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Summary 

In this study, the response of a dynamically unstable shear 
flow with a critical level to periodic forcing is presented. An 
energy argument is proposed to explain the upshear tilt of 
updrafts associated with disturbances in two-dimensional 
stably stratified flows. In a dynamically unstable flow, the 
energy equation requires an upshear tilt of the perturbation 
streamfunction and vertical velocity where U, is positive. A 
stability model is constructed using an iteration method. An 
upshear tilt of the vertical velocity and the streamfunction 
fields is evident in a dynamically unstable flow, which is 
required by energy conversion from the basic shear to the 
growing perturbation wave energy according to the energy 
argument. The momentum flux profile indicates that the 
basic flow is decreased (increased) above (below) the critical 
level. Thus, the shear instability tends to smooth the shear 
layer. Following the energy argument, a downshear tilt of 
the updraft is produced in an unstably stratified flow since 
the perturbation wave energy is negative. The wave energy 
budget indicates that the disturbance is caused by a thermal 
instability modified by a shear flow since the potential energy 
grows faster than the kinetic energy. 

1. Introduction 

The mathematical  problem of adiabatic perturba- 
tions to a stably stratified shear flow with a critical 
level has been studied extensively in the last three 
decades. Bretherton (1966) found that the vertical 
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wavenumber  becomes large and the group veloc- 
ity becomes more horizontally oriented as the 
critical level is approached. Booker  and Bretherton 
(1967) found that gravity waves are at tenuated 
exponentially as they pass through a critical level 
if the Richardson number is everywhere greater 
than 1/4. The response of two-dimensional stably- 
stratified shear flow with a critical level to an 
elevated heat source has been studied analytically 
by Lin (1987). It is found that the response is 
significantly different from that to low-level ther- 
mal forcing and the streamfunction resembles the 
overturning circulations near the critical level of 
a moving midlatitude squall line. Lin and Li (1988) 
have extended the work of Lin (1987) to include 
the three-dimensionality and suggested that "V" 
shaped cloud tops over severe thunderstorms may 
be explained by the thermally forced gravity 
waves. However,  both the work of Lin (1987) and 
Lin and Li (1988) are based on a dynamically 
stable system. Lindzen and Tung (1976) consid- 
ered the gravity wave reflection from the critical 
level and investigated a wave duct wherein the 
waves may  propagate horizontally without  a great 
loss of energy in the absence of an energetic 
forcing. They showed that a stable duct adjacent 
to the surface must  be capped by a dynamically 
unstable layer if the layer contains a critical level. 
They calculated reflection and transmission co- 
efficients quantitatively and pointed out  the re- 
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gions of partial and over-reflection in terms of 
v[ = (1/4 - Ri)l/2]. According to their calculations, 
the critical level acts as an almost perfect reflector 
if v is near 0.4. However, the response of a 
dynamically unstable shear flow with a critical 
level to a periodic forcing is still not well under- 
stood, but is of great importance in understanding 
the basic mechanisms ofmesoscale wave propaga- 
tion. 

The shear instability problem has been studied 
extensively in the last three decades (see Drazin 
and Reid, 1981 for a review). The concept of shear 
instability has been applied to explain the genera- 
tion of clear air turbulence (Maslowe, 1972; 
Lindzen, 1974) and the onset and initial growth 
of convection (Chimonas et al., 1980). Develop- 
ment of both linear and nonlinear Kelvin-  
Helmholtz waves has also been examined by 
Tanaka (1975) using direct numerical integra- 
tions. He found that the phase associated with the 
wave in a dynamically unstable flow is tilted 
upshear. The phenomenon is then explained briefly 
by the negative relationship between the horizontal 
velocity and vertical velocity in an average sense 
(Y~). This argument needs to be proved more 
rigorously using the energy equation. In studying 
the stability of a plane parallel flow with unstable 
stratification, Asai (1970) found that two different 
types of instability may take place: a thermal 
instability modified by a shear flow, and an inertial 
instability modified by a thermal stratification. 
Chimonas et al. (1980) showed that latent heating 
in the vicinity of a critical level may cause a strong 
positive feedback upon the growth of the gravity 
wave. In the CCOPE case (Koch and Dorian, 
1988), the critical level occurred within a layer of 
nearly saturated conditions, suggesting that rapid 
wave growth should be expected. Thus, further 
study is necessitated to determine the wave struc- 
ture in an unstably stratified shear flow with a 
critical level. 

In this study, we will focus on the response of 
a dynamically unstable flow with a critical level 
to periodic forcing. In Section 2, an energy argu- 
ment will be proposed for explaining the phase tilt 
of the streamfunction associated with the distur- 
bance forced by periodic forcing. In Section 3, a 
stability model will be constructed to study the 
structure of the disturbance. In particular, the 
upshear tilt of the updraft in dynamically unstable 
flows will be interpreted using the energy argu- 

ment. Both stably stratified and unstably stratified 
flows will be studied. Concluding remarks are 
made in the last section. 

2. T h e  E n e r g y  A r g u m e n t  

Consider the two-dimensional, linear, inviscid, 
non-rotating, Boussinesq equations, 
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Here U~ = 8U/Sz denotes the shear and N2= 
(9/0o)80/8z is the stratification of the basic flow, 
q is the diabatic heating rate per unit mass. Other 
symbols have their usual meanings. The energy 
equation for the above system may be obtained 

8E 8 8 
- 8x(EU + pu) - ~z(pW ) - poUzUW & 

/ g2o~ \o +tc.r-  oo) q (5) 
where E = (po/2) [u 2 + w 2 + (gO/OoN) 2] is the per- 
turbation wave energy which is made up of the 
kinetic wave energy (po/2) [uZ+ w 2] and the 
available potential energy (po/2) [90/OoN] 2. 

Taking the integrations over one horizontal 
wavelength and then from z = 0 to z r in the 
vertical, Eq. (5) becomes 

_f? ;? Edz= -Po U~ff~dz + \%ToN2OoJ & 

fo'  x dz+~(O) -F#(z r ) ,  (6) 

where z r is the top of the domain. The horizontal 
domain is assumed to be periodic. In the deriva- 
tion, we have assumed that N 2 is height independ- 
ent. The term on the left side represents the time 
evolution of the perturbation wave energy con- 
fined in the domain. This term is positive for 
growing waves, zero for neutral and steady waves, 
and negative for decaying waves. The first term 
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on the right side represents the secondary source 
of wave energy as discussed in Eliassen and Palm 
(1960). The second term on the right side repre- 
sents the wave energy derived from the diabatic 
heating. It follows from Eq. (6) that in a moist 
convective system, in order for the wave to grow, 
the latent heat must be added at the region of 
warm air. The last two terms represent the wave 
energy provided by the lower and upper boundary 
forcings. For example, the p-~ (0) is positive for flow 
over a mountain  terrain and zero over a flat 
surface. The term ~ ( z r )  is zero for a flow with a 
rigid top boundary. With an upper radiation 
boundary condition, it provides an energy sink 
(~ ( z r )  < 0) for the system since it allows the wave 
energy to propagate out from the physical domain 
(Eliassen and Palm, 1960). 

To apply the energy equation to circulations 
associated with the wave system, we may consider 
the stably stratified flow with no diabatic heating 
bounded above and below by flat rigid boundaries. 
Under  this situation, Eq. (6) reduces to 

f: ~-- ~ E dz = - po U= ~-~ dz. (7) 
& 

In order for the process of shear instability to 
transfer energy from the basic shear flow to 
perturbations in a stably stratified flow, on average 
over the vertical plane, the product U=ff# must be 
negative. To show the phase relationship, we may 
define a perturbation streamfunction O as 

00 (8) 

With this definition, U=uw can be written as 

Lax / & 1 \ Oz / 
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since dtp= (~ /~x)  dx + (~/~z)  dz = 0 on a con- 
stant phase line ~. This in turn implies that on 
average over the vertical plane 

O 

where U= is positive. Therefore, the growing wave 
in an adiabatic stably stratified flow must have a 
phase tilt in an opposite direction of the shear, i.e., 

U(z) 

Fig. 1. A sketch of the basic wind profile and the upshear tilt 
of the perturbation streamfunctions (solid) and updraft 
(dashed) associated with an unstable growing gravity wave in 
a stably stratified flow. The perturbation wave energy is 
converted from the basic flow shear 

an upshear phase tilt. This also implies that the 
updraft has an upshear tilt since it is out of phase 
with the streamfunction by ~/2. This phase relation- 
ship is sketched in Fig. 1. This energy argument 
is analogous to the upshear tilt of streamfunctions 
in a process of barotropic instability which trans- 
fers the energy from the basic horizontal shear to 
the perturbations and in a process of baroclinic 
instability which transfers the available potential 
energy in the basic vertical shear to the pertur- 
bations (e.g., see Pedlosky, 1982). 

Equation (7) may be rewritten in terms of the 
convergence of momentum flux and the basic flow 
by integrating by parts and using the continuity 
equation, 

- ! Eaz=Oo U 01) 
at J0 

Therefore, divergence (convergence) of the verti- 
cal momentum flux of the perturbations, i.e. 
(~/&)(ff~) > 0, and positive (negative) U will tend 
to increase (decrease) the wave energy. In addition, 
the nonlinear horizontal momentum equation can 
be used to derive 

- ( 1 2 )  
& #z 

for a localized disturbance in a flow over a flat 
lower surface. This implies that divergence of the 
vertical momentum flux, i.e. (O/&)(~) > 0, will tend 
to decrease the basic flow. In other words, conver- 
gence of the Reynolds stress, - po(O/Oz)(ff~) < O, 
will tend to decrease the basic flow. 

For an unstably stratified fluid, the Brunt-  
Vaisala frequency (N) becomes purely imaginary. 
As mentioned earlier, this allows the perturbation 
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wave energy to become negative as long as the 
available potential energy exceeds the kinetic 
energy. In this way, the rate of change of the 
perturbation wave energy is positively propor- 
tional to the momentum flux if U~ > 0. Therefore, 
the phase of the perturbation streamfunction and 
the updraft will tilt downstream through a similar 
argument. Since the small amplitude assumption 
is vulnerable in an unstably stratified flow, our 
study will focus the stably stratified flow. 

3. The Flow Structure of the Disturbance 

Equations (1)-(4) may be combined in terms of the 
vertical velocity, 

+ U /(wxx + w=l 

- ~ t + U ~ x  U = W x + N 2 w x  =0.  (13) 

Assume a wave-like solution, 

w(x, z, t) = Re ~(g)e ik(x-ct), (14) 

where k and c are the horizontal wave number 
and phase speed, respectively. Substituting Eq. 
(14) into (13) leads to 

Wzz + m2(z)w = 0 (15) 

with 

~ = 0  

m 2 ( z )  - 

at z = 0, zr, 

N 2 Uzz 
k 2. (16) 
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Equation (15) is the well-known Taylor-Goldstein 
equation and with the specified boundary condi- 
tions constitutes an eigenvalue problem for u)(z). 
In this study, we will assume a nonconstant  shear 
f low,  

U(z) = U o tanh ( ~ h  - z i (17) 

where z~ is the height of the inflection point, h a 
vertical scale over which the wind shear is large, 
and U o the basic wind speed at the surface. The 
local Richardson number is defined as (Nh/Uo) 2. 
The basic wind blows from right to left in the 
lower layer and reverses its direction in the upper 
layer. The total depth of the shear layer is 2h. 
Linear shear is not used in this study since there 

exists no discrete modes for - 3 / 4  < Ri < 1/4 and 
the stratified flow is dynamically stable for Ri > 0 
(Eliassen et al., 1953). Notice that the critical level 
does not necessarily coincide with the inflection 
point. The local Richardson number has its smal- 
lest value at z~, (Nh/Uo) 2. In the following, Ri refers 
to this local Richardson number. This wind profile 
is sketched in Fig. 1. The Brunt-Vaisala frequency 
is assumed to be constant with height. To obtain 
the eigenvalue (c = c r + ci), we follow the iteration 
method used by Stone (1970). In this study, we use 
a whole domain depth of 10 km and a vertical grid 
interval of 100 m. This gives 100 grid intervals in 
the vertical. The horizontal domain, kx = re/2 to 
5rc/2, is set to be exactly one horizontal wave- 
length. There are 50 horizontal grid intervals used 
in the calculations. 

Figure 2 shows the growth rates versus hori- 
zontal wave numbers for dynamically unstable 
flows with Ri -- 0.0, 0.1, and 0.2. Both growth rates 
(hkci/Uo) and wave numbers (kh) are nondimen- 
sionalized. The wave number for the maximum 
growth rate increases slightly as the Richardson 
number decreases. Notice that the wavelength of 
maximum growth rate increases as the depth of 
the shear layer (h) increases. The calculated growth 
rates are consistent with earlier studies of shear 
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Fig. 2. Growth rates (hkcjUo) versus the nondimensional  
wave number  (kh) for unstable, nonhydrostatic waves. The 
basic flow is assumed to be a hyperbolic tangent curve. Local 
Richardson numbers at zi are denoted on each curve 
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instability problem (e.g. see Drazin and Reid, 
1981). 

Figure 3 shows the structures for a dynamically 
unstable flow with Ri(zi)=0.1 and kh=0.49. 
According to Fig. 2, this corresponds to a hori- 
zontal wavelength of 25.7 km since h is chosen to 
be 2 kin. Thus, a maximum growth of the wave 
may occur. Although the shear in the real atmos- 
phere may have a different vertical profile from 
the hyperbolic tangent curve used here, the basic 
dynamics should be similar. The Brunt-Vaisala 
frequency is 2.37 x 1 0 - 3 s  -1  and the complex 
phase speed is (4.9 x 10-5, 2.58) ms- t .  Thus, the 
critical level is located exactly at the inflection 
point of the basic wind. 

The maxima and minima of the perturbation 
horizontal velocity are located right at the critical 
level. The pattern of the u field in the shear layer 
is an ellipse with its long axis tilted downshear. 
This downshear orientation of the perturbation 
horizontal velocity in the shear layer may be due 
to the positive vorticity associated with the basic 

shear. Outside the shear layer, the u field has no 
phase tilt in vertical. However, the u field in the 
whole layer has an upshear tilt. The vertical 
perturbation velocity and the horizontal velocity 
are out of phase by r~/2 in the uniform flow layer 
and by rc in the shear layer. This implies that the 
horizontal perturbation velocity is dominated by 
the local growth (~?u/&) in the shear layer and by 
the horizontal advection (Uc~u/3x) in relation to 
the vertical velocity, according to the horizontal 
momentum equation. The most remarkable feature 
of the p and w fields is the upshear tilt, i.e. tilting to 
the left with height in the shear layer. From the 
energy argument presented in Section 2, this 
upshear tilt is required by energy conversion from 
the basic shear flow to the growing perturbation 
wave energy according to Eqs. (7) and (10). There 
are two maxima in the updraft region and two 
minima in the downdraft region. The upshear tilt 
of the updraft and downdraft in the shear layer is 
also evident. The phenomena appear to behave 
like Kelvin-Helmholtz waves on a stratified layer. 

I1 
i0.0 

0.50 1.00 1.50 2.00 2.53 

KX{PZ) 

I0 .0  

8.0 

6.0 

4.0 

2,0 

0 . 0  ' ' . . . .  ' ' ' 

0.5( 1.00 1.50 

0 
~ r //iiiiiiiiii, ! 

I q I * b 

2 . 0 0  
, I 

2.50 

W 

~ ~.o .... ..'~'.',i / i"/.";; 
""-, ",, '~,~ ~ ! i 

6 . 0  

2.0 ~ ' . / i i  

0.0 ~ ' ' 0.50 1.00 1.50 2.00 

b: 

2 . 5 0  

KX(P]] 

I0.0 ' ' ' 'I 

8.0 } ~ Z 

0]0 
0 . 5 0  

i.fj,i .d ,.. 

1,00 1.50 2.00 .50 
KXIP1) KXIPII Fig. 3. Continued 



64 Y.-L. Lin and H.-Y. Chun 

I 0 . 0  

8.0 

6.0 

0,0 ; 
0.50 

4.0 

2.0 

~ T o t a l  

. . . .  i . . . . . .  1 - - - J - - - L - - - " - - ' % - - L - - L - - J -  ' ' - I  

""'"",v .......... "~/~'" '" :  "'-" "": ".' "-. '"~'~% %' "" "" 

. . . . . . . .  .. 19 
/ / / ..' . . . . . . . . . . . .  " ' - - . / ' . .  '-. "... ' . . .  .-~ . . . . . . .  : 

:"-"'-"![" " ............. .z~ooo-._.[[[[[--._. ........ :7~1~7_7~L: 

- '; '":"-:"-,7"7".7-. '"  7 - " , ' " 7 - : ; ' - ' ; 7 - : - - ; - - - : ' - - , - - - 7  "-:-" 

1.00 1.50 2 , 0 0  2.50 

K X I P I ]  

10  

N~ 5 

Momentum Flax 

f 

-2.6 -I. 4 0 

10 
Ri=0.1 

g p/~ 

4 
I:E 

Z ! �9 i I - | - | 
0.0 0.1 0.2 0.3 0,4 0.5 

TIME (HR) 
0 . 6  

Fig. 3. (a) Horizontal perturbation velocity, (b) vertical velocity, (c) perturbation 
potential temperature, (d) perturbation pressure, (e) total streamfunction, (f) 
vertical momentum flux (x 105Newton/m), and (g) normalized perturbation 
wave energy budgets for an unstable, nonhydrostatic flow with kh = 0.49 
(h = 2 kin, 2L = 25.7 km) and Ri(zc) = 0.1. Other parameters associated with the 
flow are: N=2.37 x 10-3s -1, ci=2.58ms -1, and c,=4.9 x 10-Sms -1. The 
basic wind profile, given by Eq. (17) with U o = 15 ms - ~, z i = 5 km, and h = 2 km. 
The critical level is located at 5 kin. Positive and negative contours are indicated 
by solid and dashed lines, respectively. The perturbation wave energy (PWE) is 
made up by the kinetic energy (KE) and the available potential energy (PE) as 
defined in Eq. (5). Notice that the upshear tilt of the updraft and streamfunction 
are evidently shown in the figures 

The phase lines for perturbation potential tem- 
perature (Fig. 3c), however, do not tilt upshear in 
the shear layer. Notice that there is no phase tilt 
outside the shear layer. The perturbation potential 
temperature field is out  of phase with the vertical 
velocity by zc in the shear layer and by =/2 outside 
the shear layer. The disturbance is concentrated 
in the shear layer with almost no perturbations 
near the upper and lower boundaries. In the shear 
layer, the air temperature decreases in the region 
of upward motion, while it increases in the region 
of downward motion. Physically, this may be 
explained by the adiabatic cooling (warming) 
associated with the upward (downward) motion. 
It appears that the perturbation potential temper- 
ature is dominated by the local growth (~O/&) in 
response to the vertical motion in the shear layer, 
while it is dominated by the horizontal advection 
(U~?O/Ox) outside the shear layer, according to the 
thermodynamic  equation. In this way, the buoy- 
ancy flux (Ow) is negative with its minimum located 
at the critical level. Similar to the perturbation 

horizontal velocity, the perturbation potential 
temperature field is tilted downshear in the shear 
layer. Solving for w from the thermodynamic 
equation and substituting it into the horizontal 
momen tum equation indicates that the perturba- 
tion potential temperature should be in phase with 
the perturbation horizontal velocity in the shear 
layer where the local growth of the disturbance is 
dominative. This explains the downshear tilt of 
the perturbation potential temperature in the 
shear layer. 

Figure 3d shows the perturbation pressure field. 
Similar to other fields, there is no phase tilt outside 
the shear layer, Within the shear layer, the pres- 
sure field and the vertical velocity field are out  of 
phase by n/2. The phase lines tilt upshear with a 
smaller slope compared with the vertical velocity 
field. Low-level flow entering from the front (right) 
side is decelerated by the pressure gradient force 
which is against the basic flow. This will force the 
flow to ascend. Part  of the flow rises to the upper 
layer above the critical level and a region where 
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the pressure gradient force acts in the same 
direction (rightward) as the basic flow. In this 
region, the flow is then accelerated and directed 
toward the right. Some of the lifted air particles 
in low levels tend to flow into a region of maximum 
pressure near (kx, z) = (1.2, 3.5 km) in Fig. 3d, which 
then accelerate toward the rear side of the system. 
The flow entering from the left boundary in the 
upper layer behaves similarly except in the opposite 
direction. Therefore, the upper-level flow blows 
from left toward right. This is also shown in the 
streamfunction field (Fig. 3e) which is calculated 
by 

q, = ~ - e ~ , ' r -  w,  s in { k(x -c , t ) }  - w, cos { k(x - c , t ) } ]  
k - 

~. c~ (18) 
+ Uo hln [ cosh[zi/h ] J' 

where ~ is an amplitude factor. The flow overturn- 
ing has also been found in a theoretical study of 
flow forced by elevated heating (Lin, 1987). 

The vertical transport of the horizontal momen- 
tum flux is defined by 

L 
F = Po uw dx. (19) 

- L  

The vertical transport of horizontal momen- 
tum is negative in the whole domain with its 
minimum located at the critical level (Fig. 3f). 
According to the energy equation, Eq. (7), this 
negative momentum flux provides a positive 
secondary energy source to the dynamically un- 
stable flow since the vertical shear (U=) is positive 
everywhere. This in turn requires an upshear 
phase tilt as indicated by Eq. (10). Figure 3f shows 
that there exists divergence (convergence) of the 
vertical momentum flux with positive (negative) 
U above (below) the critical level. This implies that 
the perturbation wave energy is increased accord- 
ing to Eq. (11). It follows from Eq. (12) that the 
basic flow is decreased above the critical level, 
while it is increased below the critical level. Thus, 
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the shear instability tends to smooth the shear 
layer. 

The time evolution of the normalized energy 
budget of the disturbance in the whole domain is 
calculated and plotted in Fig. 3g. The perturba- 
tion wave energy, defined in Eq. (5), is made up of 
the kinetic wave energy, (1/po)(U 2 + wE), and the 
available potential energy, (1/po)(90/OoN) 2. As 
expected, the perturbation wave energy increases 
exponentially with time. There is more kinetic 
wave energy.generated than the available poten- 
tial energy since the flow is stably stratified and 
dynamically unstable. 

It is instructive to investigate the flow structures 
in an unstably stratified flow. Similar types of flow 
have been studied by Moncrieff(1978) and Seitter 
and Kuo (1978). As in previous case, we do not 
assume initially overturning streamfunctions. The 
square of the Brunt Vaisala frequency is - 5.62 x 
1 0 - 6 S  - 2  and the complex phase speed is (0.78, 
2.22) ms-~. The results are shown in Fig. 4. The 

critical level is located slightly above 5 kin. The 
disturbance is confined much more in the shear 
layer compared with that of a stably stratified flow 
(Fig. 3). The most remarkable feature of the flow 
structure is the downshear tilt of the u, w, 0, p, and 
streamfunction fields. Even though some features 
of the present case are different fiom those of 
Moncrieff (1978) and Seitter and Kuo (1983) due 
to the many differences in the models used, such 
as the nonlinearity, initial overturning circula- 
tions, basic flow profiles, etc., the downshear tilt 
is consistent with their results. In an unstably 
stratified fluid, dry convective overturning may 
occur since the convective available potential 
energy is positive. This is evident from the per- 
turbation wave energy calculations as shown in 
Fig. 4g. It follows from the adiabatic thermo- 
dynamic energy equation that the perturbation 
potential temperature is in phase with the vertical 
velocity in the shear layer since N 2 is negative and 
the basic wind is weak there. This phase relation- 
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ship is also evident from Fig. 4b and c. From the 
horizontal momentum equation, the perturbation 
horizontal velocity in the shear layer is also in 
phase with the vertical velocity, while the perturba- 
tion pressure is 90 ~ out of phase. This relation- 
ship is also shown in Figs. 4a and d. This gives, 
on average over the vertical plane, a positive 
vertical momentum flux ~w. The phase of the 
perturbation streamfunction is tilted downshear 
(Fig. 4e). Following a similar argument associated 
with Eq. (10), the negative perturbation wave 
energy then requires the perturbation streamfunc- 
tion to tilt downshear. Both the available potential 
energy and the perturbation wave energy are 
negative starting from the initial time. The avail- 
able potential energy increases much more rapidly 
than the kinetic wave energy due to the flow 
overturning in an unstably stratified flow. Accord- 
ing to Asai (1970), two different types of instability 
may take place in an unstably stratified shear flow: 
a thermal instability modified by a shear flow, and 
an inertial instability modified by a thermal strati- 
fication. The wave energy budget indicates that 
the disturbance is caused more by a thermal 
instability modified by a shear flow since the 
potential energy grows faster than the kinetic 
energy. However, the disturbance appears to be 
more inertial than thermal in type since the 
perturbations are strongly concentrated around 
the level of inflection point (Fig. 4). This implies 
that the thermal instability develops faster in a 
shear flow than that in a uniform flow. One 
interesting finding of the streamfunction field is 
that a counterclockwise rotor is present at the 
critical level in between the updraft and downdraft. 
This rotor appears to be associated with the 
interracial vortex sheet, which is consistent with 
the conceptual model of Thorpe et al. (1982). 
Therefore, the downshear tilt of updraft shown in 
Moncrieff (1978) and Seitter and Kuo (1983) may 
be related to the convective overturning in an 
unstably stratified flow. 

5. Concluding Remarks 

In this study, the response of a dynamically 
unstable shear flow with a critical level to a 
periodic forcing is presented. An energy argument 
is invoked to explain the upshear tilt of updrafts 
associated with dry convection in a two-dimen- 
sional stably stratified flow. The local rate of 

change of perturbation wave energy may be due 
to the secondary energy source associated with the 
basic shear, the diabatic heating, the lower bound- 
ary forcing, or the upper boundary forcing. For a 
growing wave in an adiabatic, stably stratified 
flow bounded above and below by flat rigid 
boundaries, the energy equation requires an up- 
shear tilt of the perturbation streamfunction and 
vertical velocity where Uz is positive. In addition, 
divergence (convergence) of the vertical momen- 
tum flux of the perturbation and positive (negative) 
U will tend to increase (decrease) the wave energy. 
Horizontal integration of the nonlinear horizontal 
momentum equation implies that the convergence 
of Reynolds stress will tend to decrease the basic 
flow. 

A stability model is constructed where eigen- 
values (phase speeds) and eigenfunctions (vertical 
velocities) are obtained numerically using an itera- 
tion method. From the calculation of growth 
rates, the wavelength of maximum growth rate 
increases as the depth of the shear layer does. 
Thus, the shear instability mechanism may play 
an important role in mesoscale convective systems, 
such as the midlatitude squall lines which may 
extend to a horizontal scale of O(lOOkm). An 
upshear tilt of the vertical velocity and the stream- 
function fields is evident in a dynamically unstable 
flow, which is required by energy conversion from 
the basic shear to the growing perturbation wave 
energy according to the energy argument. The 
perturbation potential temperature is in phase 
with the perturbation horizontal velocity in the 
shear layer. The pressure gradient force is able to 
explain the acceleration and deceleration of air 
parcels. Above (below) the critical level, the diver- 
gence (convergence) of the vertical momentum flux 
and positive (negative) U implies that the perturba- 
tion wave energy is increased. In addition, the 
basic flow is decreased above the critical level, 
while it is increased below the critical level. Thus, 
the shear instability tends to smooth the shear 
layer. The upshear phase tilt of the updraft, flow 
overturning and front-to-rear flow in the lower 
layer often associated with midlatitude squall lines 
are captured by the model if one regards the 
propagation of a midlatitude squall line as a deep 
tropospheric internal gravity wave in a CISK-like 
process (Raymond, 1984; Cram et al., 1992). 

Following the energy argument, a downshear 
tilt of updrafts is produced in an unstably stratified 
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flow since the p e r t u r b a t i o n  wave energy  is nega- 
tive. The  wave energy  budget  indicates tha t  the 

d i s tu rbance  is caused m o r e  by a the rmal  instabi-  
lity modif ied  by  a shear  flow since the po ten t ia l  
energy grows faster than  the kinetic energy. H o w -  
ever, the d i s tu rbance  appears  to be more  inertial  
than  the rma l  in type  since the pe r t u rba t i o n s  are 
s t rongly  concen t r a t ed  a r o u n d  the level of  inflec- 
t ion point,  This  implies tha t  the thermal  instabil i ty 
develops  faster  in a shear  flow than  that  in a 
un i fo rm flow. In addi t ion,  a r o t o r  is present  at the 
critical level in between the updraf t  and downdraf t ,  
which appears  to be associated with the interfacial  
vor tex  sheet. 

It  is i m p o r t a n t  to not ice  tha t  the present  result  

c a n n o t  be appl ied direct ly  to a mois t  convect ive  
system since a convect ive  system derives the 
ma jo r i t y  of  its kinet ic  energy f rom ei ther  po ten t ia l  
or  la tent  energy. Howeve r ,  this kind of  process  
ma y  play an i m p o r t a n t  role in the initial stage of 
the life cycle of mid la t i tude  squall lines. 
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