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1. Introduction

We denote the Riemann Ξ-function Ξ(z) by

Ξ(z) =
s(s− 1)

2
π−s/2Γ(s/2)ζ(s),

where ζ(s) is the Riemann zeta function and s = 1/2+ iz. Then Ξ(z) is an entire function
with order 1. See [27, p. 29] for this. The Riemann hypothesis is equivalent to the
statement that the Riemann Ξ-function has real zeros only. The Riemann Ξ-function has
the following Fourier transform [24]

Ξ(z) =
∫ ∞

−∞
Φ(t)eiztdt

where

Φ(t) = 2
∞∑

n=1

(2n4π2e9t/2 − 3n2πe5t/2)e−n2πe2t

.

Here Φ(t) = Φ(−t) and Φ(t) > 0 for any t ∈ R. Thus we get Ξ(z) = Ξ(−z) and Ξ(z) = Ξ(z)
for any complex number z.

Riemann [24] used the Riemann Ξ-function in asserting his theorem; almost all zeros of
the Riemann Ξ-function are real. However, he never gave the proof for the theorem and
nobody has been able to justify Riemann’s claim. For partial results of this problem, see
[2, 15, 25]. Thus we have a strong motivation to study the zeros of Fourier transforms
toward the Riemann hypothesis.

Some mathematicians have investigated the distribution of zeros of Fourier transforms.
In this survey, we shall introduce their works on the zeros of Fourier transforms. We will
see that resolving the Riemann hypothesis using Fourier transforms appears to be very
hard. We will discuss this matter at the end of our survey.
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2. Pólya’s approximations to the Riemann Ξ-function

Apparently, the Riemann Ξ-function Ξ(z) has a complicated Fourier integral represen-
tation. In order to understand the distribution of zeros of the Riemann Ξ-function, we first
need to consider easier Fourier transforms. In fact, Pólya studied the behavior of zeros of
the following Fourier transform

f(z) =
∫ ∞

−∞
Q(t)eP (t)eiztdt, (2.1)

where the function P (t) is a polynomial with the negative leading coefficient and Q(t) an
arbitrary polynomial. He proved

Theorem 2.1 [Pólya, 20]. If n is a positive integer, P (t) = −t2n and Q(t) = 1, then
f(z) in (2.1) has real zeros only.

The proof of this theorem relies on the special case of a theorem of Laguerre [14].

If Φ(t) is an integral function of order less than 2 which assumes real values along the
real axis and possesses only negative zeros, then the zeros of the integral function

Φ(0) +
Φ(1)
1!

z +
Φ(2)
2!

z2 + . . . +
Φ(n)
n!

zn + . . .

are also all real and negative.

Using Theorem 2.1 and the Pólya-Wiman conejcture [4, 13], Kamimoto, the author and
Kim showed

Theorem 2.2 [Kamimoto-Ki-Kim, 7]. Let f(z) be as in Theorem 2.1. Then all zeros
of f(z) are real and simple.

Recently, the author and Kim have generalized Theorem 2.1 and Theorem 2.2 as follows.

Theorem 2.3 [Ki-Kim, 12]. All but a finite number of the zeros of f(z) in (2.1) are
real and simple, if P (−t) = P (t) and Q(−t) = Q(t) for all t ∈ R.

For the proof of Theorem 2.3, we used an asymptotic behavior of f(z) which is obtained
by the saddle point method. In particular we can show that for each ε > 0 all but a finite
number of the zeros of the Fourier transform of f(z) lie in the strip |Im z| ≤ ε. However,
it does not immediately imply Theorem 2.3. Although one can prove Theorem 2.3 with
the asymptotic behavior of f(z), we prove Theorem 2.3 using a question of de Bruijn [1].
The reason is that the proof immediately follows from it and the behavior of f(z) near the
real axis as z → ∞. The validity of de Bruijn’s question may have an application to the
Riemann hypothesis. See some comments after Newman’s conjecture in Section 4.

De Bruijn’s Question [de Bruijn, 1]. Let F (t) be a complex valued function defined
on the real line; and suppose that F (t) is integrable,

F (t) = O
(
e−|t|

b
)

(|t| → ∞, t ∈ R)
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for some constant b > 2, and

F (−t) = F (t) (t ∈ R).

Suppose also that for each ε > 0 all but a finite number of the zeros of the Fourier transform
of F (t) lie in the strip |Im z| ≤ ε. Does it follow from these assumptions that for each λ > 0
the Fourier transform of eλt2F (t) has only a finite number of complex zeros?

Theorem [Ki-Kim, 11]. De Bruijn’s question is true.

We briefly explain how the proof of de Bruijn’s question goes.
We set

f(z) =
∫ ∞

−∞
F (t)eiztdt.

First we note that ∫ ∞

−∞
eλt2F (t)eiztdt = e−λD2

f(z),

where D = d/dz. Using Theorem 13 [1, p. 205], Hadamard’s product theorem for f(z)
and the property

e−λD2
f(z) = (z + a)g(z)− 2λg(z)′

where f(z) = (z + a)g(z), we can show that

e−λD2
f(z) = P (z − 2λD)h(z) (2.2)

where P (z) is a real polynomial and the real entire function h(z) with order less than 2
has real zeros only. Here the important ingredient of the proof of the previous assertion is
the behavior of f(z) near the real axis as z → ∞; for each ε > 0 all but a finite number
of the zeros of f(z) lie in the strip |Im z| ≤ ε. Now we denote LPS∗ by the class of real
entire functions with order less than 2 whose zeros are real and simple except for a finite
number of zeros. We apply induction to (2.2) and then it suffices to prove the following.

Let ε > 0. Then we have [(z − εD)2 + b2]h(z) ∈ LPS∗ whenever h ∈ LPS∗.
The proof of this claim follows from the properties of sufficiently large β satisfying

βh(β) = h′(β). By this claim, we complete the proof of de Bruijn’s question.
Pólya approached the Riemann hypothesis more seriously by dealing with the following

Fourier transform
f(z) =

∫ ∞

−∞
Φ(t)eiztdt,

where the decay of the function Φ(t) is much faster than eP (t) in (2.1). Pólya considered
the first approximation of the Riemann Ξ-function Ξ(z);

Ξ∗(z) =
∫ ∞

−∞
8π2 cosh(

9
2
t)e−2π cosh(2t)eiztdt.
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Theorem 2.4 [Pólya, 21]. Ξ∗(z) has real zeros only.

In fact, all zeros of Ξ∗(z) are simple.
We denote G(z) by

G(z) =
∫ ∞

−∞
4π2e−2π cosh(2t)eiztdt.

First, Pólya showed that G(z) has real zeros only using the representation
∫ ∞

−∞
e−2a cosh teztdt = h(z) + h(−z)

and its careful analysis, where

h(z) = a−zΓ(z)

(
1 +

∞∑
n=1

a2n

n!(1− z)(2− z) . . . (n− z)

)
. (2.3)

Pólya proved Theorem 2.4 by virtue of the following lemma.

Let c be a positive constant, F (z) an integral function of genus 0 or 1 which takes real
values for real z, and has no complex zeros and at least one real zero. Then all the zeros
of F (z + ic) + F (z − ic) are also real.

We let f be a meromorphic function. Let T > 0. Define N(T ; f) by

N(T ; f) = the number of zeros of Ξ(z) in the region 0 < Re (z) < T ;

Ns(T ; f) = the number of simple zeros of Ξ(z) in the interval 0 < z < T ;

It is known that
N(T ; Ξ) =

T

2π
log

T

2πe
+ O(log T ).

See [27, Theorem 9.4] for this. According to Theorem 2.4, N(T ; Ξ∗) is the number of zeros
of Ξ∗(z) in the interval (0, T ). Interestingly, we have

N(T ; Ξ∗) =
T

2π
log

T

2πe
+ O(1),

whose proof follows from the standard argument [27, p. 212] and (2.3). We discuss the
difference between the error term of N(T ; Ξ) and the error term of N(T ; Ξ∗). We set

S(T ) =
1
π

arg ζ(
1
2

+ iT )

obtained by continuous variation along the straight line joining 2, 2 + iT , 1
2 + iT , starting

with the value 0. Then we have

N(T ; Ξ) =
T

2π
log

T

2πe
+ S(T ) +

7
8

+ O(1/T ).



5

For this, we refer to [27, Theorem 9.3]. Clearly, the error term of N(T ; Ξ∗) appears to be
very simple. On the other hand, the deep behavior of S(T ) makes the study on the error
term of N(T ; Ξ) highly nontrivial. For the study of S(T ), see [27, Chapter 9, 14].

Pólya had further works on a more approximation to Ξ(z). He showed that a better
approximation Ξ∗∗(z) to Ξ(z) has real zeros only where

Ξ∗∗(z) =
∫ ∞

−∞

(
8π2 cosh

9
2
t− 12π cosh

5
2
t

)
e−2π cosh 2teiztdt.

Hejhal [6] considered general approximations to Ξ(z). He took

Ξn(z) =
∫ ∞

−∞
Φn(t)eiztdt,

where for each n = 1, 2, . . . ,

Φn(t) =
n∑

k=1

e−2πk2 cosh(2t)

[
8π2k4 cosh(

9
2
t)− 12πk2 cosh(

5
2
t)

]
.

Clearly, the approximation Ξn(z) does not converge to Ξ(z). Thus, it is meaningless
to study these approximations concerning a possible proof of the Riemann hypothesis.
However, the distribution of zeros of those approximations has their own interests.

From the standard argument [27, p. 212] and (2.3), we have

N(T ; Ξn) =
T

2π
log

T

2πe
+ O(log T ).

Theorem 2.5 [Hejhal, 6]. Almost all zeros of Ξn(z) are real and simple. More precisely,

N(T ; Ξn)−Ns(T ; Ξn) = O

(
T log T

log log T

)
.

The author improved Theorem 2.5 as follows.

Theorem 2.6 [Ki, 8]. N(T ; Ξn)−Ns(T ; Ξn) = O(T ).

For Ξn(z), it is hard to imagine that all but finitely many zeros of Ξn(z) are real in
general. Probably, Theorem 2.6 might be the best possible one.

3. De Bruijn’s approximations to the Ramanujan Ξ-function

We introduce the Ramanujan zeta function and its Ξ-function. We let τ(n) be the
Ramanujan τ -function which satisfies

y[(1− y)(1− y2) · · · ]24 =
∞∑

n=1

τ(n)yn.
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We consider the Ramanujan zeta function L(s) defined by

L(s) =
∞∑

n=1

τ(n)
ns

,

where the series is absolutely convergent for Re (s) > 13
2 . Its Ξ-function is defined by

ΞR(z) =
∫ ∞

−∞
φ(t)eiztdt,

where

φ(t) = e−2π cosh t
∞∏

k=1

[
(1− e−2πket

)(1− e−2πke−t

)
]12

.

Then we have
ΞR(is) = (2π)−s−6L(s + 6)Γ(s + 6).

The Riemann hypothesis for the Ramanujan zeta function asserts that all zeros of ΞR(z)
are real. De Bruijn [1] considered approximations of the Ramanujan Ξ-function for inves-
tigating the zeros of ΞR(z). We define ΞR,n(z) by

ΞR,n(z) =
∫ ∞

−∞
e−2π cosh t

n∏
m=1

[
(1− e−2πmet

)(1− e−2πme−t

)
]12

eiztdt.

Since ΞR,n(z) converges uniformly to ΞR(z) on any compact subset of the complex plane,
ΞR(z) has real zeros only if for infinitely many n’s, ΞR,n(z) has real zeros only. Thus it is
worth studying the distribution of zeros of the approximation ΞR,n(z) of the Ramanujan
Ξ-function.

De Bruijn [1] succeeded to Pólya’s results [20-23] as follows.

Theorem 3.1 [De Bruijn, 1]. Let N be a positive integer and put

P (t) =
N∑

−N

pnent (Re (pn) > 0; pn = p−n, n = 0, 1, 2, . . . ).

Let the function q(x) be regular in the sector −π/N − N−1 arg pN < arg x < π/2N −
N−1 arg pN and on its boundary, with the possible exception of x = 0 and x = ∞ which
may be poles (of arbitrary finite order) for q(x). Furthermore suppose

q(x) = q(1/x)

in this sector (in other words, q(x) is real for |x| = 1). Then all but a finite number of the
roots of the function

Φ(z) =
∫ ∞

−∞
e−P (t)Q(t)eiztdt (Q(t) = q(et))
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are real.

We discuss the proof of Theorem 3.1. We define Ψ(z) by

Ψ(z) =
∫ ∞

−∞

e−P (t)Q(t)
et + 2 + e−t

eiztdt.

We obtain
Φ(z) = Ψ(z + i) + Ψ(z − i) + 2Ψ(z).

Using the saddle point method, de Bruijn [1] proved that for any ε > 0, Ψ(z) has only
finitely many zeros in |Im (z)| > ε. The following lemma [1] is instructive.

Put z = x + iy (x and y real), and f(z) = z2 + ∆2 where ∆ > 0; let λ be a positive

number. If µ is defined by µ = (∆2 − λ2)
1
2 (∆ > λ) nd µ = 0 (∆ > λ), then we have

f(z + iλ)| > |f(z − iλ)| if (|z|2 − µ2)y > 0 and f(z + iλ)| < |f(z − iλ)| if (|z|2 − µ2)y < 0.

This lemma is one of key observations to show the following.

For a real entire function f , all but finitely many zeros of f(z + λi) + f(z− λi) are real
if the order of f(z) is less than 2 and for any ε > 0, f(z) has only finitely many zeros in
|Im (z)| > ε.

Then, we immediately prove Theorem 3.1, for Φ(z) = Ψ1(z + i/2) + Ψ1(z − i/2) where
Ψ1(z) = Ψ(z + i/2) + Ψ(z − i/2).

As an application of Theorem 3.1, de Bruijn [1] showed that the special functions

∫ ∞

−∞
e−λ cosh t

N∑

n=−N

cnenteiztdt (λ > 0, cn = c−n)

have N pairs of non-real zeros at most.
For the proof of this theorem, we also need a theorem of Hermite and Biehler, which

was modified by de Bruijn [1].

If U(z) and V (z) are real polynomials such that W (z) = U(z) + iU(z) has n roots in
the lower half-plane, then U(z) has n pairs of complex roots at most.

For the proof of this lemma, we appeal to the argument change of the function W (z)
from z = −∞ to z = ∞. Then the lemma immediately follows.

We see that the above theorem is related to the Riemann Ξ-function. However, one
cannot expect to show the Riemann hypothesis using it. One of reasons is that we cannot
put away ‘a finite number of nonreal zeros of the function’ in the theorem in general.

Concerning ΞR,n(z), de Bruijn [1] pointed out that ΞR,n(z) may have infinitely many
nonreal zeros. In fact, he showed the following.
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Theorem 3.2 [de Bruijn, 1]. The function

f1(z) =
∫ ∞

−∞
e−2a cosh t

(
1− e−bet

)(
1− e−be−t

)
eiztdt (a, b > 0)

has infinitely many nonreal zeros. More precisely, from a certain integral value of |m|
onwards, f1(z) has just one zero in the neighborhood of any point ±i + 2mπ/ log(1 + b/a).
Apart from these, for any δ > 0, f1(z) has but a finite number of zeros for |Im (z)| > δ.

The author complements and strengthens Theorem 3.2.
We assume that F is a finite sequence of complex or real numbers a0, a1, . . . , an such

that at least one of them is nonzero. We define

ΞF (z) =
∫ ∞

−∞
φF (t)eiztdt,

where

φF (t) = e−2π cosh t

(
n∑

m=0

ame−2πmet

)(
n∑

m=0

ame−2πme−t

)
.

We immediately have
ΞF (z) = ΞF (z)

for any complex number z. One can see that for some sequences Fk, the function ΞFk
(z)

converges uniformly to ΞR(z) on any compact subset of the complex plane.
We have

Theorem 3.3 [Ki, 9]. For ΞF (z), we have

N(T ; ΞF ) =
T

π
log

T

eπ
+ O(log T ),

N(T ; ΞF )−Ns(T ; ΞF ) = O(T ).

In particular, almost all zeros of ΞF (z) are real and simple.

To prove Theorem 3.3, we use the argument principle. For the Ramanujan zeta function,
we expect N(T ; ΞR) = Ns(T ; ΞR). However, we have known very little about the behavior
of zeros of the Ramanujan zeta function. Conrey and Gosh [3] demonstrated that for the
Ramanujan Ξ-function ΞR(z), the number of simple zeros in 0 < Re (z) < T is greater
than or equal to AT 1/6−ε, where the positive constant A depends on ε > 0. This theorem
is instructive how little we understand the distribution of zeros of the Ramanujan zeta
function.

For a given F = 〈ak〉nk=0, we define ψF (s) by

ψF (s) = π−s
n∑

m=0

am(2m + 1)−s.

Let k be such that

P (1) = P ′(1) = · · · = P k−1(1) = 0, P (k)(1) 6= 0,

where P (y) =
∑n

m=0 amym. Then we have
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Theorem 3.4 [Ki, 9].
(1) Let ∆∗ and ∆∗∗ be positive. Suppose that ψF (iz − k) has finitely many zeros in

−∆∗ < Im (z) < ∆∗∗. Let δ be such that 0 < δ < ∆∗. Then all but finitely many
zeros of ΞF (z) which lie in |Im (z)| 6 δ are real. In particular, all but finitely many
zeros of ΞF (z) are real if ψF (iz − k) has finitely many zeros in Im (z) < ∆∗∗.

(2) With at most finitely many exceptions, the function f1(z) has either only real and
simple zeros or just one zero in the neighborhood of any point ±i+2mπ/ log(1+b/a)
from a certain integral value of |m| onwards.

Based on this theorem and some computations, we leave an open problem.

Conjecture. For each n, ΞR,n(z) has real zeros only in |Im (z)| < 1/2.

This conjecture immediately implies the Riemann hypothesis for the Ramanujan zeta
function.

We explain the proof of Theorem 3.4.
Let F , k and ψ(s) be as in the introduction. We denote WF (z) by

WF (z) =
∫ ∞

−∞
φ̃F (t)eiztdt,

where

φ̃F (t) =
e−2π cosh t

et/2 + e−t/2

(
n∑

m=0

ame−2πmet

)(
n∑

m=0

ame−2πme−t

)
.

Then we have
ΞF (z) = WF (z − i/2) + WF (z + i/2) .

We have to investigate the properties of WF (z) near the real axis as z → ∞. Using
WF (z) = WF (z), by Hadamard’s product theorem we have

WF (z) = czm1eαz
∞∏

m=1

(
1− z

αm + βmi

)
e

z
αm+βmi ,

where c, α are real numbers, m1 is a nonnegative integer and αm + βmi runs through all
zeros of WF (z). Now we need to get∣∣∣∣

WF (z + i/2)
WF (z − i/2)

∣∣∣∣ < 1

for −δ < Im (z) < 0 and Re (z) > x0, where x0 is sufficiently large. Since this inequality
should be valid uniformly in the region, we immediately have a difficulty to justify it. Now,
we discuss why this is possible. We note that WF (z) is of order 1 maximal type. The first
observation is that it cannot be possible for order 1 mean type functions except for some
particular cases. Thus, we should know the difference between order 1 mean type functions
and order 1 maximal type functions. The crucial difference in general is that the number
of zeros of f(z) in T < Re (z) < T + 1 increases as T goes to infinity for a given entire
function f(z) with order 1 maximal type. After a solid computation with this phenomena
for WF (z) and some particular properties of WF (z) near the real axis as z → ∞, we can
obtain the above inequality uniformly in the region.
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4. Newman’s conjecture

While de Bruijn [1] investigated the behavior of zeros of Fourier transforms, he discov-
ered an interesting fact.

Let the function φ1(t) and φ2(t) be continuous for −∞ < t < ∞ and O
(
e−εt2

)
for

some positive ε with φ1(t) = φ1(−t) and φ2(t) = φ2(−t). Suppose that for any λ > 0, the

Fourier transforms
∫∞
−∞ e−λt2φj(t)eiztdt, j = 1, 2, have real zeros only. Then the same

property holds for the Fourier transform of the product φ1(t)φ2(t).

Newman [18] extended this result and proved the following nice theorem.

Theorem 4.1 [Newman, 18]. Suppose ρ is an even, nonnegative, finite measure on the
real line and Zb is defined (for b > 0) as

Zb(z) =
∫ ∞

−∞
ezt−bt2dρ(t)

then Zb has only pure imaginary zeros for every b > 0 if and only if either

ρ(t) = K(δ(t− t0) + δ(t + t0))

for some K > 0 and t0 > 0 (where δ(t − t0) denotes the point measure of unit mass
concentrated at the point t0), or else ρ is absolutely continuous with density

dρ

dt
= Kt2me−αt4−βt2

∏

j

(
1 +

t2

a2
j

)
e
−t2

a2
j ,

where K > 0, m = 0, 1, 2, . . . , aj > 0,
∑

1/a4
j < ∞, α > 0 and β is real (or else α = 0

and β +
∑

1/a2
j > 0). The product in the above equation is over a set of j’s which may be

empty, finite, or infinite and the condition β +
∑

1/a2
j > 0 is considered to be satisfied if∑

1/a2
j = ∞.

We recall the Riemann Ξ-function Ξ(z) =
∫∞
−∞ Φ(t)eiztdt, where

Φ(t) = 2
∞∑

n=1

(2n4π2e9t/2 − 3n2πe5t/2)e−n2πe2t

.

For a real number λ, we define Ξλ(z) by

Ξλ(z) =
∫ ∞

−∞
Φ(t)eλt2eiztdt.

De Bruijn [1] showed that for λ > 1/8, Ξλ(z) has real zeros only. However, by the above
theorem, for some λ < 0, Ξλ(z) has nonreal zeros.
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The author and Kim [10] strengthen and complement Theorem 4.1. Let f be an entire
function. If f has a nonreal zero, we set W (f) = sup{|Im (z) : f(z) = 0}, and otherwise
W (f) = 0. For p > 0 and a condition (or a set) X, we set Sp(f ; X) =

∑
j∈J |aj |−p where

{aj}j∈J is an indexed set of the real zeros of f that satisfy (or lie in) X. Let M be the
class of non-trivial complex Borel measures µ on the real line such that µ(−E) = µ(E) for
every Borel set E. For µ ∈M, λ > 0 and z ∈ C, we denote the Fourier transform

∫ ∞

−∞
eizte−λt2/2dµ(t)

by fµ,λ(z).

Theorem 4.2 [Ki-Kim, 10]. Let ∆ > 0, q > 0, q̃ = max{2dq/2e, 4} and µ ∈M. If

lim
λ→∞

λqSq(fµ,λ; |Im z| > ∆λ) = L < ∞,

then either µ is given by dµ(t) = F (it)dt for some real entire function F such that

lim
r→∞

r−q̃ log M(r; F ) < ∞, Sq̃(F ; z 6= 0) < ∞ and Sq(F ; |Im z| > ∆) 6 L

or there is a finite set E of real numbers with |E| 6 q̃ − 2 such that µ is concentrated on
the set [−∆̃, ∆̃] ∪ E, where ∆̃ = ∆

√
1 + cot2(π/q̃).

The crucial idea of the proof of this theorem comes from Newman’s proof [18].
Using Theorem 4.2, we have the following two theorems.

Theorem 4.3 [Ki-Kim, 10]. For µ ∈M the following are equivalent:

(1) lim
λ→∞

λ−1W (fµ,λ) = 0.

(2) Either µ is given by dµ(t) = F (it)dt for some F ∈ F0, or µ is concentrated on the
set {−t0, t0} for some t0 > 0.

(3) µ ∈M0.
In this case, all the zeros of the functions fµ,λ, λ > 0, are real and simple.

Theorem 4.4 [Ki-Kim, 10]. Let Ξb be as above. Then we have

lim
b→∞

bqSq(Ξb; |Im z| > ∆b) = ∞

for any ∆ > 0 and q > 0. In particular,

lim
b→∞

S0(Ξb; Im z 6= 0) = ∞ and lim
b→∞

b−1W (Ξb) = ∞.

Newman conjectured the following.



12 HASEO KI

Conjecture [Newman, 18]. For any λ < 0, Ξλ(z) has complex zeros.

For some numerical results related to this conjecture, see [5, 19]. This conjecture means
that as Newman [18] remarked, if the Riemann hypothesis is true, then it is only barely so.
We recall de Bruijn’s question established by the author and Kim [11]. Based on the truth
of de Bruijn’s question, one might try to dispute Newman’s conjecture. For instant, for
some λ < 0, all but a finite number of zeros of Ξλ(z) lie in |Im (z)| < δ for any δ > 0. Then
it follows from de Bruijn’s question that the Riemann hypothesis is true, excluding finite
many exceptions. However, one shouldn’t take this seriously for the Riemann hypothesis
because for λ < 0, there is no way to understand a precise behavior of zeros of Ξλ(z) near
the real axis as z →∞, and it is also very probable that Ξλ(z) has infinitely many nonreal
zeros.

Concerning the function Ξλ(z), we propose a possible conjecture.

Conjecture [Ki]. For any real λ, almost all zeros of Ξλ(z) are real.

If this conjecture is valid, then in particular almost all complex zeros of the Riemann
zeta function are on Re (s) = 1/2.

5. Concluding remarks

In the previous chapters, we have briefly surveyed results related to the distribution of
zeros of Fourier transforms. The main reason for studying the zeros of Fourier transforms
is that we can consider the Riemann Ξ-function as a Fourier transform. Namely, we
may attack the Riemann hypothesis as we investigate the behavior of zeros of Fourier
transforms. However, as to this approach, it seems skeptical to get a complete proof of the
Riemann hypothesis. We discuss this issue.

Riemann [24] thought that it was very provable that the Riemann hypothesis was true
after he asserted his theorem; almost all zeros of the Riemann Ξ-function are real. This
is still open. Probably, in justifying the theorem, he used the following Riemann-Siegel
formula [26]

π−s/2Γ(s/2)ζ(s) = F (s) + F (1− s),

where

F (s) = π−s/2Γ(s/2)f(s) and f(s) =
∫

0↙1

eiπx2
x−s

eiπx − e−iπx
dx.

This formula is very interesting. We set W (z) = F (1/2 + iz). Then we have

π−s/2Γ(s/2)ζ(s) = W (z) + W (z),

where s = 1/2 + iz. Therefore, we see that if one can show that the argument change
of f(s) is o(T log T ) from 1/2 to 1/2 + iT , then Riemann’s theorem follows immediately.
Equivalently, the number of zeros of f(s) in Re (s) > 1/2 and 0 < Im (s) < T is o(T log T ).
However, the distribution of zeros of f(s) is obscure and we immediately meet a difficulty
to understand the properties of f(s). For example, even the distribution of zeros of f(s)
in Re (s) < 0 is not known yet. At the moment, the best possible way for a proof of
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Riemann’s unproven theorem might be Levinson’s method [15] and its variants. So called,
to justify Riemann’s unproven theorem, it suffices to show that the number of zeros of the
derivative ζ ′(s) of the Riemann zeta function in 0 < Re (s) < is o(T log T ) as T →∞. See
[15] and [16, Theorem 1].

We want to give a specific reason why the methods of Fourier transforms including
the saddle point method and the mean value theorem (the sign change method) are not
enough for the Riemann hypothesis. We comment one of the main conjectures in Analytic
Number Theory.

Pair correlation conjecture [Montgomery, 17]. Assume the Riemann hypothesis.
Then we have

∑
2πα
log T <γ′−γ< 2πβ

log T ,γ>0

1 ∼ N(T ; Ξ)
∫ β

α

1−
(

sin πx

πx

)2

dx (0 6 α 6 β),

where γ, γ′ are zeros of the Riemann Ξ-function.

In this survey, any Fourier transform does not have the above property. We recall
methods that prove the theorems about the zeros of Fourier transforms. The zeros of
the Fourier transforms behave regularly so that for instant, the saddle point method,
Fourier analysis method, the sign change method and etc work very well in understanding
the properties of zeros of the functions. The above conjecture is heavily related to the
distribution of prime numbers. Due to the irregular behavior of prime numbers, it is
widely believed that the pair correlation conjecture should be valid. Based on the truth
of the conjecture, we see that the Riemann hypothesis cannot be proved by the sign
change method or the argument change method although it can be possible theoretically.
Unfortunately, we absolutely ignored any arithmetic property while we have studied the
zeros of the Riemann Ξ-function. We may need to combine the analytic properties and
the arithmetic properties of the Riemann zeta function for any breakthrough related to
the Riemann hypothesis.
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