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Abstract

In this article, we study the zeros of ((o¢ + s) £ ((0p — s) for a fixed oy € R. We
give a complete description where the zeros of the function are, except for % <o < %.
It turns out that the behavior of zeros of the function with oy < % is very different from
that of the function with oy > %. Roughly speaking, zeros of the function for oy < %
tend to be located on the imaginary axis or the real axis. On the other hand, almost all
zeros of the functions for og > % are arbitrarily close to Re (s) = £ (00 — %) and there
are fewer zeros in any strip which does not contain these axes. We have the analogues for
the function ((ag + s) + a{(og — ) (09 > 2 and |a| = 1; 09 > 3 and |a| # 0, 1).

1 Introduction

We denote ((s) by the Riemann zeta function. J. Mozer [19] showed that for oy > %, there
often exist zeros of Re ( (oo + it) — 1 and Im ((og + it) in the real line. We fix a real number
0o. Throughout our paper, we denote H (0, s) by

H(og,8) = (004 8) + (09 — s) or ((og+s)— (00— ).

We have H (o, it) = 2Re ((og + it) or 2ilm (oo + it). In this article, we further investigate
the behavior of zeros of H (0, s) in the whole complex plane.

*This work was supported by the Korea Science and Engineering Foundation (KOSEF) grant funded by the
Korea government(MOST) (No. R01-2007-000-20018-0).



Let H(s) be a function. Let o, 01, and o9 be in (—00, 00). For H(s), we define the zero
counting functions N(T'), No(T'), N(o,T) and N(o1,09,T):
N(T) = the number of zeros of H(s) with0 < Ims < T,
No(T) = the number of zeros of H(s) with 0 < Ims < 7 and Re s = 0,
N(o,T) = the number of zeros of H(s) with0 <Ims < 7 and o < Res,
N (T) = N(O,T) + No(T) /2
N(oy,09,T) = the number of zeros of H(s) with 0 < Ims < 7" and
o1 < Res < oy.

Here, zeros are counted with multiplicities.

M. Z. Garaev [7] investigated the number of zeros of H(oy, s) in a given region, due to
the suggestion of A. A. Karatsuba. In [7], he showed the following theorems.

Theorem A (Garaev). For any oq < % there exists ¢ = c(oy) > 0 such that for H(oy, s), we
have

T T
N(T) = —~ logﬁ + O(logT)

and

T T ~
No(T) > —log — — N(1 — 00, T) — clogT
™ 2me

as T — oo, where N(1 — 0y, T) is the number of zeros of ((s) with 0 < Ims < T and
1 — 09 < Res. In particular, there is a constant ¢, < 1 such that as T' — oo, we have

No(T) = glog 2171'6 +O(T).

Theorem B (Garaev). Let % < 09 < 1. For H(0y, s), as T — oo, we have

T < No(T) < TlogT.
Let o9 > 1. As T — o0, we have

T < No(T) < TlogT
for {(og + s) — ((0¢ — s). For o close to 1, the same holds for ((o¢ + s) + ((0o — $).

J. B. Conrey showed (subject to a conjecture) in his unpublished paper [5] that the zeros of

((s) and the “Gram-points”, well-known from the literature on calculations related to the zeros

of {(s), are connected via the curves Re {(s) = 0 and Im ((s) = 0. In particular, concerning
Theorem A, J. B. Conrey [5] demonstrated that for H (oy, s) with a fixed 0y < —3, we have

as T' — oo and the zeros of Re ((o + it) are interlaced with the zeros of Im ((oq + it).

The Riemann zeta function has trivial zeros at s = —2, —4, —6,.... Similarly, we can
expect that there are trivial zeros for the function H (0y, s). In fact, M. Z. Garaev [7] proved



Theorem C (Garaev). Let o be a real number. There exists My = M;(0o) > 0 such that all
zeros of H(oy, s) in |Re s| > M are real and exactly one in each interval (2n — 1+ 0¢, 2n +
1+ 00).

In Theorem A, M. Z. Garaev obtained the full quota of zeros of H(0p, s) in0 <Ims < T.
Is it true that all complex zeros of H (oy, s) with oy < % are on Re s = 07

Theorem C says that we know the behavior of zeros of H (o, s) as |Re s| — co. Immedi-
ate questions for this matter are:

Can we have a precise information of real zeros of the function in a given strip &« < Re s <
[ and are there any exceptional complex zeros in the region?

Concerning Theorem B, it is interesting to know more precise information of zeros of
H (0y, s) for the case o > 3. For instance, does the function H(oy, s) (0¢ > 3) have the sim-
ilar behavior of zeros as the function H(oy, s) (0¢g < %)? In fact, M. Z. Garaev [7] proposed a
problem as follows.

Problem . Is it true that for any 0y, + < 0o < 1, the inequality for H (o, s)
No(T) > To(T) (T — o0)

holds for some real-valued function ¢(t) with ¢(t) — oo ast — o0 ?

In this article, we disprove this problem for the case, oy > %. Furthermore, we shall
discuss the behavior of zeros of H(oy, s) near Res = oy — %, for the case o9 > % It turns
out that for oy > 2, almost all complex zeros of H (o, s) are arbitrarily close to Res =
+ (00 — %) We also complement and strengthen M. Z. Garaev’s result for the case oy < %
One of interesting results is that there are one pair of exceptional conjugate complex zeros
near the real axis in the left half-plane and by symmetry of zeros around the imaginary axis,

one pair of exceptional conjugate complex zeros in the right half-plane, as g — —o0.

First, we state our results for the case oy < %

Theorem 1. We have the following.

(D) Ifog < %, then all but finitely many complex zeros of H(oy, s) are on Re s = 0 provided
that ((s) has only finitely many complex zeros in Re s < oy,

(2) If 09 < 0, then all but finitely many complex zeros of H (o, s) are onRe s = 0.
(3)If 0 < 0¢ < 3, then H(0y, s) has only finitely many complex zeros in |Re s| > %
Theorem 1 roughly describes the behavior of zeros of H (o, s) when oy < % With careful

considerations of H (oy, s), we are able to prove finer results about the distribution of zeros of
the function. In order to introduce them, we need the following.



For each positive integer n, we define S;(n), Sa(n), S3(n) and Sy(n) by
Sin)={0<n<1/2:{(—4n —x

)+ ((x —2n) < 0forsome 2n+ 1 <z < 2},
So(n) ={1/2<n<1:{(—4n—z)+

)_

)_

( )

(x —2n) < 0forsome 2 < z < 2n+ 1},
(x —2n) > 0 for some 2n + 1 < x < 4},
(x —2n) > 0forsome 4 < z < 2n+ 1}.

S3(n) ={1<n<3/2:((—4n —x

Si(n) ={3/2<n<2:((—4n—=z
Theorem 2. Let 0g > 8.5. Let ng and ng be such that ng is a positive integer, oo = 2ngy + 19
and 0 < 1y < 2. We set

¢
¢
¢
¢

m =supSi(ng), 12 =infSy(ng), 13 =supSs(ng) and ny = inf Sy(no).

Then we have the following,

Mo <m < % <M <1 < my < % < ny < 2 and more precisely |h — n;| <
VT(2m) 2020 (4ng + 2.8)72 for k = 1,2,3,4, where h = 1 for k = 1,2 and otherwise
ho=3;

2’

(2) all zeros of ((—oo+5)+((—0o—s) are either simple and on the real line or on Re s = 0 for
any 1o satisfying 0 < ng < ny orny < 1o < 2, and the same holds for ((—og+s) —((—o¢— )
with {'(—o¢) # 0 and any n satisfying 0 < ng < nz orny < no < 2;

(3) as in (2), the same statement holds for ((—oo + s) + ((—a¢ — s) with ng = 11, 12, except
one double zero in Res < 0 (by symmetry of zeros around the imaginary axis, one double
zero in Re s > 0), and the same holds for ((—o¢ + s) — ((—0g — ) with ng = 13, N4,

(4) as in (2), the same statement holds for ((—o + s) + ((—o — s) with ny satisfying 11 <
Mo < 7)o, except for one pair of conjugate complex zeros near Res = —oy — 1 inRes < 0
(by symmetry of zeros around the imaginary axis, one pair of conjugate complex zeros in
Re s > 0), and the same holds for ((—oy + s) — ((—og — s) with ng satisfying n3 < 1o < 4.

In Theorem 2 (4), we have exceptional zeros, i.e., one pair of conjugate complex zeros in
Re s < 0 (by symmetry of zeros around the imaginary axis, also in Re s > 0). For particular
09, these two exceptional zeros occur because the Riemann zeta function has a simple pole at
s = 1. We note that these exceptional zeros are extremely close to the real axis and in fact,
they go to the real axis very quickly as those particular —o(’s in (4) tend to —oco.

Theorem 3. We have the following.

(1) Let oy < % Then, all zeros of H(0y, s) in |Im s| > 100 are on Re s = 0 provided that ((s)
inRe s < o9 and Im s # 0 has no zeros.

(2) The Riemann hypothesis holds if and only if for any oy < % all zeros of H(og, s) in
[Im s| > 100 are on Re s = 0.

The author developed some methods in proving similar results as Theorems 1-3. For these
methods and the results, we refer to [11]—-[14]. Together with some other necessary facts, by
virtue of the methods as in the papers, we will be enable to prove Theorems 1-3.



Remark. Theorem 1 or 3 implies that under the Riemann hypothesis, all but finitely many
complex zeros of H(oy,s) are on Res = 0 for any 0 < 0y < % On the other hand, we
numerically observe the location of zeros of the function for —8.5 < 0y < % According to
our numerical computations, the function H (oo, s) for some 0 < 0o < £ in 0 < Ims < 10
and 0 < Re s < 10 has complex zeros that are different from the exceptional zeros in Theorem
2 (4). The same phenomenon occurs for the function H (o, s) with some —8.5 < gy < 0.

For op < % we have seen that the complex zeros of H (o, s) tend to lie on Re s = 0. For
instance, all complex zeros of ((s) + ((—s) in |[Im s| > 100 are on Re s = 0. However, this
phenomenon for the function H (o, s) with o > % does not appear anymore. We expect that
the complex zeros of the function for oy > 1 tend to lie on Re s = + (09 — 1), because we
have

H (oo, s) = ((200 — 1/2 +it) £ ((1/2 — it) (s=00—1/2+1it, 200 —1/2 > 1/2)

so that the function H (o, s) on s = 0y — 1/2 + it is dominated by the function {(1/2 — it),
and by symmetry of zeros around the imaginary axis, we have the same situation at —o( + %
It turns out that the behavior of complex zeros of H (o, s) is closely related to that of zeros
of ((s) — a (a # 0). We introduce results for the distribution of zeros of ((s) — a. For the
behavior of zeros of the function in vertical strips, Borchsenius and Jessen [4, Theorem 14]
showed the following.

Theorem D (Borchsenius and Jessen). Let a be any nonzero constant. Let o1 and oy be such
that% < 01 < 09. For ((s) — a, we have

N(O’l,O'Q,T) = h(Ul,O'Q)T -+ O(T)

as T — oo, where h(oy,09) is a constant depending on a, oy and os.

Concerning Theorem D, we refer to [2], in which Bohr and Jessen investigated the be-
havior of zeros of the function log ((s) — a in vertical strips and proved interesting theorems
including the analogue of Theorem D. We note that Borchsenius and Jessen [4] rounded off
the study on zeros in vertical strips of the functions ((s) — a and log {(s) — a in the half-plane
o> 1.

In the region 0 < Im s < 7', the number of zeros of ((s) — a is
T
—logT + O,(T).
5108 T + Ou(T)

Thus, by Theorem D, we know that almost all zeros of ((s) — a are arbitrarily close to Re s =
%. A basic problem for the behavior of zeros of this function related to the Riemann hypothesis
is how close to Re s = % the zeros of ((s) — a lie. The best known result about this matter was
done by Selberg [20]. Also, see [10]. Namely, he obtained the behavior of zeros of ((s) — a
arbitrarily close to Re s = % as follows.



Theorem E (Selberg). Let a be any nonzero constant. Let ¢(t) be a real valued function such
that
¢(t) — oo, () =0 (ast — o0),

where ol
w@:¢@i%oﬂ‘
gt

Let 3, + 1, denote zeros of ((s) — a. As T — oo, we have

2. (ﬁa_1>= L1\ loglog T + O(T);

3
472

2. 10 <T£?§>T) ;

Originally, under the Riemann hypothesis, a kind of Theorem E was demonstrated by Bohr
and Landau [3]. Also, Levinson [16] proved a weaker version of Theorem E.

Based on Theorems D and E, we naturally define H(s; 0g, a) by
C(o0 + )+ al(og — ) (00 €ER; 0#£a €C).

Then, the function H (o9, s) is H(s; 09, 1) or H(s; 09, —1).

We have some precise results for the function H (o, s) with oy < % However, the be-
havior of zeros of H(s;0q,a) with oy < % and a # —1,1 is less interesting, because in this
case, we do not have precise results anymore as the function H(og, s). On the other hand,
applying the same methods as in the proof of Theorem 1 and the method in [21, p. 230], we

can demonstrate similar results as in Theorem 1.

Theorem 4. Let a be a nonzero complex number and let 6 > 0. Then, we have the following.

(1) If og < %, then all but finitely many complex zeros of H(s;09,a) are in |[Res| < §,

provided that ((s) has only finitely many complex zeros in Re s < oy,.
(2) If o¢ < 0, then all but finitely many complex zeros of H(oy, s) are on |Re s| < 4.
B3)If0< oy < % then H (o, s) has only finitely many complex zeros in |Re s| > %

(4) If 09 < 3, then the number of zeros of H(s;00,a) in |Res| > § and 0 < Ims < T is
Os(T).



We omit the proof of Theorem 4.

For o9 > % we will have analogues of Theorems D and E for the function H(s; 0y, a)
with @ # 0. In order to investigate the behavior of zeros of H (s; 0y, a) for the case, we state
one basic theorem concerning the sum of distances from a given axis Re s = « to zeros in
Res > aand 0 < Ims < T'. We note that the theorem follows from Littlewood’s lemma. For
convenience, we define L,, ,(7', o) by

T
Loy o(T,0) = / log |a *H (0 + it; 09, a)|dt
0

for og,0 € Rand 0 # a € C.

Theorem 5. Let a # 0 and oy > % Let 3 + iy denote zeros of H(s;0¢,a). AsT — oo, we
have

(1) N(T) = L log 21 + O(log T):

™ e

@ 2w Y (B-o)= (ao L a) Tlog 5+ O(08T) + Lyya(T, 0);

2
0<y<T
B>0
T T
N (T) = — log — log T =1):
) 5(1) = o o+ O(log ) (Ja] = 1)
. T T -
(4) Ng(T) = 5=log 5— + O(log T) = N(09,T)  (la| #0,1),
2 2me

where the implied constant in 'O’ does not depend on T, N (00, T) is the number of zeros of
((s)inRes > oygand 0 <Ims < T, and the signin (4) is + if 0 < |a| < 1, and — if |a|] > 1.

Theorem 5 (2) is useful to understand the behavior of zeros of H(s; 0y, a), although the
proof of this theorem follows immediately from Littlewood’s lemma. We will apply this
theorem to investigate the distribution of zeros of H(s; 0, a). It turns out that Theorem 5
works well in knowing the location of zeros of H (s; 0, a) for the case oy > % and a # 0.

The crucial point for the proof of Theorem E using Littlewood’s lemma is

T
/ log|C(1/2 + it) —a|dt = %T\/loglogT—l— o(T)
0 m

as T'" — oo. For the detailed proof of this, see [20] or [10]. In order to investigate zeros of
H (s; 09, a) for the case oy > %, an analogue of the above formula will be required.



Theorem 6. Let 0 > % and let a be any nonzero complex number. Define f(s) by

f(s) =¢(s) +al(o = 1/2+s) or ((s) +a((1/2+0 ).

As T — oo, we have

/Tlog |f(1/2 +it)|dt = #T\/loglogT—l— o(T).
0 7r

For the proof of Theorem 6, we will adjust the proof of Selberg’s theorem in [20] or [10].
In particular, see the argument in [10, pp. 155-157] that was done by H. L. Montgomery. We
note that Theorem 6 is valid unconditionally. In fact, we need a careful treatment of zeros of
((0+ s)and ((1 + o — s) in justifying Theorem 6 without the Riemann hypothesis.

Theorem 7. We assume that oq > %

(1) Let 01 and o9 be such that —oy + % <01 L0y < 09— % If og > % and |a| = 1, then for
H(s; 00, a), we have
N(oy,09,T) =O(T)

as T — oo, where the implied constant in ‘O’ does not depend on T..
(2) If 09 > 5 and |a| # 0, 1, then the same holds for H(s; 0, a).
(3)If oo > 1 and a # 0, then for H (s; 09, a), we have

N(oy,02,T) = h(oy,09)T + o(T)
as T — oo, where %(01, 09) is a constant depending on a, o1 and 0.

4) Let 01 > 0y — % Then, there exists a constant 0 < 1 such that for H(s; 0o, a) with a # 0,
as T — oo, we have

N(o1,T) = O (T‘7> . N(—00,—01,T) = O (Tg) ,
N(o1,T) =0(1), N(—o0,—01,T) = 0(1) (09 — 01 <0).

Thus, Theorem 7 disproves Garaev’s problem for the function H (o, s) with % <og <l

Assuming the Riemann hypothesis, we immediately have ‘O(1)’ in place of ‘O (T) in
Theorem 7 (4). On the other hand, our unconditional result requires a more complicated
argument. Namely, for the proof of Theorem 7 (4), we mimic some parts of the proof of
Theorem 6 together with necessary properties of ((s). In order to show Theorem 7 (1)—(3),
we adopted Borchsenius and Jessen’s argument [4]. In section 2, we shall use their methods
and theorems for our purpose.



Theorem 8. Let oy > % and a € Cwith a # 0. Let ¢(t) be a real valued function such that
¢(t) » o0,  Y(t) =0  (ast— o0),
where

o(t)+/loglogt

() = logt

Let 3 + i7y denote zeros of H(s;09,a). As T — oo, we have

Z (ﬂ - (00 - %)) :47ng T/loglogT + O(T);
0<y<T

B>00—3%
1 1
Z <ﬁ+(ag——)> =— —T/loglogT + O(T);
2 472
0<y<T
5<*Uo+%

TlogT
Y 1-0 (_7%)
0<y<T ¢( )
|8]>00—3+¢(T)

Theorem 8 says that for any o > 3, there exist a chunk of zeros in Res > oy — 3,

provably the number of zeros of H(s;09,a) in Res > gy — % and 0 < Ims < 7' 1s not less
than % log T

Theorem 9. Let 0y > 2, a € C with |a| = 1 and let 1)(t) be as in Theorem 8. In addition, we
suppose
¢(t)

log logt

—

ast — oo. As T — oo, we have

> 1=£10gT—I—O

21
0<y<T
|3—(00—3)|<w(T)

(res o)

The same formula with ‘|ﬁ + (00 — %)‘ < (T)’ in place of “ﬁ — (00 — %)| < (T)’ holds.
In particular, almost all complex zeros of H(s; 0q,a) are arbitrarily close to + (00 — %) If
0o > 1 and |a| # 0,1, the same formulas hold for H (s; 0y, a).

According to Theorems 7, 8 and 9, we now see that the behavior of zeros of H(s; 0, a)
for op > % is much the same as that for ((s) — a with a # 0.

We remark that for H (s; 09, a) with 1 < 09 < 2 and |a| = 1, we expect the similar results
as in Theorems 7 and 9. For instance, we speculate that for H(s; 0, a) with % <o < % and
la| =1,

N(oy,00,T) = O(T) (—oo+1/2< 01 <09 <09—1/2)
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as T' — oo. If this is valid, then we can prove the same result as in Theorem 9 for the case
< 09 < 2 and |a| = 1. Furthermore, as Theorem E, we expect that for H (s; 09, a) with
<op<landa #0,

SN

N(o1,09,T) = h(o1,0)T +o(T) (=09 +1/2< 01 <03 <09 —1/2)
as T — oo, where ﬁ(al, 09) is a constant depending on a, o and 0.

This paper is organized as follows. In section 2, we will introduce some known results and
demonstrate necessary facts in proving our theorems. In section 3, we shall prove Theorems
1-3. In section 4, we shall prove Theorems 5 and 6 by virtue of Littlewood’s lemma in [21, p.
220] and a modified argument of the proof of Selberg’s theorem in [20] or [10]. In section 5,
applying Theorems 5 and 6, we will demonstrate Theorems 7-9.

2 Preliminaries

In this section, we state some known results for convenience and also we prove necessary
facts for our purposes.

Proposition 2.1. We denote the Riemann &-function &(s) by

o) = Mty

We have the following:
(1) All zeros of (s) are on 0 < Res < 1.
(2) &(s) =&(1 —s).
(3) ((s) = x(s)¢(L — s), where x(s) = 2°7* ' sin §sT'(1 — s).

“4)

or

£(s) = %ebos 11 (1 - f) er.

p

Here, p runs through all zeros of ((s) in0 < Res < 1, b =log2r — 1 — %, bp=0— %log T,

1 _ G 1 1 - ,
Zp Re s =3+ +1— ;logdm, and Zp e < 0%, where Cy is Euler’s constant.

For Proposition 2.1 (1)-(3), see [21, p. 30, p. 45, (2.1.13) and Theorem 2.1] or [18,
Theorem 6.6, Corollary 10.3, Corollary 10.4 and Theorem 10.12]. For Proposition 2.1 (4),
see [21,30-31] and [18, pp. 348-349].



Proposition 2.2. Let ¢ > 0. Let s = o + it. Then, we have

((s) =0 (ItF57) (0<o<1);  s) =0 (|tF") (o <0)

11

ﬁszﬂ(M“i) (0 < a < 0) xw+ujz<%§TM%emﬂD(“+O(%)>

in any fixed strip o < 0 < fast — oo.

For Proposition 2.2, we refer to [21, pp. 95-96 and p. 78].
Proposition 2.3. We have

IC(o+it)| <2t (0 =1/2,t>4).

Proof of Proposition 2.3. In [21, p. 49], we recall

xstl s—1 2

N
1 ®©[z] —z+ 2 Ni=s 1
:Z—+s/[ 2 dx + ——-N"* (Res>0,Ims>1).
—n° N

Taking N = [t], we readily show Proposition 2.3.

Proposition 2.4. For s with |args| < m —eand 0 < € < 7, we have

1 1 ©p_[y] =1L
(1) log['(s) = (3_5) 10g3—8+510g27r—/ x — [z] 2 1r.
0

For s with | arg s| < m, we have

1 1 1 — n
2 logI'(s) = — =1 — —log 2 - 1 1
(2)  logT(s) (s 2) ogs — s+ log W+2;(n+1)(n+2>g(n+ s+ 1),

where

For any s € C, we have

1 d S s
: R [
(3) o) se 71_[1 + S)e
where Cy is Euler’s constant. We have
F(O’l +Zt2) F(O'l +Zt1)
4 < , 01 < 09,0921, |t o], t1,t2 € R).
(4) ['(og + its) (o9 + ity) (o 202 2 1 | <ttt )
Similarly, we have
(0'1 + Ztg) (0'1 + Ztl)
(5) :
F((TQ —{-ZtQ) (02 +Zt1)
forn €Z,n—1 =01 <0 L <oy [t1] < to to € R.
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Proof of Proposition 2.4. For Proposition 2.4 (1), see [15, p. 405]. For Proposition 2.4 (2),

see [6, p. 48]. For Proposition 2.4 (3), see [15, p. 396 ] or [18, p. 520].

For the proof of Proposition 2.4 (4), we use (3). We may assume 0 <
nonnegative integer n such that 0 < o1 + n < 09. Then we have

‘F((H +it2) - 1 F(gl +n+it2)

(o +it2) Ho<k<n(‘71 + k+ity) T(og+its)
< 1 T(oy +n + ity)
S Mlochen(or + E+ity)  T(oy+its)

t1 < ty. Choose a

for 0 < t; < 9. Thus it suffices to show (4) for 0 < o; < 09 and 05 > 1. By (3) and the fact

that
b+ 13 <b+t§

a+t3 " a+t?

(0<a<b 0<t <ty),

we have

e - i =

‘F(O’l + Ztg) 2

_U% +t% 20() 0'2 1) (02 +n) +t2 2%
(

F(O’Q—l—itg) _0%4—152 el 01+n) +t2
<02 + 17 2C0(02-01 ﬁ(02+n) + 13 o270
o—1+t2 2% (o1 4+ n)? +t2
o F(01+Zt1)
F(O’Q—f—itl)

This proves (4). Similarly, we prove (5). We are done.

Proposition 2.5. We have the following.

(1) ((s) has simple trivial zeros —2, —4,—6, ... only inRe s < 0;

By,

(2) (I —=2n) = (-1)"~

=1,2,3,...
2n (n ? = )

where B, By, Bs... are Bernoulli’s numbers;

(3) IC(1 = 2n +it)| > |((—0o + it)] (—2n+2< —-0<-1,n=38,9,..

(4)  |[C(1 —=2n+1dt)] > |((—0 + it)| (—2n+2< —-0<05,n=28,9,...,

(5) (=20 —1/2)| > [((~0)]  (~14< —0 <04, n=8,9...);

(6) C(=2n — 1) > [((—0)|  (~14< —0<0.5,n=809..);

(7) IC(=2n —z)| > |¢((—2n + 2 — )| (n=4,5,...,0< 2 <2).

D;

t > 10);
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Proof of Proposition 2.5. For Proposition 2.5 (1), (2), see [21, p. 19 and p. 30].

We justify Proposition 2.5 (3). By virtue of Proposition 2.1 (3), Proposition 2.4 (1), (4)
and the fact that

sin 5 (—o +it) <
sin Z (1 — 2n +it) ’

we have
((—o +it) I'(1+ o0 —it) C1+U—zt)
log | ——=| <(2n—0 — 1) log?2 log | ———+= —
8|1 Zan | S0 Dlog2r+log F(2 —it) on — it)
F 6(2)
<(2n — o —1)log 27 + log ‘ —
( ) on) o)
co+1 1
<—(2n—0—1)log — 1 —.
(2n—o )og +0 g — 5
Define h(o, n) by
h(o,n) = —(2 Dlog - 4 olog ZHL 4 1
o,n)=—2n—o0—1)log— +olo —=.
’ gwe & on 2
We will show that h(o,n) < 0forn > 8and 1 < o < 2n — 2. Forn > 9, we have
co+1 1 2n—1 1 n—1 1
1 -—<(2n—2)1 - < — = :
h(o,n) < olog +3 (2n — 2) log 5 13 - +2<O
For n = &, we have | .
(h(o,n))" = + > 0.

c+1 (o+1)
We check the values of h(o, 8) at the endpoints 1, 14:
8 1 1 8 15 1
h(1,8) = —14log — tlogg +5<0; h(14,8) = —log — + 14log 72 + 5 < 0.

Namely, we get h(o,8) < 0 for 1 < o < 14. So, we conclude that h(o,n) < 0 forn > 8 and
1 <0 < 2n — 2. Thus we obtain

log

((—o +it) ’
C(1 —2n +1it)

We prove (4). By (3), it suffice to prove (4) for —1 < —o < 0.5. By Proposition 2.3 and
Proposition 2.4 (4), we have

((—o +it)

‘ ' ‘g(%)ls_a F(U—i—l—i-zt' ¢(1 +a+jt)‘
(1 —2n+1t) I'(16 + it ¢(16 + 1t)
(2m)155 2t o+ 1+it)
70.9999 (15 +it) ... (2 +it)] ’ ['(2+it) ‘
LY20emr 15
0.9999 15! ¢4

<1
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fort > 10,n > 8 and —1 < —o < 0.5. This justifies (4).
We prove (5). Using Proposition 2.1 (3), we have

'g(—zm —1/2) ' e T'(2m + 3/2) C(2m + 3/2)
C(—2n—1/2) I'(2n +3/2) ((2n+ 3/2)
< (2—”) o ¢(2m + 3/2)
S\ 2m +3/2
<1

for positive integers m, n with n. > m > 3. Thus, (5) follows from (3), because we have

|¢(—16.5)| > ((—15) and |¢(0.4)/((—16.5)| <1 (-1 < -0 <1/2).

Similarly, we prove (6) and (7).
We complete the proof of Proposition 2.5. [

Proposition 2.6. Let 0 < o < 3 < o01. Let f(s) be an analytic function, real for real s,
regular for o > « exceptat s = oy +2nm (n=1,2,3,...); let

Re f(o1 +it)| =m >0and |f(c" +it')| < My, (0) 20,1 <t < 1).
Then if T is not the ordinate of a zero of f(s),

. m I
‘al"g f(U + ZT)‘ < lOg[(O'l _ a)/<0_1 _ ﬁ)] (log Ma,TJr? + 10g E) + 57‘&'

foro > f.

As in the proof of the lemma in [21, p. 213], we can justify Proposition 2.6.

Proposition 2.7. Let o > L. For ((s), as T — oo, we have
N(T,o) =0 (17,

where 0 is an absolute constant strictly less than 1.

For Proposition 2.7, see [21, pp. 232-245, 252-253].

Proposition 2.8. As T" — oo, we have

T N2 . . 1
/1 I¢(o +it)] dt—O(Tmln (logT,U_1/2)) (1/2<0<2),

/0 log|C(0 + i)|dt = o(T) (0> 1/2).
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For Proposition 2.8, we refer to [21, Theorem 7.2 (A)] for the first statement and we can
immediately prove the second one using Proposition 2.7 and Theorem 9.15 in [21].

Proposition 2.9. We let log™ z = max(0,log ) and log~ z = min(0,log ) for x > 0. As
T — oo, we have

T
t/ﬁlog+|(0/2—%iﬂ|dt::—;L—Tk/k@ﬂog7j+—CKTU. @1
0 2/

For Proposition 2.9, see [20, p. 55] or [10, p. 155].

Proposition 2.10. Without any hypothesis, we have

C/ B Ax(n) $2(1_5) — pl-s
Z(S) a Z ns + (1—8)210g:1:+

o0

1 205 _ p—2(2q+s) 1 P — 12(p—s)
> T logs 2 e
log po (2 +s) log x ~ (s —p)
where the p runs through all zeros of ((s) inRe s > 0 and
A(n) log(£
A(n)=A(n)  (1<n<a), -i%ﬁﬁﬁ (x <n <22
ogx

For Proposition 2.10, see [21, Theorem 14.20] or [18, p. 433].

We introduce results of mean motions in [4]. Suppose that p > 0 and that f(s), fi(s),
fa(s), ... are functions defined in the half strip &« < 0 < 3, ¢t > 0. Then, we say that f,(s)
converges in the mean with index p, towards f(s) in [«, 5] if

1 (T b
limsupf/ / |f(o+it) — fu.(o+it)|[Pdodt — 0 (n — o00),
0 ay

T—o0
for any reduced strip (o <)oy < o < G1(< ().

V. Borchsenius and B. Jessen [4, Theorem 1] proved

Proposition 2.11. Let —0o < a < ap < fy < f < 0o, t = 0and let f1(s), f2(s), ... be
a sequence of functions almost periodic in |a, 3] converging uniformly in [ay, Bo] towards a
function f(s), which is then almost periodic in [ay, (). Suppose that none of the functions
is identically zero. Suppose further that f(s) may be continued as a regular function in the
half-strip o < o < 3, t > 0, and that f,(s) converges in mean with an index p > 0 towards
f(s) in [, B]. Then, the Jensen function

1 /7
p(o) = lim —/ log | f(o + it)|dt
T Jy

T—o00
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exists uniformly in |« (3], i.e. the function

T
oo T) = 7 / log | (0 + it)|dt

converges for T — oo uniformly in [«, 3] towards a limit function o(o). The Jensen function
©n(0) of fn(s) converges for n — oo uniformly in [« 5] towards p(o). For f(s), we have

/ 0
lim inf N<017 02, T) >90 (02 O) ¥ (01 + 0) .

T—00 T - o ’
lim sup N(oy,09,T) g<p’(<72 +0)—¢'(01 —0)
T—o0 T 271'

as T — oo, where ¢’ (0 — 0) and ¢’ (0 + 0) denote the left and right derivatives of p(o).

For the earlier version of Proposition 2.11, we refer to [8].

T denotes R/Z. Let p; be the jth prime number (j = 1,2,3,...). For oy, 0o > %,

we define (' (01;05,...,0%), Cu(o2;01,...,0,) and (o (o1, 00565, ..., 0%, 61, ...,6,) from
T™, T, T™" to C by

(o107, ...

m
—01 27r19*
=110 ok

]:
n

1
Cn(02;91,..., H 02 2mek) :

—

k=1
Cmm (01,0007, ...,00,,01,...,0,) =C (01,07,...,0,) - Cu(o2,01,...,0n).
Let 1y, »,» fin,oy a0d [l o, o, denote distribution functions of ¢ (01507, ..., 05,), Cu(02; 01,
. 0n) and (o (01, 02507, ..., 6%, 601, ...,0,) defined by

Finoy (B) = [0 (E)|, fino,(E) = [Q2(E)], fimner.e.(E) = [Qa(E)],

where ‘| A|” means the Lebesgue measure of a subset of T, T™ or T”*" and for an arbitrary
Borel set £'in C,

N (E)={0],...,0:,) €T (01;07,...,05) € E},

QQ(E) :{(91, Ce ,Hn) € T : Cn(O-Z; ‘91, Ce ,Hn) S E},

Qs3(E) ={(67,...,05,,01,...,0,) € T : Cun(or, 00,05, ...,0%,61,...,0,) € E}.

YV m?

We call F'(z) the density of a distribution function x on C if

for any Borel set £ in C.
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We define (,(s) (n =1,2,3,...) by

Gls)= [T =»)"

where p runs through all primes < p,.

Proposition 2.12. Let 01, 09 > % The distribution functions iy, ,., finc, AN [l n.0,0, GT€

absolutely continuous with continuous densities F, , (), Fy, 4,(x) and F, 56, .0,(x). The
distribution functions [iy, , , lino, AN [l .0y 0, CONVErge for m — oo and n — oo towards
distributions ﬁ;l Loy AN [Uy, o, -, Which are absolutely continuous with continuous densities

ﬁ;l (x), F,,(z) and ﬁmﬂhm(:v) which are zero for x = 0. For absolute constants Ko, A > 0,
we have

B (@)

Foo, (z)

)

Fr, (@),

- _ o 2
Fmvnvgl’aé (x)‘ Y ‘Fm,al,az (:C)’ < ZS 06 )\(log|x‘) .
For a € C, the Jensen function

C(O‘Q + Zt)

1 T
m 9 - 1 p— 1 -
2 (Ul 0-2) m A og gm(o_l — Zt)

T—oo 1’

a‘ dt

exists and
Spm(gla 02) = O(1>7

where the implied constant in 'O’ depends only on o1 and os.

We remark that Proposition 2.12 does not follow from theorems in [4] directly, because we
have the extra function ¢}, (o1; 67, ..., 0%,) in Gun(o1, 02,05, ...,0%,,01,...,0,). Fortunately,

all techniques in [4] work well for Proposition 2.12. Concerning this proposition, we also
refer to [9].

Proof of Proposition 2.12. We follow the methods as in Theorems 5, 6, 11 and 12 [4]. Let
Py Moy @0 [l 5y o, denote distribution functions of log ¢ (o307, ...,0%), log Cu(o9;
b1,...,0,) and log (01, 09; 0%, ...,0%,61,....6,). By Theorems 5, 6 in [4], we have the
following.

The distribution functions Honoys Moy @0t oy oy re for m,n > 11 absolutely contin-
uous with continuous densities F, , (), Fy,5,(x) and Fy;, 1, 5,.0,(x). Also, the distribution
functions (i, .5 fn.oy a0d [y .0y 0, cONVerge form — oo and n — oo towards distribution
functions i, flo, and piy, o, 5, (M = 11) which are absolutely continuous with continuous
densities F} (x), Fy,(x) and F,, ,(x). For absolute constants K,, A > 0, we have

|Ero ()] [F (@] [P (@) [ Foa(@)] [ Frnnion o (2)] < Koe 0 (2.2)
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One crucial fact is that by the equation (65) in [4, p. 145], we have

Frinoro(T) = /(CF;z,al (2 — u)dpin,q (u)
for sufficiently large m, n. Using this and (2.2), we have
[Frnnon(2)] < Kge 1T (2.3)

-l( )y )\ > “’ we get orem 12 m 4| I{)I‘ absOIUte con
‘1 m,01,02 ([L')’ < KO —)\(log|ac\)2‘

As in the proof of Theorems 12 and 14 in [4], we have all requirements of Proposition 2.12,
except for

QD(O'l, 0'2) = O(l)
As in the equation (88) in [4], we write

p(o1,09) = / log |u — a|]*~jm701’02(u)du.
C

Then, we have
o o o0 ~ 2
(o1, 02)] < Ko/ / log |21 + iz — a|e_’\<1°g(x%+x§)> dzridzy = O(1).

Hence, we complete the proof of Proposition 2.12. [

Finally, we need the following.

Proposition 2.13. Let 0y > 1 and 0 # a € C. Then, the Jensen function

T—oo

1 /T
o(o) = lim T/ log |H (0 + it; 09, a)| dt
0

exists and is differentiable for —oy + % <o <og— %

Proof of Proposition 2.13. We fix g > 1 and a # 0. It suffices to show the proposition for
—00+ 3 < 0 < 0. Itis known that ¢, (s) converges in mean with the index 2 towards ((s) in
[3, 00]. For the proof of this, apply a result in [1, pp. 163-169]. We put

((oo +5) _ Galoo+9)
((o0 — 3) Caloo — 5)
Choose o, > 0 such that 0g — o, > 1. Then, f,(s) converges uniformly to f(s) in [—o., 0.]

and f,,(s) converges in mean with the index 2 towards f(s) in [—og + 3, 0.]. Thus, by Propo-
sition 2.11, we see that ¢}, (o) converges uniformly to ¢*(o) in [—0o + 1, 0.], where

f(s) = +a and f,(s) +a (n=1,2,3,...).

1 /T
or (o) :Tlim T/ log | fn(o +it)| dt (n=1,2,...)
— 00 0
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and
1 (T
©*(0) = lim ?/ log | f(o + it)| dt.
0

T—o0
Applying Proposition 2.8, we have
o(o) = ¢*(0) (—o0+1/2 <0 < o0y).

Now, we work on

n
C (0’1, H —01 27rz0 ),
7=1
- 1
C(U2,91,... :H —02 2me) 7

Cn7n<0'1,0'2;9;...,9;791,...,(971) =G, 0'1,(9;..., n) . Cn(ag,Gl,...,Hn)

as in the proof of Proposition 2.12, where 01 = 0y —o and 05 = 0y+ 0. Then, we have an ana-
logue of Theorem 12 in [4]. By virtue of this, the differentiability of ¢*(0) in (—oo + 5, 01)
follows from the same argument as in the proof of Theorem 14 in [4]. Thus, (o) is differen-
tiable in (—og + 1/2,0.). O

We remark that for % < 0p < 1, we are not able to prove the same conclusions as in
Proposition 2.13, using our methods. The reason is that Proposition 2.11 doesn’t work for the
function H (s; 09, a) with % < 0p < 1. Nevertheless, we expect that Proposition 2.13 holds
for % < 09 < 1. We may need a different way in demonstrating it.

3 Location of zeros when o) < 1

In this section, we shall justify the theorems 1, 2 and 3.

First, we investigate a rough behavior of the function H (o, s). Namely, we prove Theo-
rem 1. We shall use author’s argument in [11]-[14]. In fact, the proof of Theorem 1 is rather
short and simple compare to the ones in the papers.

Proof of Theorem 1. In Theorem 1, (2) follows from (1) and Proposition 2.1 (1).

We prove (1). So, we assume that {(s) has only finitely many complex zeros in Re s < oy.
By Theorem C and the facts that H (oo, s) = H(og,—s) or H(og,s) = —H/(0y,—s) and
H(og, s) = H(0y,3), it suffices to show that H (o, s) has only finitely many zeros in —M; <
Re s < 0 and Im s > 0. We compute

’M
C(oo+ 9)




20

for —M; < Res < 0andIms > 0. Let s = —o + it where 0 < o < M; and ¢t > 0. Using
Proposition 2.1 (4), we have

((oo — s) _6—2bs(00+5_1)r(00+8+1 HP—00+5 -5
(o0 + 3) (0o—s—1)T (22 4+1)tp—0g—5

Thus, by Proposition 2.1 (4) and Proposition 2.4 (3), we get

V+ﬁg@gﬁﬁ%+v+ﬂm2+ﬁ%
oo — 1+ 0)2 + 2

C(O’O—f-d—it)'z_ we (00— 1—0

(
C(og — o +it) ( -~ (00 — 0+ 2n)? et
(B—o0—00)*+ (y—1t)* o,
g(ﬁw—o@)?m—w?” |

where p = (3 + iy runs through all zeros of £(s). By this equation, Proposition 2.1 (4) and the
fact that

(b—a)?+ t?
1 <e” Y <1 b>0,t>0
we obtain
C(o0 4 0 —it)|? 1 200 + 4n
log |07 = < 95 | —c(t -
() o8 ((og — o +1it) ? C()—i_;n (09 — 0+ 2n)? + 2

where ¢ > 0 and
2(1 - 0'0)

(o —1+0)2 412 20 £~ g(ﬁ+a—ao)2+(”y—t)2'

c(t) =logm+ Cy +

Since oy is fixed and 0 < o < Mj, it is not hard to see that we have

[e.e]

1 200 + 4n
1 > > ¢, + logt
Zn (0o — 0 +2n)? +t2 Cl+zn 4n2+t2 > et log

n=1

for sufficiently large ¢ and absolute constants ¢y, co. By our assumption, there are only finitely
many [3’s satisfying 3 < o,. Hence, for sufﬁciently large ¢, we have

_Z —0—09)2+ (y—t)?

<
+o——ao)2+ RN

B<oo
where c3 > 0 is an absolute constant. Thus, it is not hard to see that we get
2

((o0 — s)
C(oo + s)

uniformly in —M; < Res < 0 and Im s > %, for a sufficiently large ¢, > 0. Then we readily
conclude that in —M; < Re s < 0 and Im s > tg, H(0y, s) has no zeros. Thus, (1) follows.

C(og —s)

1
08 00—1—3

e -

Similarly, by virtue of the previous arguments, we can justify (3). We omit the proof of it.

We complete the proof of Theorem 1. [
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We shall give a precise information about the zeros of H (—oy, s) for oy > 8.5. The proof
will require fine estimations of ratios of the Riemann zeta function in the region Re s < 0. By
virtue of these and the sign change method, we are enable to prove Theorem 2.

Proof of Theorem 2. We assume that oy > 8.5. Let ng and 7y be such that oy = 2n¢ + 19, ng
1s a positive integer and 0 < 7y < 2.

We need the following lemma in proving Theorem 2.

Lemma 3.1. Let 0 < 0 < 1. Then there exist a sufficiently large integer my > 0 with
2mg — 1 > 20y + 10 and a positive number t, such that

<1

holds in R1 U ...URqg, where

b
|

i ~1<Res<0,0<n <1},
:Res=—1,1<ny < 2},
:—1<Res <0, |Ims| > 1},

S, Mo

Il
—

:Res=09— (2m —1), m = mg},

o Y N N N e N et N N

)
)
)
)
s,mo) : Res < —a, [Ims| > t1},
s,M) : Res = —2ng — (5 — 1) — 1/2},
)
)
)
)

PRPPAPPAD
I

={(s,m) :Res=—2ng— (3—my) —1/2,0 < ny < 1},
={(s,m) :Res = —2ny — (=1 —no)},

={(s,m0) : Res = —2ny — (1 — ng), 0.3 < my < 2},
={(s,m0) :Res = —2ng — (3 —np), 1.3 < ny < 2}.

Intuitively, one can observe this technical lemma without a difficulty. However, the proof
of this is rather elaborate. By virtue of this lemma, we can use Rouché’s theorem in knowing
the exact number of zeros of H(—oy, s) with oy > 8.5 in a given region. Then, using the sign
change method, we will prove Theorem 2.

Proof of Lemma 3.1. Using Proposition 2.1 (3), we have

((=00 — )
C(-Uo + 8)

sinf(og+8)T(1+ 09+ ) ((1+ 00+ s)
sinZ(og—s)T(L+00—5)((1+00—5)

= (2m)7? (3.1)

We gather properties of the right equation of this. We set

s = —0o +it,
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where 0 > 0 and ¢t > 0. Using Euler’s product

_ey—1 1 —p o2t 1—p
C(s)zl?[(l—p ) and ‘1_p01it <1_pial (1 <oy <09, teR),
we have . .
C( +UD+S) <C( +Uo—0’) (0‘0—U>0),
(L4009 —5) (14 00+ 0)
Thus, we get

C<1+00+8) C(l+0’o—0)
(+o0—s)| S Ogc<1+oo+o>

- Z Z npn-i-nao N p*n0>

n=1 p: prime
(3.2)
201
<3 e

log p
< 20-2 Cfo+1 o _

log ’

for og — o > 0. Since

2¢ —1 26 S
we obtain
log p 1 6 logp 1
Z pootl—o _ | S go0+tl—o _ 1 2 Z I’ < Sootl—o _ ] (0o — 0 =5).
p

p
Using this with (3.2), we obtain

20
= 2UO+1—U -1

1 20 o
510g 1+7 <;,

d 2 2
o ((J’+20)10g (1—1—5) —20) = 2log (1—1—5) >0

for o’ > 0 and o > 0. Using these, we can prove

C(1+ 09+ )
C(1+4 09— s)

(00>6,0<0<1,t>0). (3.3)

We see that

1 OJ/ o

1 o” o o 1
— (0'”—5) log?—i—QU—;:—0'/log?+20+§log?—g
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for ¢’ > ¢/ > 0 with ¢’ — ¢’ = 20 > 0. By this inequality and Proposition 2.4 (1), (4), we
have

T'(o' +1 T'(o!
10g’ (o +Zt)’<1 ‘ (")

(0" +it)| o8 (o)

1 1 < dr
<<O'/—§)10g0,—(0//—§>10g0”—|—20'+0/0 m
1 1 "
<20 (—loga'—i——/) - <0’ - —) log0——|—2a—£
o 2 o’

1
<20 <— log o’ + —,)
o

fort € Rand ¢’ > o' > 0 with " — ¢’ = 20 > 0. We recall oy = 2ng + 19, where og > 8.5
and 0 < 7 < 2. Set

(3.4)

sin § (00 + ) 2
sin 5 (oo — )

G(s) =

We get

(o) 12 : .
et — eim(m=o) —4e™ sin g sin o

T +1—2e™cosm(ng+ o)

G(_U + Zt) = —eﬂ‘t _ eiﬂ(n0+g)

From this, we have

G(—o+it) <1 0<nn<1l,0<o<1); (3.5)

G(—o+it) =1 (1<mn<2,0=1); (3.6)
4ome™o

G(—U‘Flt)gl—f—m (0<770<2,t>t0>0,0<0'<1) (37)
emo —

Here we mean that (3.5) and (3.6) hold for arbitrary real number ¢. By (3.1), (3.3)—(3.6), we
obtain

(=00 —s)|”
(=09 + 9)

forany 0 < o0 < 1with0 <79 < 1,oro = 1 with 1 < ny < 2. From this inequality, for
oo = 8.5, we have

‘ﬁ(—ffo —5)
—0p + )

log

1 1
<4do (log27r—log(1+00 _‘7) + co+1l—0c + 200+1-0 _ 1>

<1 0<o<1,0<p<l,oro=1,1<n <2), (3.8)

because {

200 — 1
decreases for o/ > 8.5 and its maximum at ¢’ = 8.5 is less than 0. By (3.1), (3.3) and (3.7),
for any 0 < 1 < 2, we obtain

‘c —9)[*
(—oo + )

1
log2m —logo’ + — +
o

mto

/s
(eﬂ'to _ 1)2

A 1 n 1
o
og+1—0 200+l 1]

<do (log 21 + — log(1+ 0p — J)) +
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forany ¢t > tp and any 0 < o < 1. From this, we have

‘% <1 (t=21,0<0<1), (3.9)
—0y S
because . . .
1og27r+L—loga’+—+ -
(em —1)2 o 20 -1

decreases for both t > 1 and o/ > 8.5, and its maximum at ¢t = 1 and o’ = 8.5 is less than 0.

Applying Proposition 2.1 (3) and Proposition 2.4 (1), there exists a sufficiently large inte-
ger mg > 0 with 2my — 1 > 20¢ + 10 such that we have

¢(=00 —s)

—1 <1 Res=0y— (2m —1), m = myg). 3.10

e (Res = oy — (2m — 1), m > m) 310

Using Proposition 2.2, for any positive number ¢, we obtain

O (t72F¢) s=—0+1it, 0 <o < op;
)C(—UO—S) _J)o t—%—%‘)%), s=—0+it,op<o<og+1
C<_UO+S) 1 .

O t*"*"oﬁ) , S=—o+it,o>09+ 1

From this, we see that for a fixed ¢ with 0 < ¢ < 1, we can choose a positive number ¢; such
that for s = —o + it,
‘m <1  (t=t,0>0). G3.11)
C(—O'o + S)

We set s = —2ng — (5 — ) — 3 + it with ¢ > 0. We have

5—2n + 5 + it) ¢(3)
— | < log ————
dng + 6 + 1 +it) 2 - ((22)

<1

1 x
log‘gé ZSing (—4n0—5—§+it)‘ > ezt

Using these and Proposition 2.1 (3), we have

((—09 — s)

log (=00 + s)

1
< 1+(4n0+6+§)10g27r—gt—10g

1
P(dno +6+ 5 + it)‘ (3.12)

on s = —2ng — (5 — 1) — 5 + it with ¢ > 0. By Proposition 2.4 (2), we obtain

1 T 1 & n
log |T(o’ +it)| = (o' — = ) logo' — St — o' — = 1o +1
og| <a+z>|/(a 2) L W RS LA
1 T 1
> 2 ) N
/<U 2) BT TN T T — 1)

(3.13)
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Thus, we have

'C —00 — $)

<1 t>0,Res=—2ny— (5 — —1/2), 3.14
e ( o= (B-m)=1/2), G4

because by (3.12) and (3.13), we obtain

C(—Uo - S)

log ((—0o0 + 5)

< 4ng + 8+ (4ng + 6) log 2w — (4ng + 6) log(4ng + 6)

< 24 4 221log 21 — 221log 22
< 0.

For 0 < 1y < 1, we similarly prove

log < 4ng + 6+ (4ng + 4) log 2 — (4ng + 4) log(4no + 4)

—5)
(=00 + 9)
< 224 20log 2w — 20 log 20

<0

ons = —2ng — (3 —m) — 3 + it with ¢ > 0. Thus, we have

‘C(—UO—S)

<1  (t>0,Res=-2np—(3—m)—1/2,0<m<1), @G.15
C(_O_O +S) ( S No ( T]O) / Mo ) ( )

Let s = —2ng — (—1 — n9) + it. We note that ny > 4. Thus, by Proposition 2.5, we get

‘C(—UO —5)

1 (t>0 Res=—2ng—(—1—mny)), 3.16
(—UO+S) < ( €s o ( 770)) ( )

because Re (—og + s) = —4ng+ 1, Re (—opg — s) = —1 — 2mg and —2np + 2 < —1 — 2.

From (3.8)—(3.11) and (3.14)—(3.16), the inequality of |((—o¢—s)/({(—00+ s)| in Lemma
3.1 holds for the regions R4, ..., Rs.

We shall show that the inequality in Lemma 3.1 holds for Rg. For the case 1 < ny < 2,
by virtue of Proposition 2.5 (3), we can show that the inequality in Lemma 3.1 holds. So, we
suppose 0.3 < 79 < 1. We need the following.

Claim 3.2. We have

a+(r—1t)?% a+ (r+t)? . <a+r2

2
b+(7"—t)2'b—|—(7“+t)2\ m) 0<a<4,a<b0<t<r,3<r).

Proof of Claim 3.2. We put

Ft) = (a+r?)* (0" +20(r* + %) + (r* = %)) = (b+1)*(a® + 2a(r® + ) + (r* — 17)?).
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It suffices to show that f(¢) > 0 for 0 < ¢ < r. Clearly, f(0) = 0. Set
p(t) = (a+ 1) (b +t* —r?) — (b+1*)(a+t* —1r?).

Since f'(t) = 4tp(t), the sign of f’(t) in [0, 7] depends on the quadratic polynomial p(t).
Using the facts that the leading coefficient of p(t) is (a + r2)? — (b + 72)? < 0 and p(0) > 0,
we can see that f(¢) in [0, r| attains its minimum at 0 provided that f(r) is positive. We get

f(r) =r*b—a)[r*(a+b) — 2ab+ 4r*] > 0,

because r2(a + b) — 2ab > 9b — 8b > 0. Thus, we complete the proof of Claim 3.2. O]

By Proposition 2.1 (4), we have

—4n, 7 2
(Ab(2no+1-10) (4ng +2)% + 12 | T( 4 02+1+ t)

(2m0)2 + t2

’C(—Uo —s)|” _
(=00 +s)

r 3—2no+1t
(=) (3.17)

H pP— 1+2770 — it _4ng+2-2n9 2
(A P
p+4n0+1—it

We note that the smallest imaginary part of p’s in Ims > 0 is between 14 and 15. Thus, by
Claim 3.2, we have

P p—1+2m —it
D4 4ng +1 — it

S _|p—1+2m
p+4ng+1—it

P p—1+2m

p+4ng+1

for 0 < t < 14. Using this, (3.17), Proposition 2.4 (5), Proposition 2.5 (3), (6) and the facts
that (3 — 279)/2 > 1/2 and

a+t a
< - 0<b<a, 0<t),
A “ )
we get
C o9 — 5) C(1 — 2m) C1—2770 <1
—0p + 8) Q —4ng — 1)
for 0 <t < 14 and Res = —2ng9 — (1 —7]0). By Proposmon 2.5 (4), we have
g 0o — 5) C(1—2ny +it) |?
O'(]—i-S C 4710—1+Zt) ’

for 0.3 < mp < 1,¢t > 14 and Res = —2ny — (1 — 7). This shows that the inequality in
Lemma 3.1 holds for Rg. Similarly, we prove Lemma 3.1 for Rq.

We complete the proof of Lemma 3.1. U

Using Lemma 3.1, we demonstrate the proof of Theorem 2. For convenience, we divide
our proof of the theorem into two parts.
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Proof of Theorem 2 for ((—oq + s) + ((—o¢ — s). Itisnothard to see thatat s = 0, {(—oo+
s) + ((—o¢ — s) has a simple zero if 0y = 2n, and no zero otherwise.

We recall that oy > 8.5 and oy = 2n( + 19, where ny is a positive integer and 0 < 7y < 2.
We define f,,(s) by

fao(s) = (s + 00 + 1)(C(=00 + 5) + (=00 — 5)).
We divide our proof Theorem 2 into two cases.

Case 1. 0<n< 1.

We observe that f,,(s) has no zeros in [Ims| > ¢;, Res < 0, orin —1 < Res < 0 by
R, and R of Lemma 3.1. So, it suffices to consider the zeros of f, (s) in [Ims| < ¢; and
Re s < —1 for the proof of Theorem 2 when 0 < 1y < 1.

Lemma 3.3. We have the following:

(1) f1o(s) has real and simple zeros only inRe s < —2ng—(3—n9) —3 or —2ny—(—1—1m) <
Re s < 0Oy

) fno(s) has three zeros in —2ng — (3 _ 770) _

(3) fio(s) has two zeros in —2ny — (3 —19) — % <Res < —2ng— (1 —mo) (0.3 <mp < 1).

Proof of Lemma 3.3. We fix m > my. By Lemma 3.1,

’C 0—5)

<1 (Res= —(2m —1 — 2np — (3 — —1/2).
(“oo + 5) (Res =0 — (2m ) or no — ( o) /2)

Thus, by Rouché’s theorem, ((—oq + s) and ((—og + s) + ((—0p — s) have the same number
of zeros in [Im s| < t; and o9 — (2m — 1) < Re s < —2ny — (3 — o) — 3. By Proposition 2.5
(1), (2), we see that for a positive integer m satisfying og — (2m—1) < —2ny—(3—1n9) —1/2,
the sign of ((—o¢ + s) at s = g9 — (2m — 1) is (—1)™, and ((—o( + ) has simple and real
zeros only at each oy — 2m in the region Re s < —2ny — (3 — 19) — 1/2. On the other hand,
it is easy to see that for oy — (2m — 1) < —2ny — (3 — 19) — 1/2 with a positive integer m,
we have

[C(=2m = 1)) > ¢(3/2) = ((3 =m0 +1/2) > ((2m — 1 = 200).

Thus, the sign of ((—o¢ + s) + ((—og — s) is the same as ((—og + s) for each s = gy —
(2m —1) < —2ng — (3 — no) — 1/2. Thus, we conclude that by the sign changes and
the fact that ((—oo + s) and {(—og + s) + ((—0p — s) have the same number of zeros in
Res < —2ng — (3 — 1) — 1/2, {(—0¢ + s) + ((—0p — s) has real and simple zeros only in
the region.

Similarly, we can show that ((—o¢ + s) + ((—oo — ) has real zeros only in |[Ims| < t;
and —2ny — (=1 — n9) < Res < —1. Here we note that in order to know the sign of
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(=09 + s) + ((—op — s) ateach s = gy — (2m — 1) in the region, we can use Proposition
2.5 (3), because the rightmost possible case of ((—og + s) + ((—0p — s) to Res = —1 is
C(—=4ng + 1) + ¢(—1) with 2ny > 8. (1) follows.

We now investigate the zeros of f,,(s) in —2no—(3—1my) —3 < Res < —2ng—(—1—1).
Using R7, Rs of Lemma 3.1, we see that (s + oo + 1){(—0¢ + s) and f,,,(s) have the same
number of zeros in —2ng — (3 —1no) — 3 < Res < —2ng — (—1 — ). Thus, f,,(s) has three
zeros in —2ng — (3 —19) — 3 < Res < —2ng — (=1 — 1), because (s + oo + 1)((—0p + s)

has three real zeros only in the region. (2) follows.

Similarly, for 0.3 < 1o < 1, fy,(s) has two zeros in —2ng — (3 — ) — 1 < Res <
—2ng — (1 — 1), because (s + ¢ + 1){(—0oo + s) has two real zeros only in the region. (3)
follows.

We complete the proof of Lemma 3.3. [

By Proposition 2.2 (3), we recall
G(s) = 2(2m)"" sin 8T (1 = $)G(1 = s).

For proofs of the following claims, we shall use this repeatedly (without mentioning) in such
a way that for s < 0, the sign of ((s) is the one of sin 7 s.

Claim 3.4. Suppose 0 < 1o < 5. [, (s) is negative in [—2no — (3 —19) — 5, —2n9 — (2 — )]
and [—2710 — (1 + 7’]0), —2710 — (1 — 7’]0)]

Proof of Claim 3.4. Let s = —2ng — (x — np) with 2 < 2 < 3.5. Then

oo (s) = (1420 — ) (C(—4no — =) + ((z — 2n0)) <0,

since 1 4+ 2y — x < 0, sin(—z7/2) > 0 and ((x — 2m9) > 0 where 2 < = < 3.5 and

0<n < %or2<x<3.5and0<n0 < %.Wealsohavefno(s):—1atx:2and7]0:%.

Let s = —2ng — 1 — y with —ng < y < 19. Then
foo(8) = (m0 — y)(C(=dng —mo — 1 —y) + (1 +y —mo)) <0,

since fy,(—2n9 — 1 — 1) = —1,and sin 5(—ny — 1 —y) < 0 and ¢(1 +y — 7o) < 0 with
—no < Y < 1g. Thus Claim 3.4 follows. 0

Claim 3.5. Suppose 5 < no < 1. f,,(s) is negative in [—2ng — (3 —19) — 5, —2n9 — (1 + 1)
and [—2ng — (2 — ng), —2no — (1 — no))-

Proof of Claim 3.5. Let s = —2ny — (x — np) with 1 < = < 2. Then

fao(8) = (14 20 — ) (C(—4no — x) + ((x = 2m0)) <0,



29

since sin(—x7/2) < 0 and ((z — 219) < 0.
Lets = —2n9g—2—xzwith -1+ 171y <x < 1.5 —1ny. Then

foo(8) = (o — 1 —2)(C(=4ng —no — 2 — ) + (=m0 + 2+ z)) <0,

since sin 5(—np —2 — x) > 0and ((—no + 2 + ) > 0 with =1 4+ 7y < z < 1.5 — 1, and
fno(—2ng — 1 — 1) = —1. So, Claim 3.5 follows. O

Lemma 3.6. f,,(s) has at least one real zero in —2ny— (1 —n) < Res < —2ny—(—1—1n;).

Proof of Lemma 3.6. From Claim 3.4 and 3.5, we see that f, (s) is negative at s = —2ny —
(1 — o). Since by Lemma 3.1, |((—0¢ — $)/({(—00 + s)| < 1 and by Proposition 2.5 (2),
(=09 +5) = ((—4ng +1) > 0ats = —2ng — (=1 — ng), fy,(s) is positive at s =
—2ng — (1 — ng). This proves Lemma 3.6 by virtue of the sign change method. [

Hence we have at most two zeros of f, (s) in —2ny— (3 —mn) < Res < —2ny— (1 —mnp).
In fact, we shall show that f, (s) has two zeros in the region.

We put
1770 = [—2’)7,0 — (3 — 770) — 1/27 —277,0 — (1 — 7’]0)]

Lemma 3.7. Let 1, and 1, be as in Theorem 2. Then, f,(s) has one pair of complex zeros in
Re s € I, for any 1 < ny < % (any % < Mo < 1n2), two simple real zeros for any 0 < ny < m
(any ny < ng < 1) and one double real zero for ny = 11 (g = 12). N1 and 1, satisfy

0.3<m < 1/2,

e — 1/2] < V/@(2m)20 20 (4ng +2.8)72  (k=1, 2).

Proof of Lemma 3.7. We start with the following.

Claim 3.8. Let 0 < 7y < ) < 5 (3 <y <ny < ). If fiy(s) < 0fors € I, then
fuy(8) < Ofors € L.

Proof of Claim 3.8. Suppose 0 < 7} < nf, < 3 and f,/(s) < 0 for s € I,;. By assumption,
we have
fr(s) <0 (=2n9— (2—m1) < s < —2n9 — (L +1my)).

Namely, we have
C(—4ng —x)+((x —217) =0 (2n +1<2<2).
We get

(C(=4no — =) + ((x — 2m)) — (((—4no — x) + ((z — 21)) = ((z — 2n}) — ((w — 2mp) <O
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for any 27 + 1 < & < 2. Hence, it is easy to see that
C(=4ng —x) + {(x —2n5) > 0 (2ny+1 <z <2).
Thus, we have
foy(s) <0 (—2n0 — (2 —mp) < s < —2n9 — (1 +1p)).
By this and Claim 3.4, we have f,, (s) < 0 fors € I,;.

For the case £ < 7, < nj with the assumption that fu (s) < 0fors € I, by virtue of
Claim 3.5, we can similarly prove f,, (s) < 0fors € ;.

We complete the proof of Claim 3.8. [

By Claim 3.8, it is easy to see that we have
m =1inf{0 <ny < 1/2: f,,(s) <0in I, }
and
ne =sup{l/2 <y < 1: f,,(s) <0in 1}
If i = 5, then —2n — (2 —1no) = —2ng — (L +10) = —2ng — 5 and f1(~2ng — 3) = —L.
By Claim 3.4, f,, (s) < 01in /,,. Thus, by continuity, we can ﬁnd m such that 0<n <1/2

and f,;(s) < 0in I,;. This is absurd. Thus, we conclude that 0 < 7, < 1/2. Similarly, we
can show 1/2 < 1y < 1.

We note that ng > 5 if 0¢g = 2ny + 0.3, because oy > 8.5. By Proposition 2.5 (7), we have

¢(1.2)
i 19| <lecars

So, fo3(—21.8) > 0. By this and Claim 3.4, f;3(s) has two simple zeros in I, 3. Hence, we
know that 0.3 < < 3.

Before we prove Lemma 3.7, we compute 7; and 7. Since for 7, < 1 < 2, ((—4ny —
x)+ ((z —2n) > 0forall 2n + 1 < z < 2, we get

2(2m) " *m0~"=Lgin g(—$)f‘(4n0 +1+4+2)((4nog+1+2)+((x —2n) >0
forall 2n+1 <2 < 2. Wesetn = 5 —e. Then 0 < € < £, because 0.3 < 1; < 3. We have
C(x —1+2€) >2(2m) ™" Lgin gxf(élno +14+2)((4ng+ 1+ x)

for all 2 — 2¢ < z < 2. In particular, we obtain

C(14¢€) > 2(2n) " 3sin gef(élno +2.8)
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for0) <e< é We have

Gt _T¢4g 1
sin e € 10 € €2

because ‘ )
sin x x 20

> > —
T 6 T

(0 <z < 7/10).

Thus, we obtain )
€ < /m(2m)*" 02T (4ng + 2.8) 2.

Therefore, we have (1) for ;. We similarly approximate 7.

By Lemma 3.3 (3), we know that f,(s) has two zeros in —2no — (3 —19) — 3 < Res <
—2ng — (]_ — 770) for 0.3 < Mo < 1.

Suppose that for 0 < n < n; (2 < n < 1), f,(s) has one pair of complex zeros in
—2ny — (3—1n) — 1 < Res < —2ng — (1 — n). Then, f,(s) should be negative in I, by
the claims 3.4 and 3.5. Thus 7y < n < 3 or 3 < 7 < 7. This is absurd. Hence, for any
0<n<m@p<n<l), f,(s) has two real zeros and by Claim 3.8 these two real zeros are
simple. It is not hard to observe that for = 7, or ) = n,, f,,(s) has one double real zero. Let
71 be such that 7; < 1 < 1y. Then, we have 0.3 < n < 1. Thus, by Claim 3.8, we conclude
that f,(s) has one pair of complex zeros in —2ny — (3 — 1) — 1 <Res < —2ny — (1 — 7).

Hence, we complete the proof of Lemma 3.7. [

Thus, Theorem 2 for Case 1 follows from the lemmas 3.3, 3.6 and 3.7.

Case 2. 1 <n <2.

We need two lemmas to justify Theorem 2 for this case.

Lemma 3.9. f, (s) has real and simple zeros only for the region Re s < —1.

Proof of Lemma 3.9. We recall from Lemma 3.1 that we have |((—og—s)/((—0op+s)| < 1in
Ro, R4, Rs, Re and Rg. Using these facts together with Proposition 2.5 (3), as in the proof of
Case 1, we can demonstrate that f,, (s) has real and simple zeros in —2ny+1+7, < Res < —1
andRe s < —2ng—5—1/2+4n, and f,,(s) and (s+ 09+ 1)((—0c¢+ s) have the same number
of zeros in —2ng—5—1/241ny < Re s < —2ng+ 1+1n9. We note that (s+ oo+ 1)((—0oo+ $)
has four zeros at —2ng + 19, —2n¢9 — 2 + 19, —2n9 — 1 — mpand —2ny — 4 + 1 in the region
—2ng —5—1/24 1y <Res < —2ny + 1 + ny. Thus, it suffices to show that f, (s) has four
simple zeros in the interval (—2ng — 5 — 1/2 + 19, —2ng + 1 + 7). Clearly, we have

Foo(=2n0 — 5 = 1/24110) > 0, fyo (=210 — 1 —ng) < 0, foo(—2n0 4+ 1 +10) > 0. (3.18)

We have
((=4ny—2-1/2)>0 and C(—=4no —1/2) < 0. (3.19)
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By Proposition 2.5 (5), we have
C(=4no —2 —1/2)] > |¢(2+1/2 = 2no)| and [((—4no —1/2)] > [C(1/2 — 2no)]
forny > 4and 1 < 7y < 2. By this and (3.19), we get
Jno(—2n0 —2—=1/241) >0 and fno(—2n0 — 1/2 +19) < 0.

Hence, by this and (3.18), f,, (s) has four simple zeros in (—2ny—5—1/2+1ny, —2ne+1+mn,),
because for 1 < ny < 2,

—277,0—5—1/2—0—770 < —2n0—1—770 < —2n0—2—1/2—|—770 < —2n0—1/2—i—770 < —2n0+1+770
Thus, we complete the proof of Lemma 3.9. [

Lemma 3.10. Let 0y > 8.5. For 1 < ny < 2, H(—0y, s) has at most one real zeros only in
—1 <Res <0and|Ims| < 1.

Proof of Lemma 3.10. We may assume that H(—oy, s) # 0 at s = +i. We will work only on
(=09 + s) + ((—op — s), because the same method works for the function ((—oy + s) —
((—0g — s). Define f(s) and h(s) by

f(s) =C((—0o0+s) + ((—0op — 3) and h(s)zl—k%.

Put

Ny = the number of zeros of H(—oy,s) onRes = 0and [Ims| < 1,

N, = the number of zeros of H(—oy, s) in the interior of C.
Define curves C' and C; by

C = the rectangle with verticesat 1 + ¢, —1 +4, —1 — 4, 1 — 4,
C} = the straight line joining 1, 1 + 4, 7,

where we take the orientation of curves counterclockwise. By Lemma 3.1 and the assumption
that H(—og,s) # 0 at s = +i, we have f(s) # 0 on the curve C. Then, by the facts that
f(s) = f(—s)and f(s) = f(5), we have

L[, 2 e
2mi Jo f(s) T Jeoy f(s)

where A; arg f(s) is the argument change of f(s) along the curve C;. Recall that ((s) =
x(s)¢(1—s) and x(s) = 2(2m)* "' sin ZsT'(1—s). Thus, from the facts that (27)*, I'(14-00+s),
((1 4 oo + s) are real on the real axis and have no zeros in the interior of C' and on C, and

sin %(—00 — s) is real on the real axis and has one zero at 2 — 775 in 0 < Re s < 1, we get

2
ds = _Al arg f(S)a
™

Ajarg f(s) = Aparg ((—og — s) + 7+ Ay arg h(s),
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where A arg ((—o( — s) is the argument change of ((—o¢ — s) from 0 to ¢ and A; arg h(s)
is the argument change of h(s) along the curve C';. We note that

2
No = —Agarg((—og — s) — 1.
T

Hence, we get

2

0< Ny — Ny <3+ —Ajargh(s) <4,

s
because h(s) =1+ ((—oo+s)/((—09—s) and |((—0g + 5)/{(—09 — s)| < 1 on C; by Ra,
Rs of Lemma 3.1. Suppose that we have an extra complex zero s in the interior of C' with
Re so # 0. Then, by symmetry of zeros around the imaginary and real axes, —sg, Sg and —5g
are also zeros of f(s). However, it is impossible, since 0 < N7 — Ny < 3. Thus, extra zeros
of f(s) off the imaginary axis in the interior of C' are real. By symmetry of zeros around the
imaginary axis, we have Ny — Ny = 0 or N; — Ny = 2. In any case, we see that the possible

real zeros in the region —1 < Re s < 0 and |Im s| < 1 are simple. We complete the proof of
the lemma. =

Thus, from the lemmas 3.9 and 3.10, we complete the proof of Theorem 2 for Case 2.

From Case 1 and Case 2, Theorem 2 for ((—oo + s) + ((—0¢ — s) follows. O
Proof of Theorem 2 for ((—o¢ + s) — ((—op — s). Itis not hard to see thatat s = 0, ((—oo+
s) — ((—o¢ — s) has a simple zero if {'(—og) # 0 and a double zero otherwise.

We will follow the same methods as in the proof of Theorem 2 for the function ¢ (—oo +
s) + ((—op — s). We define f,(s) by

Fao(8) = (5 + 00 + 1)(C(—00 + 5) — C(—00 — 5)).

First, we note that B
fno(_UO - 1) =1,

while we have f, (—oo — 1) = —1. Thus, naturally, we may expect that we have exceptional
zeros for H(—o, s) with some 1 < 1y < 2.

We divide our proof into two cases.

Case 1. 0<n <1

As in Lemma 3.3, we obtain that fno (s) has real and simple zeros only in Re s < —2ng —
(3—no)—3 or —2ng—(—1—no) < Res < 0,and f,, (s) has three zeros in —2ng—(3—1y)—3 <
Re s < —2ng — (—1 — 19). We note that we have

Fao(—=2n0 =3 = 1/2410) <0, fro(—2n9 —1—10) >0, fro(—2n0 +1+10) > 0.
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By Proposition 2.5 (5), we have

[C(=4no — 1/2)] > [¢(1/2 = 2no),

because ng > 5if 0 < 7y < 0.1 and —2ny < 031 0.1 < ny < 1. Hence, we have

ﬁ&&m—UMm@<QmM(%WJQMGMM—%WJQ+%>—%—1:

—2ny — 1o — 1. Thus, f,,(s) has three simple and real zeros in —2ng — (3 —1np) — 3 < Res <

—2ng — (—1 — ). Therefore, f;io (s) has simple and real zeros only in Re s < 0.

Case 2. 1<n < 2.

We follow the same methods as in Case 2 for ((—og + s) + ((—og — s). Then, we can
demonstrate that ((—oy+s) —((—o¢—s) does not have any zero in the region —1 < Re s < 0.
The rest part of our proof is identical to the proof for Case 1 with {(—og + s) + ((—0¢ — $).
So, we omit the proof. Here, we use the fact that the inequality holds for Ry, together with
R2, R4, Rs, Rs, Ro.

From Case 1 and Case 2, Theorem 2 for ((—o¢ + s) — ((—og — s) follows. O
We have completed the proof of Theorem 2. O

Proof of Theorem 3. (1). Let oy < 5. Suppose that ((s) in Res < 0y and Ims # 0 has no
zeros. By Theorem 2, we can assume that —8.5 < —o( < % For this case, we use the same
method as in the proof of Lemma 3.1.

First, we suppose that o > oy + 2. By Proposition 2.4 (1), we readily get

1 1
log |I'(1+ 0 + 0o +it)| > <UO+J+ >logt—(ao+a+1)—§t—§
Using this and Proposition 2.1 (3), we obtain
1
_ _ 5 2 2 oo+o 1
(=0 =3)|  e}(2) (2re) L 3.20)
—0g + ) 2—((8) 1—e tooto+ts

fors = —o +it, 0 > 24 2w, t > 100. We suppose that 0 < 0 < 0¢ + 2 < 11. We recall the
formula (x) in the proof of Theorem 1:

(=09 — )| <

log ((—0o0 +s)

—20k(0,t)

where s = —o + it with o, t > 0 and

2<1+O'O 1 —200+4n
o,t) =—logm — Cy — +> = -
k(o t) og 0 2

(—og—140)2+1¢2 (=00 — 0 +2n)% + 12
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Here, we do not have the term ) B<oo » because we are assuming that ((s) has no zeros in
Res < opandIms # 0. Since 0 < 0 < 11, — < oo < 9andt > 100, it is easy to see that
2(1 + 0'0)

—logﬂ—C’o—< P S DR > —2. (3.21)
— 0 —

We easily get

[e.9] o

il —200 + 4n _Zl n—op 3
£=n  (—0o9—0+2n)?+¢ B —n  (n—o1)+t] (n—o)?+t}

where 0y = 252 and ¢; = £. By the partial summation formula [21, p.13] or [18, p.489], we
have

> 1 n—oq <1 Tr — 01
B
~n (n—o1)?+4 1ox (-2 4t

[emt-p(he )

1 [>1 1
>log2 +logt) — = — 4+ ————d
0g2 + logty 2/§ x2+(x—01)2+t%x

>logt; — 1.
Similarly, we have .
o
; (n—o01)2+t3 <L
By these and (3.21), we have
k(o,t) > —2+1logh0—1—1/2 > 0.
From this and (3.20), we have

'C(—Uo —3)

<1 (s=—o+it,o>0,|t| > 100).
—0'0+8)

Thus, all zeros of H(—0y, s) inIm s > 100 are on Re s = 0.
(2). =) This follows from (1).

<) We suppose that for any o < 3, all zeros of H(0y, s) inIm s > 100 are on Re s = 0.
We may assume that H(og,s) = (oo + s) + ((o¢ — s), because the same proof works for
H(og,s) = ((og + s) — ((op — s). Since ((og + s) + ((op — s) converges uniformly to

¢(1/2 + s) +((1/2 — s) as o9 — % in any compact subset of {s : Ims > 0}, all zeros of
¢(1/24s)+¢(1/2—s)inIms > 1()0 are on Re s = 0. Using Proposition 2.1 (3), we have

C(1/245) +¢(1/2 = 5) = (1 + x(s5))¢(s + 1/2),
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where x(s) = 2(2m)* !sin 2sI'(1 — s). Therefore, all zeros of ((s + ) in [Ims| > 100 are
on Res = 0. Namely, all zeros of ((s) in [Ims| > 100 are on Re s = 1. For |Ims| < 100,
all complex zeros of ((s) are on Res = 1. We refer to [17] for this. Thus, the Riemann
hypothesis follows.

We complete the proof of Theorem 3. [

4 Proofs of Theorems 5 and 6

Proof of Theorem 5. We let oy > 5 and a € C with a # 0. We recall
H(s;00,a) = ((0g + s) + al(og — s).

By Proposition 2.2, we can choose a sufficiently large o1 > 0 such that

it 1
o1 —00>3 and |oS0o ot 1 @.1)
x(og—op —it)| 4
We set % )
_ o9+ S
s)=C(1-09g+s)+at—-2.
g( ) C( 0 ) X(UO — S)
Then, we have
H(s;00,a) = ag(s)x(oo — s).
By (4.1), Proposition 2.2 and Proposition 2.6,
arg g(t +1i71) = O(logT) (=01 <7< 0y). 4.2)

We start with the proof of (1).

(1). Let 7" > 1. We may assume that H(s;0¢,a) # 0 onIms = T. Choose 0 < ¢y < 1 such
that H(s; 09,a) # 0 onIms = to. Then, for H(s; 0g, a), we have

1 H'(s;00,a)

N(T) =—
(T) 271 Jo, H(s;00,a)

ds + O(1),

where C'r is the rectangle with vertices oy + itg, o1 + i1, —o1 + i1 and —oy + ity. Using
(4.1) and Proposition 2.1 (3), it is not hard to see that

1 1
N(T) = ;Al arg (oo — $) + %AQ arg g(s) + O(log 1),
where A arg x (oo — ) is the argument change from oy + itg to o1 + 4T and Ay arg g(s) is

the argument change from oy + i7" to —o; + 1. Using Proposition 2.2 for x(s) and (4.2) with
the previous formula, we obtain (1).
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(2). For convenience, we set
H(s) = a 'H(s;00,a).

By Littlewood’s Lemma (see [21, p. 220]), we obtain

T T
27 Z (B—o0) :/ log |H (o + it)|dt — / log |H (o7 + it)|dt+
0<y<T 0 0

B>a 4.3)
/ 1 arg(H (T +4T))dr + O(1).

Using Proposition 2.2 for y, we obtain

T 1 T
/ log |x(og — o1 —it)|dt = (— — (09 — 01)> Tlog — + O(logT). 4.4)
0 2 2me

From Proposition 2.1 (3), we have
((o9g — 01 —it) = x(0o — 01 —it)((1 — 09 + 01 + it), 4.5)

where x(s) = 2°7°~!sin IsI'(1 — s). Using the first inequality in (4.1) and Euler’s product
C(s) =1L, ~ p~*)"", we can show

T
/ log |C(1 — 00 + 01 + it)|dt = O(1). .6)
0

Using Proposition 2.2, we have

T
/ log
0

By this and (4.4)—(4.6), we have

71C(0'0 + 01 +Zt>

1+a -
C(og — o1 —it)

‘dt: O(1).

T T
/ 10g|H(01+it)|dt:/ log |((o9 — o1 — it)|dt + O(1)
0 0

4.7)
(L - Tlo i—i—O(lO T)
S\ 2 (00 = 01) & e &)

By (4.2) and Proposition 2.2 for y, we get

/U1 arg(H(r +T'))dr = /01 arg(x(oo — 7 — 1)) + arg g(7 +iT)dr

T
=(01 — 0)T'log — + O(log T)).
2me
By this, (4.3) and (4.7), we prove (2).
(3). If |a| = 1, then the zeros of H(s; 09, a) are symmetric around the imaginary axis, because

aH(s;00,a) = H(—5;00,a).
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Thus, (3) follows from this fact and (1).

(4). We suppose that |a| # 0,1. Let T > 1. We may suppose ((og —it) #O0for0 <t < T
and H(s;00,a) # 0onIms = T. Then, for H(s; 09, a), as in (1), we have

1
No(T) = > (A1 4+ Ay + Az) + O(1),

where Ay, Ay and A3 are the argument changes of H (s; 0¢, a) from oy + it to oy 44T, from
o1 + 41" to ¢1" and from 1" to ity, respectively. We write

X4
H(oy + it;09,a) = x(00 — 01 — it) <a((1—00+01+it)+ Cloo 01+ )>

x(og — o1 —it)

Then, using (4.2), Proposition 2.2 for x and Proposition 2.6, we have
T
Ay =Tlog 9a +O(1) and Ay =O(logT).
e

We write

H(it; 00, a) = {qUO —it) (@ + ((o0 +it) /¢ (00 — it)) (la] > 1),
o C(oo +it) (1 +ag(oo — it) /Coo +it))  (la < 1).

Since |a| # 0,1 and |((og — it)/((0¢ + it)| = 1, we have
Az = A"+ 0(1),

where A* is the argument change of ((og — s) (or ((o¢ + $)) from i7" to ity. It is not hard to
see that

1 -
2—A* = £N(00,T) + O(log T),
7r

where N(O’O, T') is the number of zeros of ((s) in Res > op and 0 < Ims < 7', and the sign
in the formula is + if 0 < |a| < 1, — if |a| > 1. Hence, we immediately get (4) from the
formulas for A;, Ay and As.

We complete the proof of Theorem 5. U

The proof of Theorem 6 essentially follows from Selberg’s argument. For this, we refer
to [20, pp. 54-57] or [10, pp. 155-157]. However, while we follow Selberg’s argument, we
need to be careful with possible zeros of the Riemann zeta function in the right half-plane to
Res = % Namely, these exceptional zeros cause a problem in applying Selberg’s argument
for our purpose. Fortunately, the number of the possible zeros in Re s > % + A (A > 0)and
0 < Ims < T is very small, i.e., at most O(T?) (f < 1)in 0 < Ims < T. We will use this
fact crucially for our proof of Theorem 6.
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Proof of Theorem 6. We fix o > % and a # 0. We work only on the function

f(s) =¢(s) +al(1/2+ 0 — ),

because we can justify the other case using the same method. For convenience, we define
F(t) by
F(t) = al(o +it) + ((1/2 —it).

We will prove
T
/ log |F'(t)| dt = —T\/loglogT—l—O
0
as 7" — oo.

Let € be a positive number such that % + € < 0. Enumerate the zeros of ((s), s1, S2, S3, - - -
inRes > % +eand Ims > 0 withIms; < Ims, < .. .. If there exist only finitely many s;’s,
then our proof of Theorem 6 is simpler. So, we suppose that there exist infinitely many s;’s.
By Proposition 2.7, for some 6 < 1, we have

#{k :Ims, <T} =0 (T"). (4.8)
For T' > 0, define £(T") b

E(T) = U [Im s, — log T, Im sy, + log T'].

Imsp<T

We set
R(T) = [0, TI\E(T).

It is easy to see that by (4.8)
IR(T)| =T +0 (T°logT) and  |E(T)| =O(TlogT), (4.9)

where ‘|A|” means the Lebesgue measure of A (C R).

Lemma 4.1. As T — oo,we have

/ log™ [¢(1/2 +it)| dt = T\/loglogT—l—O
R(T)

Proof. We note that by (4.9) with Proposition 2.2 or Proposition 2.3, we have

/ log® [¢(1/2 +it)| dt = O (/ logTdt) = O(T%10g’ T).
&(T) E(T)

From this and Proposition 2.9, Lemma 4.1 follows. O]



40

We put
g(s) = af(o0 + s) + ((o0 — 5),

where g = § + ;11. We apply Theorem 5 to g(s) and then we have

or Y <ﬁ— (%-i)) :O(logc)+/bclog|F(t)|dt,

where 0 < b < cand 3 + i~ runs through all zeros of g(s) in 3 > ¢ — X and b < v < c. Thus,
by this and (4.9), we get

1
27 Z <ﬁ - (g - Zl)) =O( the number of intervals [b, c| - log T') —|—/ log | F'(t)| dt

&(T)
=0 (T%logT) +/ log |F'(t)| dt.
&(T)

Using (4.8), this and the fact that by Theorem 5, the number of zeros of g(s) int < Ims < t+1
(t > 1)is O(logt), we see that

/ log |F(t)|dt = (T%10gT) . (4.10)
E(T)

Define A(T") and B(T) by
AT)={t e R(T): 1 <|F(t)] <14 2|a¢(c —1it)|},
B(T)={t e R(T) : 1+ 2|al(c — it)| < |F(t)|}.
Using the fact that for t € B(T),

Lt Jac(o — in) <1¢(/2-+ 0] and SU2EIN < pay) < oo an),

we have

/ log|F(t)|dt:/ log™ |C(1/2 + it)| dt + O(T)
B(T) B(T)

= og™ 7 0 7
_/le o 1C(1/2 + t)\dt+0</~1 o |C(1/2 + t)|dt) +O(T)

B
:/R(T) log™[¢(1/2 +it)l dt O (/O log(1 + 2|a¢(o — it)|)dt) +
o),

where _
B={teR(T):1<|¢(1/2+it)] <1+ 2|aC(c — it)|}.
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Thus we see that
/ log™ | F(#)]dt :/ log | F(#)] dt +/ log | F(#)] dt
R(T) A(T) B(T)
T
=0 (/ log(1 + 2|aC(c — it)|)dt) + 4.11)
0

/ log™ |C(1/2 + it)|dt + O(T).
R(T)

By Proposition 2.8, it is easy to see that

T 1 T
/ log(1 + 2|aC(o — it)|)dt < T'log (T/ 1+2\a((0—it)\dt) =0O(T).
0 0

From this and Lemma 4.1 with (4.11), we get

1
/R(T) log® |F(t)|dt = me/log log T+ O(T). (4.12)
Define C(T") by
C(T) = {t € R(T) : max ('“C(“Q il el T ;) < |F(t)] < 1}.
2

Since ; < |a{(0 +it)| < 2 fort € C(T), for some ¢; > 0, we have
/ log | F(t)] dt > —e,T. @.13)
c(T)

Now we suppose
[F(t)] < |a¢(o —it)] /2.

Define D(T") by
D(T) ={t € R(T) : [F(t)] < [aC(o —at)|/2}

Write
n(T)

R(T) = | (ar, by).

k=1
Let a; < tgk) < ték) < ték) < ... < by be the solutions of

arg ((1/2 + it) = arg(al(c —it)) mod 2.
Lemma 4.2. Lett > 10. If ; < 0 < land t € R(T), we have

Clotity=0 ((1ogt)1+€‘(”‘%>) .

¢
¢ N logt

If o > 1, we have




42

Proof. For the second statement of Lemma 4.2, see [21, Theorem 5.17].

Let t € R(T") with ¢t > 10. By Proposition 2.10, we obtain

/ n $2(17¢7)
%(a—i-it):O(ZA()—l- !

+
o t?logz  logx

Z l'pfs — x2(p75)
(s —p)?

p

) |

400 (32 ) <o rh) <o)

n<x? p<z? n<x?

We obtain

where 7 () is the number of primes < z. We get

< Qx%-‘re—a Z

:L'pfs — 332(!778)

D

+ 217 Z —| L

_ nl2 _ Anl2
p YER(T) |5 =7l YER(T) s =0l
Lo log(k + 1) x= log(k + 1)
— O x2+e o + CEl o
( kz_; k2 kz_; log?t + k2

O (:U%’Le_" logt + 2' 77 loglog t) .

Thus, we obtain

¢’ , o1 23T Jog ¢ _
> ) =0 (-o) 27 7S7 =0 100 log t
C(a—l—z) x + loglog + 277 log log
fort € R(T). Letting x = log ¢, Lemma 4.2 follows. O

We recall that
TN(T) = Aargs(s — 1) + Aarg %% + AT(s/2) + Aarg ((s),

where N (T) is the number of zeros of ((s) in the region 0 < Ims < 7 and A denotes the
variation from 2 to 2 4 77, and then to % + T, along straight lines. See [21, p. 212]. Using
this, we have

d , 1

7 arg ((1/2 4 it) ~ ~3 logt.
By this and Lemma 4.2, we have

d
E(arg((l/? +it) —arg ((o —it)) ~ —%logt

(k)

fort € R(T). Integrating from ¢, to £, there exists ko so that we obtain

m—1_ 10— <
log t%) log ts,
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(k)

for k > kpandn = 1,2, .... Thus, there exists a positive constant ¢y such that for¢,,”; <t <
t%k), k> kyandn =1,2,..., we have
- |€(1/2‘|‘Zt)| 1/2+it)— —it
log |F(t)| =log|aC(o — it)| + log | 2o ilarec1/2it) —arg(ac(o=it)) _
la¢(o — it)| (4.14)
>loglac(o — it)| — calog |(t — tF)log t™] — 1.
Define F(T') b
F(T)={teR(T): |al(c —1it)| = 1}.
Then, we have
F(T)=<T.
For this, see [4, Theorem 13]. Then, by this and Proposition 2.8, we get
r 1
/ log™ |al (o —it)|dt < |F(T)|log ( / lal (o — it)|dt) =O(T).
0 IF (D) Jzer
We also note that by Proposition 2.8,
T
/ log |a¢ (o — it)|dt = O(T).
0
Hence we conclude that .
/ log™ |a¢ (o —it)|dt = O(T). (4.15)
0
From this and (4.14), there exist positive constants cs, ¢4 such that we obtain
T
/ log | F(¢)] dt > / log™ |a(o — it)|dt
D(T) 0
tn+1
— ¢ / log |(t — t,,) log t,|dt — T
0<tn<T tn (416)
= — Cs3 T+ Z - t(k
tSL’“)eR(T)
2 — C4T.

Using (4.15), it is easy to see that for some c5 > 0,

/ log |F(t)|dt > —csT,
g(1)

where
6(r) =t R = < i < )

From this, (4.10), (4.12), (4.13) and (4.16), Theorem 6 follows. ]
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5 Location of zeros when o), > ;

In this section, we show the theorems 7-9.

Proof of Theorem 7. (1). We need the following lemma.

Lemma 5.1. Forany a € C, as'T — oo, we have

T
(1) /0 log |((o1 + it) + al(o9 — it)|dt < T (01 >1/2, 09 > 1/2);

(2) /o log [((o1 +it) + al(oy —it)|dt = O(T) (01 >1, 09 > 1/2),

where the implied constant in 'O’ and ¢ > 0 does not depend on T

Proof of Lemma 5.1. First, we prove (1). We fix 01,0, > % By Jensen’s inequality and
Proposition 2.8, we have

T T
/ log |((o1 +it) + a (o9 —it)|dt < T log <%/ |C(o1 +it) + aC(o —it)|dt) =0(T).
0 0

This proves (1).

We prove (2). We see that

T 00 1 T '
/ l0g [m(0y — it)|dt =Re » Y e / prtdt = O(1)
0

0 p<pm n=1

for o4 > 1. By this and Proposition 2.12, we have

T
/ log |C(s + it) + aCu(on — i)|dt = O(T), 5.1)
0

where the implied constant in ‘O’ does not depend on m. We note that (,,,(o; — it) converges
uniformly to ((o; — it) in [0, 7] for fixed oy > 1. Thus, by (5.1) and Lebesgue dominate
theorem, we have

T
/ log |C(0 + it) + aC(or — it)|dt = O(T).
0
This proves Lemma 5.1 (2).

We complete the proof of Lemma 5.1. [
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For the proof of (1), we fix o9 > % and |a| = 1. In this case, a crucial point is that the zeros
1

of H(s;09,a) are symmetric around the imaginary axis. Let o be such that 0 < 0 < 0¢ — 5
and og + o > 1. Choose o; > 0 such that ¢ < 07 and 09 — 07 > % By Theorem 5 (2), for

H(s; 00, a), we have

1 T
27 Z (B—0)= (00 5 a) Tlog% +O(logT) + Loy .o(T,0),

0<y<T
B>c

1 T
27T Z (ﬂ — 01) = (00 — 5 — O'1> T10g2_7're + O(lOgT) + ‘Coo,a(Ta O'1>.

0<y<T
B>01

Subtracting these two equations, we get
27 Z (B—0)+2m Z (01 —0) =
0<y<T 0<y<T

o<B<o1 B>01

T
(Ul - U)Tlog % + O(log T) + 'Cao,a(Tv 0-) - ‘Cao,a(Ta Ul)'
From this, we obtain

T
2m Z (Ul - 0) = (01 - U)Tlog 2_’/T6 + O(log T) + 'Cao,a(Tv U) - ‘Cao,a(Ta Ul)'

0<y<T
B>c

By this and Lemma 5.1, we get

T T
> — — . .
E 1> 5 log 5ot O(T) (5.2)
0<y<T
B>c

From Theorem 5 (3), we recall

1 T T
NX(T) == = — — .
o) 5 Z 1+ Z 1 27Tlog27w+0(logT)
0<y<T 0<y<T

£=0 £>0
Thus, by this and (5.2), we conclude that

1

5 Y1+ ) 1=0(1).

0<y<T 0<y<T

B=0 0<B<o

It is easy to see that (1) immediately follows from this equation.

(2). We fix 0g > 1 and |a| # 0, 1. It is easy to see that

T
Lo a(T,0) > — ()T + / log | (00 + i) |dt = O(T):

0 (5.3)
EJM(T, o) <O(T) (—oo+1/2<0<09—1/2),
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where c(a) = max{|log||a™| — 1]|,1og ||a~!| + 1|}. Thus, in particular, we have
Ly o(T,0) =O(T). 5.4
Welet0 <o <oy — % As in the previous case, we get

T
2r > B+2r Y o=0Tlog 5+ 00108 T) + Lo0o(T,0) = Loya(T, ). (55)

0<y<T 0<y<T
0<B<o B>0

Since H(s;0g,a) # 0 on Re s = 0, we have

NIy = > 1L
0<y<T
5>0

Using this, (5.4), (5.5) and Theorem 5 (4), we have
Loya(T,0) = O(T) + O(N(0o,T)) = O(T),
since N (0, T) = O (T?) (9 < 1). By this and (5.3), we have
Loy o(T,0)=0(T) (0< 0 <0y—1/2). (5.6)

Let0 <oy <01 <og— % We repeat the above argument for o and 0. Then, we get

T
2w E 01— 09 = (0'1 — Ug)TlOg % + O(lOgT) + ,CUO’Q(T, 0'2) — ﬁgo’a(T, O'1>.
0§;<T
02

Using this, (5.6) and Theorem 5 (4), as in the previous case, we prove (2).

(3). We fix o9 > 1 and a # 0. Let oy and o5 be such that —oy + 3 < 01 < 02 < 09 — 3.
By Proposition 2.13, (o) for the function H (s; 0y, a) is differentiable in (—og + 3, 09 — %3
Thus, we have

¢'(02+0) = ¢'(01 = 0) = (02 = 0) — ¢'(01 + 0) = ¢ (02) — ¢ (o).
Thus, by Proposition 2.11, we have

¢'(02) — ¢'(01)
2T

N(oy,00,T) = T+ o(T) (T — o0)
for H(s; 09, a). Thus, (3) follows.

(4). Let oy > 09 — % Using the functional equation for {(s), the fourth statement of Proposi-
tion 2.2 and Theorem 5.17 in [21], we have

((tt) =0, (1757) (1= oo)
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for any € > 0. By this and the third statement in Proposition 2.2, we can see that H(s; 0g, a)
does not vanish for sufficiently large Im s provided that 0, — oy < 0.

We suppose 0 < 0p — 01 < % We set

1
o =209 — 5
Then, o > 1. We repeat some parts of the proof of Theorem 6. We recall £(T') and R(T") for
o. By Theorem 5 (2) and (5.3), we have

ve€(T)
B>00—%
Thus, we get
> 1=0(T"10g’T). (5.7)
yeE(T)
B>01

Lett € R(T). Then, by Lemma 4.2, we have

e

log (0" +it) = log (5 +it) + /0 %(r +it)dr = O <(1ogt)”°‘”1+f+%> ,
5

where 0* > 1 — 0y + 07 and € is a positive constant with oy — 01 + € < % Using this and the
fourth statement in Proposition 2.2, we conclude that (1 —o¢+s)+a 'y (o9 —5)7*¢(00 +5)
does not vanish for Res > o, and sufficiently large Im s in R(7"). Thus, we see that for

H(s; 00, a), we have
> 1=0(1),

YER(T)
B>01

because by the functional equation for ((s), it is easy to see that H(s; 0g,a) = 0 if and only
if ((1 — 00+ s)+atx(og —s)'¢(0g + s) = 0. Thus, by this and (5.7), (4) for N (o, T)
follows. Similarly, we can demonstrate (4) for N(—oo, —01,T"), using H (s; 09, a).

We complete the proof of Theorem 7. [

Proof of Theorem 8. We fix og > 1 and a # 0. Let ¢(t) and ¢(t) be as in Theorem 8. By the
theorems 5 and 6, we obtain

2 Z g — <ao - %) = ﬁT\/loglogT%—O(T)

as T'— oo. Thus, the first formula follows. Using H (s; 0, @), we obtain the second formula
by virtue of the above argument. From the first and second formulas, we immediately derive
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that

o Z Y(T) =0 (T loglogT> or Z 1=0 <TJ?§;> )

0<y<T 0<y<T
|B1>00—5+%(T) |81>00—5+$(T)
because (1) = ¢(T)/loglogT/logT. This proves the third formula. We complete the
proof of Theorem 8. O

Proof of Theorem 9. We fix og > % and |a| = 1. Let & be a positive real number. For 7" > 10,

we set
1 1 ko(T)+/loglogT
o(T.R) = o0 — 5 = wb(T) = 00— 5 = ¢ )bgﬁ 2

Fix o* such that 0 < 0* < o(7, k) and
Lyya(o™,T)=0(T).
This follows from Lemma 5.1. By Theorem 5, we have
Z B+o(T, k)= (00 - % +0o(T, /s)) T'log 2£7re + O(log T)+

0<y<T
/8>_U(T7H)

Loyo(T,—0(T, K)),

1 T .
21 Y Btot = (00 —5+ a*) Tlog 5—+O(0gT) + Loga(T, —0").
0<y<T
B>—0c*
We note that
Loo(T,—0(T,R)) = Log(T,0(T,K)), Log(T,—0") = Ly, (T,").

From the above equations, we obtain

27 Z (B+o(T,k)) + 27 Z (o(T, k) —0*) =
0<y<T 0<<T
—o(T,k)<B<—0c” B>—0*

T
(o(T,k) —0™)T log 5g +O0(logT) + Loyo(T,0(T,K)) — Loyo(T,0").
Since we have

1+— 1——logl+0(logT)
=2 145 ).

0<y<T 0<7<T
B8>0
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from Theorem 5 (3), we have

E % Z 1
0<y<T 0<y<T 0<o<T
—o(T,k)<fB<—0* o< B<0 520

O(logT) + Loy.o(T,0(T,K)) — Loy o(T,0").
Since the left side of the above equation is nonnegative, we can see that
Looa(T,0(T,K)) = Loyo(T,0) + O(log T). (5.8)
It is easy to observe that

1

T T
Loy o(T,0(T,K)) <§ log (T/ |H(—o(T, k) + it; oy, a)|2dt)
0

=0(T'loglogT),

(5.9)

because by Proposition 2.8, we have

/0 (o0 + o (T, k) — it)2dt = O(T)

and
T T
/ |C(og — o(T, k) + it)|*dt = / 1C(1/2 4 kp(T) + it)|*dt = O(T log T').
0 0

Since L, o(T, 0*) = O(T'), we derive
Loy o(T,0(T, k) =O(TloglogT)

from (5.8) and (5.9). By this and Theorem 5, we have

1 T
27 Z (B—0(T,1)) = (00 —5 - o(T, 1)) T log 9re + O(TloglogT),
0<y<T
B>o(T,1)

1 T
27 g (B—0(T,1/2)) = (UO—5—0(T,1/2))Tlog%—i—O(TloglogT),
0<y<T
B>0(T,1/2)

Thus we get

2m > B—o(T 1) +2r Y (o(T,1/2) - o(T,1)) =
0<y<T 0<y<T
o(T1)<pB<o(T,1/2) B>0(T,1/2)

(o(T,1/2) — (T, 1))T log 21 +O(TloglogT).
e
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Hence, we obtain

T T T loglogT
1> —log—+0 .
2 %o (a(T,1/2>—a<T,1>)

Using this and the facts

o(T,1/2) — o(T, 1) = 2T Vioglos T Y o1< o log i +O(log T)

2log T ’
0<y<T
B>0
we have
T T log Tv/loglogT
E 1=— log —+0 :
27e o(T)
0<y<T
p>o(T1)

Using this and Theorem 8, we prove the formula in Theorem 9 for the case oy > % and la| = 1.
Using H(s; 00,a), we can similarly demonstrate the same formula with * ‘ﬁ + (oo — —)] <

(T)” in place of ¢ ‘ﬂ ( o9 — —)| < (T
Using Theorem 5, Theorem 6 and the fact that
Loy o(T,0)=0(T) (—o0+1/2<0 <01 —1/2),

we can similarly justify Theorem 9 for the case oy > % and |a| # 0,1. We note that the

asymmetry of zeros of H(s; 0y, a) does not cause any problem for the argument. O
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