, the method of undetermined coefficients) is obviously implausible
as a relevant inflation process, because it implies that inflation actually increases following
a contractionary (positive) monetary policy shock. This is precisely in line with the
process consistency of |[Flood and Garber] (1980). For further discussion, refer to /Cho and
McCallum/ (2011)) who generalize the concept of process consistency to linear RE models.[]
Therefore, the NBC is a powerful refinement scheme to rule out all the MSV solutions to
the models that fail to satisfy the FCC. [Farmer et al. (forthcoming)) recently propose a
solution method for the MSV solutions and solve for a MSV solution to a model similar
to the above. We show that it is in fact an MSV solution to a non-forward convergent
MSRE model. We will come to this issue in Section 6.1 after we derive determinacy
conditions for regime-switching models.

Second, suppose that the FCC holds for a model with predetermined variables. Then,
there may well exist multiple equilibria, stable or not. Proposition 3 states that if any
other MSV solution exists, different from the forward solution, then it - often called a
bubble-free solution - must violate the no-bubble condition. These solutions are hence
as implausible as the example of the first kind above. While non-fundamental bubble
solutions would violate the NBC as they should by definition, violation of the NBC is
hard to justify economically for any fundamental (MSV) solution, as argued by |Cho and
Moreno| (2011). Therefore, the NBC plays the role of solution refinement within the class

of fundamental MSV solutions.

Now the remaining tasks are to define determinacy under a suitable choice of stability,

and relate it to the forward method to derive determinacy conditions.

"In their study of monetary reform, Flood and Garber| (1980) solve their model forward to express the
price level as the discounted sum of the current and future exogenous monetary aggregates. They require
the money supply process to be “process consistent” so that the discounted sum of money supplies will
be finite, and consequently, the price level will be well-defined.
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5 Determinacy

Defining determinacy requires us to formally choose a suitable concept of stability for
MSRE models. Davig and Leeper (2007) and Benhabib| (2009) adopt bounded stability,
requiring both the MSV solutions and the non-fundamental components - that would
emerge under indeterminacy - to be all bounded, or have finite moments. On the other
hand, Farmer et al.| (2009) propose an alternative concept called mean-square stability,
requiring these stochastic processes to have finite first and second moments. As|Farmer et
al.| (2009) show, while bounded stability is equivalent to mean-square stability in linear
models under the assumption of the bounded shocks, they are different in a Markov-
switching environment. While both concepts of stability are well admissible as pinning
down an economically relevant equilibrium, we adopt mean-square stability for several
reasons. First, we want to characterize determinacy for a larger set of stochastic processes
that are covariance-stationary, not necessarily bounded. Second, most of theoretical
DSGE models and empirical time series models assume covariance-stationary, unbounded
processes such as normally distributed shocks. As such, we are more or less in line with
Farmer et al| (2009)) in adopting mean-square stability as a practical guidance to judge
determinacy of MSRE models. However, we do not adopt boundedness mainly because
of technical difficulty, not because it is implausible. It would be an important task to
identify the conditions for determinacy under bounded stability. We hope our method
can shed light on defining determinacy under bounded stability, which we leave as a
future research agenda.

We now formally define determinacy in mean-square stability sense.

Definition 4 The MSRE model ({3) is determinate in mean-square stability sense if there
exists a unique mean-square stable MSV solution, and there is mo mean-square stable

stochastic process for w; associated with that MSV solution.

The remaining subsections discuss mean-square stability and derive the conditions

stated in the definition of determinacy above.

5.1 Mean-Square Stability

This subsection introduces the concept of mean-square stability (MSS) and briefly sum-

marizes some of its important properties that we utilize to derive determinacy conditions.
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Consider the following n x 1 process y;i1:

Y1 = G(St, 8141) Y + H(5¢41) 0041, (21)

where G(s, S¢41) and H(syy1) are n X n, n X m matrices, respectively. 7, is an arbitrary
m X 1 covariance-stationary (wide-sense stationary) process, independent of s;. s, is an
ergodic Markov chain and the transition probability is given by p;; from s; =i to 5,41 = J
for i,j = 1,2,...,5. Let Gij; = G(s; = 4,541 = j). Mean-square stability amounts to

existence of mean and variance of ;. Formally,

Definition 5 The process is mean-square stable if there exist y and and () such
that hmt—)oo(E(yt) - g) = Onx1 and hmt—)oo(E(ytyé) - Q) = Onxn-

We closely follow [Costa et al| (2005)) to derive a simple condition to identify MSS of (21)),
but we need to adjust their results as has a more general form than their models
in that both G and H depends on s;;; and 7 is measured at time ¢ + 1. While it is
straightforward to redefine the variables to represent in their form, one can also
directly work with , following the approach taken by [Petreczky and Vidal (2007). In
Appendix C, we show that both approaches yield identical results for MSS and hence,
we can apply some important results of |Costa et al. (2005) directly to the model .
Theorem 3.33 of (Costa et al| (2005) states that under the assumption on H and 7, we
have only to analyze the homogenous part , Vi1 = G(St, Se+1)ye in order to study its

mean-square stability. Now, we define the following matrices:

[ p11G11 ... p1sGis
Ve = [pijGij] = . . ,

| ps1Gs1 ... pssGss

[ puGu ... psiGsi ]
Ve = ;iG] = )

| p1sGis ... pssGss

PG ® G ... pisGis®Gig
Vaee = [pi;Gij ® Gij| = ,
Ps1Gs1 ® Gsi1 ... pssGss @ Gss
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p11G1i @ G ... psiGs1 @ Gsy
Vesoa = [pjiGji © Gji] = ,
P1sGis ® Gis ... pssGss @ Ggs

where ® denotes the Kronecker product. Define m], = Ely,(s;)1(s,—3] and m{ =

[(mi,) ... (mg,)']" where 17,,—; is an indicator function that yields 1 when s; =i and 0
otherwise. The second moment of y; can also be defined as Q}, = E[y:(s:)y:(s:)'1(s,=i}]
and Qf = [QY; ... Q%,]. By stacking m, and vec(Q{,) over all i = 1,..., S, one can show
that the first and second moments of the homogenous part of have the following

representations:

m?—i—l = \Tij?, (24)

v = Vasert, (25)

where v} = wvec(Q}). (See chapter 3 of Costa et al. (2005 for details.) Note that
this transformation enables us to write the model in terms of familiar first-order vector
autoregressive form for m{ and vy, whose coefficient matrices are regime-independent.
Using m! and v} we can define the first and second moments of y; as E(y,) = S0, my,
and E(yy;) = 25:1 {1~ Tt is convenient to define a spectral radius operator, r,(M) =
maxi<;<n{|A\:|} where ); is an eigenvalue of an n x n matrix M. Then, the existence of §
and @ can be expressed as 7,(VUg) < 1 and r,(Vgeg) < 1. For the fixed regime models
where G is regime-independent, r,(G) < 1 if and only if r,(G ® G) < 1. Therefore,
stability of 7 in mean is equivalent to stability in variance as 7,(G ® G) = [r,(G)].

However, this is not true any more for MSRE models, as the following theorem states:
Theorem 1 For the process , if re(Vaaa) < 1, then ro(¥g) < 1.
Proof. See Proposition 3.6 of Costa et al.| (2005). m

It is important to note that the converse is not true: 7,(¥g) < 1 does not imply
7¢(Vgea) < 1. This implies that the volatility of y,,1 in equation can be am-
plified by regime-switching of G(s;, s;+1) such that while y;y; is bounded in mean, it may
be unbounded in variance. Therefore, we need to examine 7,(¥geg) < 1 for MSS of
a process y;. The following, which is a simpler version of Theorem 3.9 of Costa et al.

(2005), is an important result in order to establish determinacy for MSRE models.
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Theorem 2 The process is mean-square stable if and only if ro(Vgea) < 1.
Proof. See Proposition 3.9 of Costa et al. (2005). m

As is clear from equations and , 7o(¥e) and 7, (¥aeq) are related to identifying
stability in mean, and MSS respectively. As we explore in Section 5.3, these theorems
will be used to deduce the relation in depth in order to study the LRTP and determinacy

conditions in mean-square stability sense.

5.2 Mean-Square Stability of the REEs

5.2.1 Fundamental solutions

We now formally state mean-square stability of the fundamental solution.

Proposition 4 A fundamental solution z, = Q(s;)xi—1 + I'(s¢)z in equation (@ 18
mean-square stable if
T‘U(\TJQ®Q) <1 (26)

where
Pl ® Q1 .. psifls ® Qg

\IJQ®Q = [p;i©2; ® Q] = )
P1sfh @ Q1 . pssfls ® Qg
Proof. has the same form as , thus \I/Q®Q 1s the relevant matrix to determine

mean-square stability from Theorem 2. Note that 2 at time t depends only on s;. Hence,
Q=Q(sy=7) forall 41 =i=1,..,5. Q.ED. m

5.2.2 Non-fundamental Components

For ease of exposition we reproduce the restriction for any non-fundamental component
of the REE to the model to obey:

Wt = Et[F(St, St+1>wt+1]. (27)

We seek for the condition under which there is no MSS process w; subject to . To
do so, one may obtain the complete set of solutions for w; and verifying that all those

solutions are not MSS. As we hinted in Section 3.2, such a task can be completed by
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simply examining r,(Vpgp) < 1 where Upgp = [p;jFi; ® F;j]. To formally prove this
claim, however, we need to derive the functional form of w; subject to . The following
proposition is essentially identical to Theorem 1 of Farmer et al.| (2009) but extends it
to the case where F' may depend not just the current state s;, but also the future state

si11, and F' may be singular for all states (s, st+1)E|

Proposition 5 Any non-fundamental component w; in can be written as:

Wir1 = A(st, Se1)we + V(Se41)V (St41) N (28)

where V(s¢) is an n x k(s;) matriz with orthonormal columns, 0 < k(s;) < n and k(s;) >
0 for some s;. m is an arbitrary n X 1 covariance-stationary innovations such that
Et[v(st—i-l)v(st—i-l)/nt—i—l] = Opx1, A(Sm $t+1) = V(St+1)@(8t, 5t+1)V(3t)/ Jor some k(3t+1) X
k(s;) matriz ®(sy, si41) such that

S
> _piFyVi®iy =V, for 1<i<S. (29)

j=1
where V; =V (s = 1), ®;5 = ®(sp =i, 5041 = J), Fij = F(sy =1, 8141 = J).
Proof. See Appendiz D. =

This proposition can be used to construct some non-fundamental components by search-
ing for V; and ®;;, (hence A;;) given p;; and F;; for all i, j subject to the constraints
(29). Therefore it is straightforward to check whether the obtained w; process is
MSS by computing 7,(¥ags). However, determinacy requires r,(Waga) > 1 for all the
possible solutions of the form (28). This is a daunting task. For instance, consider a
model with § = n = 2 and F}; is non-singular for all 7,5 = 1,2. For the choice of
k; = k(s; = 1) = 2, the restriction for i = 1 is p11F1iA + piaFiaAio = Iy, which
implies that there are 4 free parameters in Ay; and Aj5. Thus, there are 8 free parameters
to construct A(sy, s;11). Moreover, we should also do the same tasks for all the cases with
0 < ky, ko < 2, except for k1 = ko = 0.

Now we present two key lemmas in deriving a condition for non-existence of MSS

non-fundamental components.

8Note that our F(st, $¢4+1) collapses to A(st, s¢+1) when there is no predetermined variable in the
model (i.e., Q(s¢) = Opxpn for all s;). When A(sy, s;11) = A(sy) and this is invertible for all s;, their

I'(s¢) corresponds to our A(s;)~ L.
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Lemma 3 Consider two processes wyy1 = A(Sy, Sp1)wy and ugyy = F'(s¢, Se1)ug of the
form . The following holds.

1 If ro(Wpgr) < 1 and 75(Upgr) < 1, then 74(Vpgr) < 1 and weyq + Uy 08
mean-square stable.

2. Ifrg(Wpigp) <1 and r4(Vpgr) > 1, then 14(Vpgn) > 1

Proof. See Appendiz E. m

This lemma simply states that if two processes are mean-square stable, then their sum
is also mean-square stable. Hence, if w;,1 + us41 is not mean-square stable, then at least
one of the two processes is not mean-square stable. It should be emphasized that the
first condition in Assertion 2 includes the case r, (Vg ) = 1, which we prove using the

property of the spectral radius in the appendix. Note that Vpgp = (Upgr) and hence,

Ta(\I’F@)F) = Ta(‘TJF’@aF/)-

Lemma 4 For any process (@ subject to (@), the following holds.

1. Upgr contains at least one root of 1, hence, 7o(Wagp) > 1.
2. 1o(Wagn) > 1/[r6(Vper)] for all A(sy, si11).

Proof. See Appendiz F. m

Assertion 2 states that 1/[r,(Vpgr)] is the lower bound of r,(Waga) for all A subject to
. Notice that Lemma 4 holds for any positive number, r,(Vrgr). Now we are ready

to determine non-existence of mean-square stable non-fundamental components.

Proposition 6 Consider equation . Suppose that the following condition holds:
re(Urer) <1 (30)
Then there is no stochastic MSS process wy satisfying .

Proof. From Proposition 5, any solution w; can be written in the form of (@ and
Assertion 1 of Lemma 4 implies r4(Upgp) > 1. From Assertion 2 of Lemma 4, if
Te(Uper) <1, 75(Upaga) > 1. Q.ED.m

To build up further intuition behind this result, consider without regime switching:

wy = FE;Jw;11]. Any solution to this equation has the form of w, 3 = Aw; + &1 where
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&:41 1s an appropriately chosen vector of white noises and A must be such that FAw; = wy
for any non-zero w;. This restriction implies that F'A has a unit root. Also, note that
any A contains the inverse of some or all of the eigenvalues of F'. Therefore if r,(F) < 1,
this model is determinate and there is no stochastic stable process wy, that is, r,(A) > 1.
For MSRE models however, the constraint for A is w; = E[F(sy, Si11)A(St, S¢1)]we. The
full set of A subject to this constraint is huge and it is hard to identify all of them.
Moreover the eigenvalues of A;; are not directly related to those of Fj; for each state
st = 1,8¢441 = j. Fortunately, the structure of the solutions for w;,; - first observed by
Farmer et al.| (2009) - enables us to develop our Lemma 4, without solving for all A:
Finally, this observation together with Lemma 3 and 4 leads to Proposition 6.

Proposition 6 differs from the linear model counterpart in two aspects. First, the
linear models can be handled in our setup as a special case where the number of regimes
is 1 and P = 1. Thus can be written as r,(F® F') < 1. In this case, r,(F® F) < 1if
and only if r,(F) < 1. However, this is not true for MSRE models. In section 6, we show
that for a wide range of the parameters in F, r,(Vp) < 1 but 7,(Wags) < 1. Hence,
r,(WUr) <1 is not sufficient for non-existence of MSS non-fundamental Components.ﬂ

Second, note that is, technically speaking, sufficient but not necessary. Let 7 be
the minimum value of 7,(Waga) over all A(s;,s;41) in . If 79 = 1/[ry(VYpgr)|, then
becomes necessary as well as sufficient for non-existence of MSS wtm For linear
models, we can always construct A such that 7 = 1/[r,(F ® F')]. Will there be a case in
the MSRE framework where there is no MSS process w; when 7, (Vpgr) > 17 Such case
can happen only when 7 > 1 > 1/[r,(Vpgr)]. We will explain what is meant by this
condition in Section 5.4. In practice, even if one has a model such that r,(Vrgr) > 1, one
can search for A and verify the existence of MSS w;. Since we know the lower bound of
73, finding A to minimize r,(¥g4) subject to is a much easier constrained optimum
problem than finding all A. Appendix G provides a detailed procedure. If there exists A
such that 75 < 1, then the model is indeed indeterminate.

The last step for deriving determinacy is to find a condition under which there is a

unique mean-square stable MSV solution with Q(s;) and 7, (Vpgr) < 1 where F'(s;, S41)

90One may think that 7, (¥ ) < 1 is sufficient for non-existence of mean stable wy, i.e., r,(¥4) > 1 for
all A subject to . But this is not true either. The condition r, (¥ rgr) < 1 implies that 7, (Uaga) > 1,
but there may well exist 7, (¥, ) < 1. In fact, when there exists A such that 7, (Uaga) = 1/[re (Vrgr)],
one can show that the minimum of 7, (¥5) = 7, (¥r) /7o (VY rgr), hence the condition for non-existence
of mean stable non-fundamental components is 7, (Vpgr) < 7,(¥r) < 1, which is even stronger than
re(Yrer) < 1.

10We find that there exist uncountably many A yielding the same 75 for multivariate models.
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is associated with that MSV solution. This task is performed in the following sub-
section. is by itself a readily applicable determinacy condition for those models

without predetermined variables as there is a unique MSV solution with Q = 0,,«,,, and
F(st, 8t41) = A(St, St41)-

5.3 Conditions for Determinacy in MSS sense

Recall that we propose the forward method that does not solve for all MSV solutions,
but yields just one MSV equilibrium, the forward solution: z; = Q*(s;)z;—1 + '™ (s4) 2,
with the corresponding matrix F*(s;,s,,1). Hence, the condition r,(Vqg-gq-) < 1 alone
does not guarantee that the forward solution is the only stable MSV solution. However,
when 7, (¥ pegp) < 1 as well, the following proposition shows that there is no other MSS

fundamental solution. Now we present our main finding in Proposition 7.

Proposition 7 Suppose that the MSRE model (3) satisfies the following properties.
1. The forward solution (@ ex1sts.
2. 1o(Ugega-) < 1
3. 1e(VUprgp+) <1,
Then, there is no other mean-square stable MSV solution. Therefore, the is determi-

nate i MSS sense and the forward solution is the determinate equilibrium.
Proof. See Appendiz H m

Our Proposition 7 is very compact and easy to apply to any general MSRE model in our
framework. One has only to examine the existence of the forward solution and compute
the conditions 2 and 3 for determinacy. Proposition 3 of (Cho and McCallum| (2011)) is
essentially identical to Proposition 7 here except that the two conditions are r,(Q2*) < 1
and r,(F*) < 1, which are obviously a special case of ours. The proof strategy of ours
is, however, quite different and much more involved.

While the formal proof of Proposition 7 is given in the appendix, it is instruc-
tive to think about why conditions 7,(¥grgo<) < 1 and 74(¥psgp-) < 1 rule out
the possibility of existence of another MSS fundamental solution. For simplicity, as-
sume away the exogenous variables z;. Then the forward representation becomes x; =
Ey[My(St, St41s -y Stak)Tevk] + Q_1(8¢)xi—1. When there exists another MSV solution,
say, r; = Q(st):vt,l, then the expectational term evaluated recursively with this so-

lution becomes Ly (s; : Q)x; where the coefficient matrix is defined as Lg(s; : Q) =
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EFy_1(8t, St01)Li—1(8¢41)2(s¢41)].  As the recursion goes to infinity, this term should
converge to a non-zero matrix L(s, : ) because otherwise the forward representation
converges to the forward solution[lf| Therefore, the recursion formula in the limit be-

comes

L(st : Q) = E[F*(st, Se41) L(st41 0 Q)Q(s141)]- (31)

By vectorizing this relation and stacking them over s; = 1,2,....S, one can show that the

matrix Vg, . has a oot of 1 and hence, 14 (Vggp.) = 70(Pagpey) > 1. (A similar logic
was utilized for proving Assertion 1 of Lemma 4.) Since r, (¥ (prygrey) = 7o (Vpgp) <
1, this implies that r,(Vg.q) > 1 from Assertion 2 of Lemma 3.

Now we completely characterize the set of relevant REEs to a forward convergent
model under determinacy and indeterminacy, and show that there is no economically

relevant REE in all other cases according to no-bubble condition.

5.4 Characterization of the REEs

We can classify the entire family of MSRE models into two groups: one that satisfies
the FCC and the other that does not. Based on our solution refinement scheme, NBC,
we identify two subsets of MSRE models that have economically relevant equilibria: one
under determinacy and the other one under indeterminacy, both belong to the first group
of forward-convergent models. For ease of exposition, let 75 be the minimum of r, (¥ xgx)
where A is subject to (29) with F' = F*. Thus, 75 > 1 implies that there is no mean-
square stable w;. We present these two cases with the identifying conditions and the set

of relevant solutions.

Case 1. The forward solution exists and r,(Vq-gq<) < 1 and 7, (Vpgp) < 1:
These are the conditions of Proposition 7. The model is determinate and the unique

mean-square stable solution is given by the forward solution, which passes the NBC.
Ty = QOF (St)l’t_l + F*(St)Zt.

Case 2. The forward solution exists and 7, (Vq-g0) < 1, 74 (VU pegp+) > 1 and
75 < 1. The model becomes indeterminate. While there may exist multiple mean-square

stable MSV solutions, the forward solution is the only one that passes the NBC. Hence,

USpecifically, the following holds for any MSV solution (I,, — L(s; : ©))Q(s;) = Q*(s¢) when the FCC
holds.
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the set of economically relevant equilibria is the forward solution itself and the non-
fundamental solutions associated with the forward solution. The last condition, 75 < 1
should be checked numerically following the procedure explained in Appendix G. The

entire class of the economically relevant indeterminate equilibria is then given by
xy = Q' (s¢)wi1 + T (s1) 2 + wy,

where the functional form of w; associated with F' = F* is in (28]), and any A is admissible
as long as r,(Uaga) € [75,1). Since all other mean-square stable MSV solutions, if
they exist, violate the NBC, the non-fundamental solutions associated with these MSV
solutions are not considered as relevant equilibria for the underlying model.

What would be the most plausible equilibrium path under indeterminacy? For linear
models, one strand of researchers advocate for fundamental solutions as relevant equi-
libria, for instance, Bullard and Mitra (2002), Bullard (2006)) and McCallum/ (2007). In
this case, the forward solution without bubble terms is perfectly acceptable. Others such
as [Lubik and Schortheide (2004)) treat non-fundamental equilibria as equally plausible
equilibrium paths. For the MSRE models, however, picking up a certain type of non-
fundamental equilibria is a non-trivial task. Recall that the roots of A are the reciprocals
of some or all of the eigenvalues of F* for linear RE models. Hence, apart from the bub-
ble shocks, there is at most a finite number of A exhibiting similar dynamic paths. For
the MSRE models, however, the eigenvalues of A are not directly related to those of F™*
and there are uncountably many A having different sets of eigenvalues from those with
7o (Waga) = 75 to others with r,(WUga) being arbitrarily close to 1. Moreover, there are
in general uncountably many different types of A yielding the same 7,(¥ gy ). This im-

plies that virtually any type of dynamic equilibrium path is possible under indeterminacy.

Remark. We have found cases where the forward solution exists, TO(\IIQ*@)Q*) < 1,
To(VUpsgpr+) > 1 and 75 > 1. In this case, the model may or may not be determinate, but
the model has a unique MSS solution that passes the NBC, which is the forward solution.
Such cases can arise when for given j, p;; F}; = 0,,x,, for some ¢ # j. This implies that at
least one state is absorbing, i.e., p; = 1 for some 7 if F # 0, xn for all ¢ and j. All the
examples we examine consider the cases p; < 1 for all 7 and as we show in the subsequent
section, 79 = 1/[ry (V¥ p+gp+)] holds. Nevertheless, it would be an important extension of

our research to derive conditions under which 75 = 1/[r, (¥ g+ )].
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Now we complete our classification of the models and the REEs by showing that all

the remaining classes of the models have no relevant equilibria.

Case 3. The forward solution does not exist. All the MSV solutions to this class
of the models fail to satisfy the NBC. Hence, the entire class of the solutions including
the non-fundamental components are dismissed.

Remark We have shown that r,(Wg+) < 1 is necessary, not sufficient for determinacy.
Suppose that Q(s;) convergesf__?] We now emphasize that r,(¥p«) < 1 is an important
sufficient condition for a model to satisfy the FCC. Alternatively, if a model fails to
satisfy the FCC, then r,(Vg+) > 1. We can solve out the expectational term in ({14b)

and get a closed form expression for I'x(s;):

k(1) S (1D)7IO(1) Tr_1(1)
- +\IJR/®F,€71 (32)
e (S) e 1(S)71C(9) [e-1(5)

It can be shown that 7, (Vggrs) = 1o (Ve )ry(R) as R is regime-independent. Therefore,
if 7o(Vp) < 1, then r,(Vpgr) < 1 as long as r,(R) < 1. Hence, 7,(Vpgr) <
1 becomes sufficient for the FCC. However, if 7,(¥p+) > 1, there is a chance that a
model fails to satisfy the FCC. Specifically, the condition for a model not to be forward-
convergent is given by r,(Vggps) > 1. That is, if 7,(Vp«) > 1 and r,(R) is sufficiently
high, then the FCC fails to hold. The Fisherian model in Section 4.2 is exactly of this
kind and we will show a similar example under regime-switching in the following section.

Proposition 2 of Davig and Leeper| (2007)) states, the LRTP together with some posi-
tivity restrictions holds if and only if r, (M) < 1 where their M matrix is in their equation
(10). In our framework, Wp. corresponds to their M matrix. In particular, when there
is no predetermined variable and A(s;, s¢+1) = A(s¢), W+ is identical to their M. In this
sense 7,(VUp«) < 1 may be interpreted as a generalized LRTP, although it is not clear
what the relevant positivity restriction is, and the way they reformulate a MSRE model
into what they call a linear model counterpart of the MSRE model is quite different from

OUI"S.[T_S]

120, (s¢) seems to converge in any case under determinacy, or indeterminacy, although there is no
closed form expression for this condition.

13Tt should be stressed that they use a different stability criterion, boundedness. Thus, we cannot
directly compare determinacy or the LRTP under bounded shock processes with ours under unbounded
covariance-stationary processes. The point of discussion here is to show the role of the LRTP in our
framework. Also, our condition slightly differs from the LRTP as it includes equality.
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There is yet another case, which would not likely to arise for reasonable economic
models.

Case 4. The forward solution exists and ra(@m@m) > 1. The model has no
relevant equilibria because the forward solution is not MSS and other MSV solutions fail
to satisfy the NBC. Even if there is a unique mean-square stable MSV solution and hence
technically it is a determinate solution, it fails to satisfy the NBC. |Cho and McCallum
(2011)) provide such an example in the linear RE models and argue that determinacy per

se does not guarantee that the determinate equilibrium is economically relevant ']

5.5 Implementation of the Forward Method

We summarize our methodology as the following flowchart. The first step is to formulate
amodel in the form of (5]) and (6)), and construct sequences Q(s;), Fi(st, se+1) and T (s)

following Proposition 2.

1. If FCC holds, the forward solution exists.

(a) I ry(Vogrgar) < 1, ro(Vpsgp) < 1, The model is determinate and the unique
MSS solution is the forward solution.

(b) If ro(Vareas) < 1, 7o(Vpsgr+) > 1, then search for A that minimizes 7 =
Ta(‘T’A@A)-

i. If 77 = minr,(¥ags) < 1, the model is indeterminate. The class of the
relevant MSV solutions is given by the forward solution plus the non-
fundamental component w;, which can be constructed by Proposition 4.

ii. If 75 > 1, the forward solution is the unique relevant MSS solution. The

model may or may not be determinate technically, but all other MSV
solutions violate the NBC.

(¢) If ro(¥goego+) > 1, the model has no MSS solution satisfying the NBC.

2. If the FCC fails, there is no relevant equilibria because any MSV solution violates
the NBC.

14Cho and McCallum! (2009) presents such a model in linear RE model framework: two completely
independent univariate equations constitute a bivariate model, where one sector has two stable roots
and the other has unstable roots. Then the determinate equilibrium is the one associated with the roots
of the first equation, which has no economic sense. In our setup, it is the case r,(Q2* ® Q*) > 1 and
ro(F* ® F*) > 1, thus we rule out the determinate solution, different from the forward solution, as it
violates the NBC.
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6 Applications

We now examine the existence of the mean-square stable forward solution and deter-
minacy for several examples including the two models introduced in Section 2. All
examples belong to one of the first three cases: Determinacy, Indeterminacy and No
FCC (The forward solution does not exist.). For all the models we examine, we find A
such that 75 = r,(Waga) = 1/[re(Vpegr+)] < 1. Therefore, the FCC, r,(Vgegq-) < 1
and 7,(Vpsgps) > 1 are the conditions for indeterminacy. We first consider the Fishe-
rian model introduced in Section 4.1, followed by New-Keynesian models with regime-
switching monetary policy and then models with regime-switching in the private sector.
At the end, we compare our methodology with that proposed by |[Farmer et al. (forth-

coming).

6.1 The Fisherian Model

We examine the inflation process given by the Fisher equation 7, = E;m; 1 +r; in Section
4.1, together with r; = 0 and regime-switching monetary policy rule iy = a(s;)m; + 2.
where a(s;) represents the policy stance for two regimes s; = 1 and 2. Substituting out

the interest rate yields a equation for 7;:
T = a(s)) Eymier — a(se)z, 20 = pzi—1 + €&,

where a(s;) = 1/a(s;). Let a; = a(s; = i) for i = 1,2. Since there is no predetermined
variable, Q(s;) = 0, F*(s;) = a(s;) and the forward solution is given by m = I'*(s;)z;.
Let p11 = 0.8, pas = 0.95, p = 0.95 and ay = 1.5. Table [1| shows the three cases.

Table 1: Fisherian Model with Persistent Monetary Policy Shock

Case Determinacy Indeterminacy No FCC
a(sy) a1 =.95a,=15 a1 =9 a,=15 a;=.8,a,=1.5
To(VUprgps) 0.95 1.06 1.33

The MSV | T"(1) = 944 D"(1) = 1526  [(1) =65.77
solution [*(2) = —2.42 I'(2) = —2.89 ['(2) = 3.55

When a; = 0.95, the forward solution exists and the model is determinate by Proposition

7. Indeed, even when the policy is passive in regime 1, the probability of switching from
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the passive to active regime is sufficiently high, thus the model yields a unique MSS
solution. If oy = 0.9, however, r,(Vpgp<) = 1.06 and there exists a continuum of A
such that 1/1.06 < 7,(¥ga) < 1. Hence, the model becomes indeterminate and the class
of indeterminate solutions is z; = I'*(s;)z + w; such that w, = a(st)EthlE We also
find that r,(Vger+) = 0.91 < 1 where R = p. These correspond to the indeterminate
case (a > 1 and 0 < ap < 1) for the fixed regime model in Section 4.1. In both cases
['*(s;) < 0 for all regimes: inflation decreases following a contractionary monetary policy
shock.

However, when a; = 0.8, 7,(Vrgr+) = 1.02 > 1 and therefore the FCC fails to
hold: T'x(s;) explodes (goes to negative infinity). This again corresponds to the linear
model that fails to satisfy the FCC (ap > 1). Nevertheless, the unique MSV solution
still exists and can be obtained using the formula analogous to , which is shown in
Table 1. In contrast to the determinacy/indeterminacy cases, I'(s;) implies that inflation
rises following a contractionary monetary policy. We rule out this solution, plus any
potentially MSS non-fundamental process, by the NBC, just as we did for the linear
model. Note that we have only to check forward convergence in order to rule out such a
MSYV solution without solving for this MSV solution and check the NBC.

Now we examine the model in section IV.1 of Farmer et al. (forthcoming). The model
is composed of the same Fisher equation with an AR(1) process of the real interest rate

and the policy rule i, = a(s;)m;. It can be written as
as)m = By +ry, o= pri1te

a(s;) is equal to §(s;) in their model. We take their parameter values, p1; = 0.8, pag = 0.9,
p = 0.9. The forward solution is again given by m, = I'*(s;)r; under determinacy and
indeterminacy, and inflation rises following a real rate shock as they should. We again
consider three cases in Table 2.

The third case is the one considered by [Farmer et al.,| (forthcoming)). The policy stance
is quite passive in both regimes and it is no wonder why the model fails to satisfy the
FCC. Again the MSV solution does exist but it implies that inflation falls following a
rise in real rate when the initial regime is 1, which is again counterintuitive. While I'(2)

is positive, it is because the regime 2 is also passive. Indeed I'(2) becomes negative when

15While F*(s;) = a(s;) does not depend on s;1, the functional form of w; is still given by with
A(St, St+1).
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Table 2: Fisherian Model with Persistent Real Interest Rate

Case Determinacy Indeterminacy No FCC
a(sy) a1 =.95a=15 a1 =.9a,=15 a3 =.5,a,=.8
To(Vpsgps) 0.91 1.06 3.27
The MSV (1) =6.11 (1) =8.01 ') =-12.14
solution '(2) =2.25 ['*(2) = 2.50 I'(2) =9.29

a(2) = 2. In either case, the FCC does not hold and this MSV solution fails to satisfy
the NBC.

6.2 Regime-Switching Monetary Policy

We apply our methodology to a standard New-Keynesian framework and show that the
main results are virtually the same as those of the Fisherian model with a persistent
monetary policy shock. The Markov-switching monetary policy model, can be cast

into the form of (5)) with z; = |7 y; i;) and 2z, = |25 2ps 2mps) and and €, = [€) € M P

Bi(s¢)we = A1(s) Er[we1]) + Baxyo1 + 21, 2 = Rzq + €

where
1 -~ 0 g 00 000
Bi(st) = 0 1 1o |, Ai(sy)=|1/c 1 0|,Bo=]00 0
—(1=p)oa(s:) 0 1 0 00 00 p

The matrix R is a diagonal matrix with the diagonal elements, pg, pp and p,;. Then the
model is given by
xr = A(se) Ey[wea] + B(se) w1 + C(se)z,

where A(s;) = Bi(s¢) "t A1(s¢), B(st) = Bi(s:) !By and C(s;) = By(s;) L.

6.2.1 Regime-Switching Monetary Policy without Predetermined Variables

We first consider the case without a predetermined variable (p = 0). For simplicity, we
set ps = pp = 0 but pyp = 0.95. The other parameter values are similar to those of
Farmer et al.| (2009), 8 = 0.99, k = 0.132, 0 = 1, p;; = 0.85 and pyy = 0.95. For a range
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of ¢:(2) € [1,4], we compute the value of ¢.(1) such that r,(Vpsgp) =1, ro(Vps) =1
and 7,(¥ pgp+) = 1. These three curves are plotted in Figure [1]

Figure 1: Determinacy Regions for Markov-Switching Monetary Policy Model Without
Predetermined Variables
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The area A and B represents the determinacy area as F* exists and r,(Vpgp) < 1.
The region C and D represents indeterminacy as r,(Vpgp<) > 1. Region C represents
the area 1, (Vp+) < 1 < 17,(Vpsgp+). Therefore, the region with r,(Vp) <1 (A, B and
C) analogous to the LRTP is not quite sharp enough to ensure determinacy under MSS.
In region D, 7, (W) > 1 but r,(Vrgr) < 1. Hence I'*(s;) still exists and the model
is indeterminate. The region E is the area where the model fails to satisfy the FCC as
ro(Vrigr) > 1.

The forward solution under determinacy and indeterminacy is given by z; = I'*(s;) 2.
For the case of No FCC, the MSV solution x; = I'(s;)z; again exists and it can be obtained
using without £, but exhibits a counterintuitive dynamics. The following table shows
the forward solution I'*(s;) when ¢, (1) = 0.9 and ¢,(2) = 1.5 under determinacy and the
MSV solution in region E when ¢, (1) = 0.5 and ¢,(2) = 1.5. (the forward solution under
indeterminacy with ¢,(1) = 0.8 for example, is qualitatively similar to the determinate

solution and thus not reported to save space.)
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) 0.89 0.12 —4.85 0.84 0.11 —-241
Forward Solution . i}
' I“(1)=| —0.80 0.89 —4.80 |,I™(2)=| —1.25 0.84 —0.21
(Determinacy)
0.80 0.11 —-3.37 1.25 0.17 —2.61
. 0.94 0.11 26.14 0.84 0.11 4.18
MSV Solution
(1) = —0.47 094 3526 |, (2 = | —1.25 0.84 —5.94
(No FCC)
0.47 0.06 14.07 1.25 0.17 7.27

The third column of I'* for each regime represents the initial responses of inflation and
the output gap and the interest rate to a contractionary monetary policy shock of size 1.
Regardless of the initial regime, a contractionary monetary policy lowers inflation and
the interest rate under determinacy. However, when the model fails to satisfy the FCC,
the MSV solution implies that inflation and the interest rate rise following the same

shock. We rule out this solution as it fails to satisfy the NBC.

6.2.2 Regime-Switching Monetary Policy with Predetermined Variables

We re-examine the same New-Keynesian model with interest rate smoothing. Assume
that all three shocks in z; are white noises and take the parameter values p1; = 0.85, poy =
0.95, p =095, 5 =0.99. kK =0.132, and 0 = 1. Figure [2| depicts the determinacy and
indeterminacy regions in terms of the parameter values of ¢,(1) and ¢,(2). Since there
is no persistent shock process, the forward solution exists for all regions.

The first thing to note is that the determinacy for the regime-switching model is
neither necessary nor sufficient for determinacy for the fixed regime counterpart: on the
one hand, there does exist a determinacy region B similar to the example above. For
instance, when ¢.(1) = 0.9 and ¢.(2) = 1.5, we have r,(Vggq-) = 0.458 < 1 and

To(Upsgrs) = 0.99 < 1. In this case, the determinate forward solution is given by:

T 00 —542 o1 0.74 0.10 —5.70 25
v | = |0 0 —13.56 Y1 | + | —0.64 092 —14.27 oy | if s =1,
| i 00 071 i1 0.04 0.00 0.74 ZMPy
[ 7 ] [0 0 —3.89 o1 0.69 0.09 —4.10 25
vy | = |00 —9.91 Y1 | + | —0.78 0.90 —10.43 zpe |, if s =2
s 0 0 0.66 it 1 0.05 0.01 0.69 ZMpa
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Figure 2: Determinacy Regions for Markov-switching Monetary Policy Model with Pre-
determined Variables
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This implies that a contractionary monetary policy shock stabilizes inflation and the out-
put gap in both regimes. On the other hand, there is a region C’ where both regimes are
active but the economy is indeterminate under regime switching: for a given weakly ac-
tive monetary policy stance at regime 1, the economy can enter this indeterminacy region
if the policy becomes more and more active at regime 2. For instance, when ¢, (1) is 1.05
in the less active regime and ¢,(2) = 3.5 in the more active regime, 7,(¥Uq-go+) = 0.464
but 7,(Vpsgr+) = 1.003 > 1, and hence the model becomes indeterminate. The presence
of the predetermined interest rate is responsible for generating the parameter region C".
Note that in this model F*(s;) = (I,, — A(s;) B [Q*(s¢41)]) T A(s¢) from equation and
. A large swing of the policy stance between less and more active regimes injects ad-
ditional volatility into the model through a fluctuation in Q*(s,;1), which depends on the
parameter p. This fluctuation of Q*(s;11) in turn induces F*(1) to have a root greater
than 1, which can never happen under each fixed regime, and makes 7,(Vpgp<) > 1
ultimately. While indeterminate, the forward solution is qualitatively similar to the one

under determinacy and the general solution is given by x; = Q*(sy)xi—1 + I'*(s¢) 2 + wy
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where w; is an arbitrary MSS non-fundamental component of the form subject to
(29). This indeterminate solution is much more volatile than the forward solution as
there are continuum of A such that ra(lif AeA) is arbitrarily close to 1. An immediate
implication is that in order to ensure a determinate equilibrium under regime-switching,
one regime should not be too active relative to the other, even if the policy is active in
both regimes.

In this model, since the structural shocks are assumed to be i.i.d, the whole region
D is indeterminate. If a persistent shock is present, however, there will be a region F
analogous to the example above and the model may still fail to satisfy the FCC. For
example, with ¢, (1) = 0.25, ¢.(2) = 1.25 and pp = 0.98, Q4 (s;) converges to Q*(s;) but

['x(s;) fails to converge as 7, (V¥ ggr-) = 1.002, the case we refine away any MSV solution.

6.3 A Model of Markov-Switching Elasticity of Intertemporal
Substitution

In this subsection, we analyze Markov-switching elasticity of intertemporal substitution
in a standard New-Keynesian framework, in section 2. The model can be written in

matrix form:

Bi(st)xy = EiAi(st, Se41)Te1] + Baweoq + Ci(se) 2,
2z = Rzig+e, Eii(a)=0nx,

where the coefficient matrices are defined as:

1 —K 0 I} 0 0
Bi(sy) = 0 1 O.(lst) , Ai(se, 8041) = U(it) % 01,
L (1 =p)ox —(1—p)dy 0 0 0
[0 0 0 1 0 0 ps 0 0
B, = [0 0O0]|,Ci(ss)=1]0 Uét) O|,R=10 pp O
10 0 p 0 1 0 0 pup

The model can be written in the form of with A(sy, si11) = By '(s1)AL(8t, 5641),
B(s;) = B;'(s;)By and C(s;) = By '(s;)Ci(s;). The forward solution will have the
following form if it exists:

= Q' (sp)x1 + I (s4) 2
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As a numerical example, consider the parameter values o(1) = 1, 0(2) = 5. It is not very
unreasonable for agents to be highly risk-averse for some periods like a severe recession.
In the asset pricing literature, even a higher value of ¢ is often required to account for
the so-called equity premium puzzle. We specity p;; = 0.95 and pey = 0.875. This means
that the average durations of the regimes of high and low elasticity of intertemporal
substitution are 5 years and 2 year, respectively. The remaining parameter values are
specified as § = 0.99, k = 0.132, ¢, = 1.5, ¢, = 0, pp = ps = 0.95, pyp = 0 and
p = 0.95. Since the policy stances against expected inflation are active and the same in
both regimes, the model would be determinate. Indeed, we confirm that this model is
determinate as the forward solution exists and r,(VUqg-gq-) = 0.561 and 7,(Vpegp-) =
0.952. Figure 3 shows the impulse response functions to each shock of size 1 starting at

different regimes.

Figure 3: Impulse Responses under Regime-switching Risk Aversion in a New-Keynesian
Model
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The regime-switching elasticity of intertemporal substitution leads to quantitatively
sizable differences in the responses of all variables following any shock. When ¢ is high in
the initial regime, the initial responses of all variables to all shocks are much smaller than
those under low risk aversion. o is also an important parameter governing the monetary

policy transmission channel. When o is high, the stabilizing effect of monetary policy
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is quite small. This implies that monetary policy may need to take into account the
present regime and the possibility of regime shifts in the private sector in its optimal
policy design. The responses under different initial regimes converge to each other, and

the rate of convergence becomes faster as the probability of regime shift becomes higher.

6.4 Examples in the Literature

We finally compare our methodology to that of |Farmer et al. (forthcoming). They pro-
vide a numerical procedure of solving the MSV solutions, which is indeed an important
contribution to the literature. In addition, they suggest a likelihood-based solution selec-
tion criterion when multiple mean-square stable MSV solutions are found. Our method-
ology differs in several aspects. First of all, our methodology provides very tractable
determinacy, indeterminacy conditions. They provide four examples similar to our New-
keynesian models here. Our methodology enables us to find that their first two examples
based on the monetary policy switching over a passive and active stances are indetermi-
nate and the last two based on regime-switching in private sector or shock variance are
determinate. Indeed, they find two MSS fundamental solutions for the first two exam-
ples, and thus they are indeterminate as well, but they did not clearly show whether the
last two examples are determinate.

Second, our solution selection criterion can identify the economic relevance of any
MSYV solution, whereas the likelihood-based criterion is a relative measure. For instance,
when a model has no predetermined solution, thus has only one MSV solution, the like-
lihood approach does not tell whether the unique solution is itself economically sensible
as there is no other solution to compare the likelihood with. As such, they did not apply
the criterion to the Fisherian model with the persistent real interest rate. In contrast,
recall that the model fails to satisfy the FCC and therefore we rule out the MSV solution
by the NBC.

Third, when there are multiple stationary MSV solutions, they show that the likelihood-
based criterion may well select a solution with a larger 7,(Wqgq), other than the MOD
solution using the Fisherian model with a predetermined variable using simulated data™]
Since the linear models are nested in the class of MSRE models, their criterion may not

pick up the MOD solution for linear models as well. This is in stark contrast to the

16Tt is not clear which solution they select between the two solutions for the first two examples of their
New-Keynesian model because they did not perform simulation exercise and compare the likelihood.
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convention that the MSV solution with the smallest eigenvalues, also known as the MOD
solution, is chosen to almost all linear RE models. In fact, most of existing selection
criteria such as the MSV criterion of McCallum| (1983), E-stability criterion of |Evans
and Honkapohja/ (2001) pick up the MOD solution almost surely. Our NBC criterion
carries over this principle to MSRE models: we verified that the MSV solution with the
smallest TU(\TIQ®Q) for all of their indeterminate examples coincides with the forward so-
lution. Hence, according to our NBC criterion, their solutions different from the forward
solution violate the NBC.

7 Conclusion

The main results of this paper can be summarized as follows. First, our methodology
provides very tractable determinacy conditions for the MSRE models in mean-square
stability sense. Second, it is accompanied by the solution refinement criterion as well as
the solution method. Third, it characterizes the complete set of relevant REEs to MSRE
models under determinacy and indeterminacy. Our methodology is straightforward to
implement. One only has to examine the existence of the forward solution and the
conditions for determinacy and indeterminacy under mean-square stability.

It is surprising that until very recently, Markov-switching has not been actively ap-
plied to the dynamic stochastic general equilibrium models under rational expectations,
the workhorse of modern macroeconomics. Davig and Leeper (2007) show a novel and
important perspective of monetary policy in this framework. Regime-switching monetary
policy against regime-independent private sectors is not however, optimal by construc-
tion. Davigl (2007) and [Farmer et al.| (forthcoming)) witness the importance of potential
regime-switching behavior of private agents. In particular, Davig (2007) analyzes the
optimal reaction of the central bank in such environments.

In sum, MSRE models provide a flexible and promising way to theoretically model the
optimal behavior of economic agents and the central bank facing structural parameter
uncertainty, and to examine those models empirically. We believe that our work provides

a technical foundation for future research in the field of MSRE models.

36



Appendix

A Proof of Proposition 2

The MSRE model is given by:
xp = EA(8t, Se41)Tep1] + B(se)ri1 + C(81) .

Let My (s¢, se41) = A(st, Se41), (se) = B(sy) and I'1(s;) = C(s;). Suppose that there
exists a set of sequences of matrices {My_1(s¢, Sta1, s Stak—1), Q—1(8¢), Tr_1(s¢)} for
k > 1 such that:

2y = B[ My_1(8¢, 8141, o Starh—1)Tagh—1] + Qo1 (s0) -1 + Tro1(s0) 2.

Shift this equation forward one period and pre-multiply A(sy, s;11) to both sides. Then,

by taking conditional expectations of A(sy, s441)x1, we have:

Et[A(5t73t+1)fEt+1] = Et[A(StaSt—i—l)Mk—l(St-i-laSt—i—Qv'-~73t+k)xt+k]

+EA(st, S141) Qe—1(Se41) 20 + Er[A(se, S141) -1 (Se41)| Rz,

by the law of iterative expectations. Substitute this into the model and rearrange it to

yield:

Ty = Et[Fk—l(Su 3t+1)Mk—1(3t+1; St42; -1y 3t+kz)$t+kz]
+Zk1(5) ' B(st)s-1
+(Zk-1(81) "' C(s0) + Et[Fre1(se, $141)Trm1(5001)] R) 24,

where Zx_1(s¢) = I — Ey[A(s¢t, 5141)Q—1(5e41)] and Fy_1(s¢, se41) = Zp—1(50) T A5, 8e41),
provided that Z;_;(s;) is invertible for all s;. Note that =;_; depends only on s; as s;1;
is integrated out in the expectational term. Thus it can enter inside the expectations on

the right-hand side. Therefore, there exists a sequence of matrices My (¢, S¢i1, -y Stak),
Qk(s¢) and T'y(s;) such that:

Ty = Ey[Mi(St, St41, -, Stk)Tepr] + Qu(Se) i1 + Ti(se) 2, (33)
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where,

Mk(sta St41y ooy 5t+k) = Fk71<5t, 5t+1>Mk71<3t+17 St425 -0y 5t+k)a
Qu(s)) = Zpoi(se) 'B(se),
Ti(s) = Zp-1(s)'Clse) + ElFeo1(st, se41)Tho1(se41)| R

If Z;_1(s¢) is invertible for all k, = 2,3,... and for all s, = 1,2,...,S, the sequences,
{Mp(S¢, Sta1y s Seak), Qu(8e), Tr(sy)} are well-defined. Since the initial values of these
sequences are real-valued and given by the model for all s;, they are unique and real-
valued if they exist. Q.FE.D.

B Proof of Proposition 3

When the FCC does not hold, the forward solution does not exist by definition. Therefore,
at least one of the elements of (Q(s;),k(s;)) in is either not well-defined if the
regularity condition is violated or does not converge when the regularity condition is
met. Now suppose that there exists a MSV solution. If this satisfies the NBC, it is a
contradiction to the supposition that it is a MSV solution.

Suppose now that the FCC holds. From Proposition 2, since (2x(s¢), I'x(s¢)) is unique
and real-valued given the initial state s;, the limiting values (Q*(s;),I*(s;)) are also
unique and real-valued. Since (*(s;), I*(s;)) solves equation (8)), the forward solution
is unique and a MSV solution to the model by Proposition 1 and therefore, it must
solve the forward representation of the model as k goes to infinity:

Ty = lim Et[Mk(St, Staly---y St+k)xt+k] —+ Q*<St)xt,1 -+ F*(St>2t. (35)

k—o0

Therefore, it must be true that limy o Fi[Mg(St, Sta1, - Stk )Terk] = Onx1 when expec-
tations are formed with the forward solution, implying that the forward solution satisfies
the NBC.

Now suppose that the NBC holds for a MSV solution, different from the forward
solution. Since the solution must solve , becomes the forward solution under
the NBC, which is a contradiction to the supposition that this solution differs from the
forward solution. Q).E.D.
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C Extended State Space

For ease of exposition, we reproduce equation (21 at time ¢:

Y = G(si—1, s1)yi—1 + H(s)m (36)

Define an extended state $;, = (s;_1, s;) as:

s |1 2 Sls+1 s+2 .. 28] .. ](S-1)S+1 (S—1)S+2 .. S
s1 |11 1] 2 2 .. 2. S S .. S
se |12 S| 1 R 1 2 .. S

(37)

A

The corresponding transition matrix is defined as P = (ig ® Is ® i's)diag(vec(P’)) where

1g is an S x 1 column vector of ones. For instance, when S = 2, P is given by:

pii piz 0 0
- A~ 0 0 par p2
P = [py] =

puu pi2 O 0

0 0 pa1 p22

(38)

N

Now define g41 = 11, G(5:) = G(si_1,s¢), H(3;) = H(.,s;) = H(s;). Then, can be
written as:
Y1 = G(3:) 0 + H(8:)n (39)

Therefore, we can represent equation into a canonical form of (3.27) of Costa et al.
(2005)). Tt is straightforward to show that the nonzero eigenvalues of W (Wgys) and
Ve (Ugea) are equivalent, as they should because (39)) and are in fact identical.
Therefore, we can safely apply important results in (Costa et al. (2005) directly to the

process ([36)).

D Proof of Proposition 5

The proof closely follows that of Theorem 1 of |Farmer et al.| (2009). Let V; be n by k;
matrix where the columns are orthonormal, spanning the support of w;1{s; = i} for all
t and 1{s; = i} = 1 when s, = 7 and 0 otherwise. Thus, for any w, = w and s; = 1, it

must be true that w = Efw|w; = w, s; = 1] € Col(V;) and Elwi|wy = w, ¢ = i, 5441 =
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Jj] € Col(V;) almost surely. Moreover, w = Z;q:lpijFijE[wHﬂwt =w,8 = 1,841 = J|
Hence, there must exist a k; X k; matrix ®;; such that Zle pij Fi;V;®i; = V;. It should be
noted that V; can be the full matrix even when Fj; has a rank less than n. Since w4, €
Col(V (st+1)), V(8t41)V (St41) 41 € Col(V(si11)) almost surely. Finally, Ei[F(s; =
b Se11)V (se4)V (Se1) ] = E[F(se = 4, s001)ween — F(se = 4, 8001)A(se, Se1)wy] =
Wy — Et[F(St =1, 3t+1)v(3t+1)q)(3t =1, 3t+1)v;',]wt = Wy — ZlepijFijVj‘I)z‘jVi/wt = Wt —
ViVIw, = 0,51 almost surely as wy € Col(V;).

E Proof of Lemma 3

Proof of Assertion 1. Consider two processes wiy1 = A(sy, Sep1)wy and ugq =
F'(sy, s441)uy of the form . To prove Lemma, we use the extended regime vari-
able §; = (s;_1, s;) and the corresponding extended transition probability matrix P asin
Appendix C so that both A and F’ depend on the same regime variable §;. Then w;
and uy, 1 can be written as w;q = A(§t+1)wt and Uy = F (8441)u;. Hereafter, variable
or matrix with a hat denotes those associated with the extended regime variable s, and
the corresponding P. Define Uprop = hjiF" (3, = i) @ F'(3, = 0)] for i,j = 1,2,..., 52,
Then, it can be easily verified that rg(\ffp,®ﬁ,) = 1,(Vpgp ), and thus, w, is MSS if and
only @ is MSS. Similarly, we have ro(¥;,3) = ro(Waga). Therefore, we need to prove
that if 7, (U o) < 1 and 7, (Ui,3) < 1, then 7, (V5 4) < 1.

Let 2, = uy + wy. From theorem 3.9 of |Costa et al.| (2005), rg(\TfF,®F,) < 1 if and
only if Y 2o E(||t]]?) < oo for all G and 8y where || || is a standard vector norm such
that ||,||* = trace(tway). Similarly, 1,(Vi.3) < 1 if and only if Y20 E(]|w]]?) < oo.
Then, 0 < [|Z|[* = [[ +we|[* < 2(||ae][* + [[de|[?). Hence,

0< ) B(lal) <2 (Z E(|la:][*) + ZE(llthQ)) < oo.

This implies that Z; 1s also mean-square stable. Now Z; can be written as:

2,5 - 'ELt -+ /llAJt = F/(gt)/llt,1 -+ /A\(ét)u?t,l.

Define Qy = Elusijlis0)=y). QF and QF, are defined analogously. Define QU =
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Byl sy—iy] and Q' = E[wyi1s4)-iy]. Then,
o= QL+ QN+ QN+ QY
512
= Zﬁji (F'(i) G (1) + A)QT, b A + F()Q5y A (4) + A(@')Q%‘_1F(i)> :
j=1

Uf,t = U?t*‘“?t"'vf? ‘I'U;btﬁ
- Zpﬂ( PG+ A0 @ AE, + Al @ P, + PlY © MA@t )
where v, = vec(QY,) vi = vec(QY,) and vl{ = vec(QY). By stacking the vectors for all

~

5, =1,...,5%, we have the followmg:
PR T R R S S T i, .
vy =0+ F ot o = Ve ety + Wigavg + q’Ff@AU + qu@F’Ut 1

Since 2; is MSS and homogenous, v; must converge to the vector of zeros as t goes to
infinity. Since 1; and w; are also MSS, v& and v® converge to zeros as well because
re(Wasa) < 1 and ro(Vmep) < 1. This implies that vl + o™ must converge to zeros.
Note that v}f@” is the vectorized version of a positive seml—deﬁnite matrices, 252 %‘)
Same is true for vf"*. Therefore, for vf'{’ + v{* to converge to zeros, both vectors must
converge to zeros individually, 1mply1ng o (W mei) < 1 and o (¥ i) < 1. (In fact,
the eigenvalues of \ifp,®[\ are the same as those of ‘I’Ae@ﬁ/- Finally, it is easy to see that
TU(\I’A@)F') = 7“U(\IJA@)F’)'

Proof of Assertion 2. Assertion 1 implies that if r,(Vper) < 1 and 7,(Vpgr) >
1, then 7,(¥pga) > 1. Now, we need to prove that the first condition is replaced
with equality. 7,(Wmer) = 1. Suppose that r,(Vpgr) = 1 and r,(Vpgm) > 1,
but 75 = 74(¥aga) < 1. Then, consider two new processes, ;1 = \/EF '(8441)0; and

Wiy = (%) A(8y41)1y for any o € (72,1). Then, re(V jaroyar) = To(aVpgp) =
ary(Uper) < 1. Likewise r, [ ¥ = (L) r, (¥ = () < 1. But
(Tpror) ( (;E)WQE)A) (3) ro(Tasa) = (2)

Te <\Il(\}a>A®\/aF’> = 1,(Upgp) > 1. This is a contradiction to Assertion 1. Q.E.D.
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F Proof of Lemma 4

Proof of Assertion 1. Multiply V/ to both sides of to replace V;®,;V/ with A;;.
Since A;j; = VjVj’Aij, can be written as:

S S
> piFhiy = piFViViAy = ViV/ (40)
j=1

Jj=1

We first vectorize equation for each 7 and stack them over ¢ = 1 through S to yield:

publy ® P pahy ® Fa oo Hhshis ® Fis | [ vee(ViVy) vee(WV7)

PNy, @ Fop  paalhy ® Fog ... paghe ® Fag vec(VaVy) B vee(VyV2)

Psils) @ For psallsy @ Fa oo pssss @ Fs vec(VsVs) vec(VsVy)
(1)

Note that the matrix of the left-hand side is Up/gr and the vector in this equation, if
normalized, becomes an eigenvector. This implies that U,/qr has an eigenvalue 1 for any
A subject to . Note that Upgr = Upgr. Therefore, r,(Vagr ) > 1. Q.E.D.

Proof of Assertion 2. Equation is invariant to multiplying an arbitrary positive

scalar to Fj; and its reciprocal to A;;.

Let Fij = /aF;; and /NXU = A;j/+/a for an arbitrary positive scalar a. From Assertion
1, for any pair of F' and A subject to , To(Wagr) > 1. Hence, ro(@;@ﬁ,) > 1 for
F and A as well. Moreover, Te(Uper) = oro(Vpgr), 7o(Vigi) = (£) 70(Paga), and
Te(Wigir) = 7o(Pagr). « can be arbitrarily chosen such that 7,(¥zy5) < 1, and for
such F, ra(@]\@)]\) > 1 from Assertion 2 of Lemma 3. Now suppose that there exists

A subject to {0), 7o (¥rer) = &, 74(¥pen) = T and &7 < 1. Then by setting

o = \/T2/&, we have F and A such that To(Vpgi) = To(Pigr) = V&m < 1. This

implies that r,(V3,7) < 1 from Assertion 1 of Lemma 3, which contradicts Assertion 1
here. Therefore, &35 > 1 for all A subject to . Q.E.D.
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G Finding A that minimizes r,(¥xqxy)

Suppose that r,(Vpgr) > 1. The problem is to choose A to minimize the objective
function 7,(¥xgs). Since Ai; = V;@,;V/, we choose a set of arbitrary n x k; matrices
Vi of which columns are orthonormal and a set of k; by k; arbitrary matrices ®;; for
0<k;<n,ij=1,..5, subject to . One can start with k; = n for all ¢ and if A
is found such that 7, = minr,(Vpgr) = 1/[ro(Vrer)], then the process w; with this A
is MSS as 7, < 1. Note that the procedure starts with randomized initial values, thus
each minimization problem will produce different A for multivariate models, but yield the
same To. As we showed, it is possible that 75 > 1 > 1/[r, (¥ pgr)], but this is not likely to
arise for the models without absorbing states. One may find Matlab codes implementing

this procedure at http://web.yonsei.ac.kr/sc719.

H Proof of Proposition 6

Suppose that the forward solution is MSS (7, (¥grgq-) < 1) and 74(¥p-gp-) < 1. Then
the task is to show that there is no other mean-square stable MSV solution. Since the
proof does not hinge on the presence of exogenous variables, we assume them away for

simplicity. Any MSV solution must satisfy the forward representation of the model:
= By [Mg(St; St415 o Strk)Tepk] + Q(86) i1 (43)

at all k = 1,2,.... First, we show that E;[My(s¢, Sti1, ..oy Stk )Terx) evaluated with a
particular MSV solution z; = Q(s;)z;—; can be expressed as Ly(s; : Q)x;. For k = 1,
M (8, 8041) = A(St, Se41) = Fi(St, S141). Therefore,

B[ My (¢, 8041)Te41] = La(545 )2y,
where Li(s; Q) = E[Fi(st, Se41)2(Se41)]. For k =2,

EyMs(st, Str1, Se42)Teve = E[Fi(St, Se41) Eea [Mi(Ses1, Se42)Teso]]
= EyFi(st, 1) Li(Se41; Q)wp41]
= EyF1(st, 541) L1(Se415 Q)Q(841) |
2(st; D)z

I
b(
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In this way, one can construct a sequence Lg(s;;€2) such that:

Li(54;Q) = Ey[Fr—1(5¢, St41) Li—1 (5413 Q)Q(5¢41)). (44)

Therefore, when expectations are formed with a solution x; = Q(s;)z;_1, the forward
representation of the model can be written as (I — Lg(s¢;Q))x, = Qi (s)z—1. Hence,
it must be true that:

(1 = L3 9)s0) = (s0),

for any MSV solution. Since the model satisfies the FCC, limy_, Qi (s:) = Q*(s;) and
limy o0 Fr(St, St41) = F*(S¢, S¢41). Therefore, Ly(sy;€2) must converge to a solution-
dependent matrix, L(s;; ). From proposition 3, the forward solution must satisfy the
NBC and all the other solutions violate it. Hence, when Q = Q*, L(s;; Q") = 0,5, Now
suppose that there exists another MSS solution x; = Q(st)xt_l different from the forward
solution. Then L(sy; Q) % 0pxen.-

Next, we express equation as:

S
Li(i;9) = Zpiij—l(iJ)Lk—l(j? D)Q).

j=1
By vectorizing this equation and stacking them over ¢ = 1,2, ..,.S, we have the following:

vec(Lg(1;Q)) vec(Lg-1(1;Q2))
= \I’Q/@)kal
vec(Ly(S;9)) vec(Ly—1(S;9Q))

For any MSV solution z;, = Q(s;)z,_; with Q(s;) # Q*(s;), we showed that limy_,. Ly (s¢; Q) =
L(sy; Q)) # 0,,xn. This implies the vector on both sides becomes an eigenvector if normal-
ized and r, (Vg . ) has aroot of 1. Therefore, r, (Ve o p.) > 1. From the definition of ¥
and W, Wy = (V). Hence, ro(Vggpp) = 70(Pagp-y). Therefore, if 1y (Vg puy) > 1

and 7, (V(peygrey) = re(Vpsgp+) < 1, then r,(Vgo6) > 1 by Assertion 2 of Lemma 3.
Q.E.D.
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