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Abstract

An optimization-based, non-overlapping domain decomposition method for the
solution of the heat equation is presented. The crux of the method is a constrained min-
imization problem for which the objective functional measures the jump in the depen-
dent variables across the common boundaries between subdomains. The existence of
an optimal solution is proved as is convergence of optimal solutions. An optimality sys-
tem for the optimal solution is derived and used to define a gradient method. Conver-
gence results are obtained for the gradient method and the results of some numerical
experiments are obtained.
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1. Introduction

Domain decomposition methods to solve partial differential equations have
been very popular in the field of science and engineering. One may consult the
proceedings of the annual conference on such methods developed with various
approaches. See e.g. Refs. [1–6]. The mostly used method may be the substruc-
turing method, which has been focused on developing effective preconditioners.
The method we present in this paper results from a different approach through
optimization.

The method presented in this paper falls into the category of domain decom-
position methods based on a subdivision of the given domain into non-overlap-
ping subdomains. The method possesses all the advantages that one should
expect from a non-overlapping method. For example, one can use different
grids in each subdomain and the grids need not match along the interface;
one can use different discretization schemes in each subdomain (e.g., piecewise
linear and quadratic finite element methods in adjacent subdomains) and the
schemes need not match along the interfaces; multidisciplinary problems hav-
ing different model equations can be handled in a efficient way; the method is
easily extendible to non-linear problems.

The method was previously proposed and analyzed for the Poisson equation
in [7]. In [8], a non-linear problem is considered. The method is further studied
for control problem for partial differential equation in [9]. In this article, we use
the context of the heat equations to illustrate how the algorithms and analysis
of the optimization-based domain decomposition can be extended to time-
dependent problems.

The plan of the paper is as follows. In Section 2, we discuss the existence of
an optimal solution. Then in Section 3 we examine the convergence of optimal
solutions as the penalty parameter tends to zero. An optimality system for the
optimal solution is derived in Section 4. In Section 5 we consider a gradient
method-based and convergence results are obtained for the gradient method.
Finally, the results of some numerical experiments are discussed in Section 6.

1.1. The model problems

Let X be a bounded open set in R2 with boundary C. We consider the heat
equation.

ut � Du ¼ f in X� ð0; T Þ;
u ¼ 0 on C� ð0; T Þ;
ujt¼0 ¼ u0 in X.

ð1:1Þ

We intend to solve this problem by a domain decomposition technique. To
this end, let X be partitioned into two open subdomains X1 and X2 such that
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Fig. 1. A subdivision of the domain X into two subdomains X1 and X2.
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X ¼ X1 [ X2. The interface between the two domains is denoted by C0 so that
C0 ¼ X1 \ X2. Let C1 ¼ X1 \ C and C2 ¼ X2 \ C. See the sketch in Fig. 1.

Instead of the constraint (1.1), we consider the problems defined over the
subdomains: for i = 1 and 2,

ðuiÞt � Dui ¼ f in Xi � ð0; T Þ;
ui ¼ 0 on Ci � ð0; T Þ;
oui
oni
¼ ð�1Þiþ1g on C0 � ð0; T Þ;

uijt¼0 ¼ ðuiÞ0 in Xi;

ð1:2Þ

where, o/oni denotes the derivative in the direction of the outer normal to Xi. In
this paper, we refer to g as the control.

For an arbitrary choice of the control g, the solutions u1 and u2 of (1.2) are
not the same as the solution u of (1.1) in the respective subdomains, i.e.,
u1 6¼ ujX1

and u2 6¼ ujX2
. This discrepancy is due to the fact that, for an arbitrary

choice of g, we have that u1 5 u2 along C0, even in a weak sense. On the other
hand, there exists a choice of g, i.e., g ¼ ou=on1jC0

¼ �ou=on2jC0
, such that the

solutions of (1.2) coincide with the solution of (1.1) on the corresponding sub-
domains. Thus, if we are to solve (1.1) through (1.2), we must also find the
‘‘right’’ g so that u1 is as close as possible to u2 along the interface C0. One
way to accomplish this is to minimize the functional

Jðu1; u2Þ ¼
Z T

0

Z
C0

ðu1 � u2Þ2 dCdt. ð1:3Þ

Instead of (1.3), we can also consider the penalized or regularized functional

Jdðu1; u2; gÞ ¼
1

2

Z T

0

Z
C0

ðu1 � u2Þ2 dCdt þ d
2

Z T

0

Z
C0

g2 dCdt; ð1:4Þ

where d is a constant that can be chosen to change the relative importance of
the two terms in (1.4). Thus, the optimization problem we propose to solve is
given by the following:
find u1, u2 and g such that the functional Jdðu1; u2; gÞ is minimized subject

to (1.1).
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1.2. Notation

Throughout this paper, C denotes a positive constant, depending on the do-
mains X, X1 and X2, whose meaning and value changes with context. H sðDÞ,
s 2 R, denotes the standard Sobolev space of order s with respect to the set
D equipped with the standard norm k � ks;D. H 1

0ðDÞ denotes the space of func-
tions belonging to H 1ðDÞ that vanish on the boundary oD of D.

We will use the following L2 inner product notations on L2 spaces:

ðp; qÞD ¼
Z
D

pqdD 8p; q 2 L2ðDÞ;

where the spatial set D is X or C0 or Xi, for i = 1,2. We introduce the function
space

X i ¼ ½H 1
0ðXÞ�jXi

with the norm k � kX i
¼ k � k1;Xi

; i ¼ 1; 2.

For i = 1,2, we define the bilinear form

aiðu; vÞ ¼
Z

Xi

ru � rvdX 8u; v 2 X i.

It is evident that the forms ai(Æ, Æ), for i = 1,2, are continuous, i.e., there exist
positive constants Ki such that

jaiðu; vÞj 6 Kikuk1;Xi
kvk1;Xi

8u; v 2 X i.

Also, ai(Æ, Æ) satisfies the following coercivity property:

aiðu; uÞP kikuk2
1;Xi

8u 2 X i.
2. The existence of an optimal solution

2.1. A weak formulation

A weak formulation corresponding to (1.2) is given by

ðotu1; vÞX1
þ a1ðu1; vÞ ¼ ðf ; vÞX1

þ ðg; vÞC0
8v 2 X 1;

u1jt¼0 ¼ ðu1Þ0; ð2:1Þ
ðotu2; vÞX2

þ a2ðu2; vÞ ¼ ðf ; vÞX2
� ðg; vÞC0

8v 2 X 2;

u2jt¼0 ¼ ðu2Þ0. ð2:2Þ

Next, we give a precise definition of an optimal solution, i.e., a minimizer of
Jdðu1; u2; gÞ. Let the admissibility set be defined by
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Uad ¼fðu1; u2; gÞ 2 L2ð0; T ; X 1Þ � L2ð0; T ; X 2Þ � L2ð0; T ; L2ðC0ÞÞ
such that Jdðu1; u2; gÞ <1 and (2.1) and (2.2) are satisfiedg.

ð2:3Þ
Then, ðû1; û2; ĝÞ is called an optimal solution if there exists � > 0 such that

Jdðû1; û2; ĝÞ 6 Jdðu1; u2; gÞ ð2:4Þ
for all ðu1; u2; gÞ 2 Uad satisfying

kg � ĝkL2ð0;T ;L2ðC0ÞÞ 6 �. ð2:5Þ
2.2. A priori estimates

Using the properties of the bilinear forms, we can obtain an a priori bound
for solutions of the weak formulation (2.1) and (2.2).

Theorem 2.1. Let (u1,u2,g) 2 L2(0,T;X1) · L2(0,T;X2) · L2(0,T;L2(C0)) denote
the solution of (2.1) and (2.2). Then

sup
06t6T

kuiðtÞk2
0;Xi
þ kuik2

L2ð0;T ;H1ðXiÞÞ þ kotuik2
L2ð0;T ;H�1ðXiÞÞ

6 CeCT ðkf k2
L2ð0;T ;L2ðXÞÞ þ kgk

2
L2ð0;T ;L2ðC0ÞÞ þ kðuiÞ0k

2
0;Xi
Þ. ð2:6Þ
Proof. Setting v = ui, for i = 1,2, in (2.1) and (2.2), we have

1

2

d

dt
ðui; uiÞXi

þ aiðui; uiÞ

¼ ðf ; uiÞXi
þ ð�1Þiþ1ðg; uiÞC0

6 Cðkf k2
0;X þ kgk

2
0;C0
Þ

þ 1

2
kuiðtÞk2

0;Xi
þ 1

2
aiðui; uiÞ. ð2:7Þ

Integrating in t, we are led to

kuiðtÞk2
0;Xi
þ 1

2

Z t

0

aiðui; uiÞdt 6 Cðkf k2
L2ð0;T ;L2ðXÞÞ þ kgk

2
L2ð0;T ;L2ðC0ÞÞ

þ kðuiÞ0k
2
0;Xi
Þ þ 1

2

Z t

0

kuiðtÞk2
0;Xi

dt. ð2:8Þ

Applying Gronwall�s inequality, we deduce

sup
06t6T

kuiðtÞk2
0;Xi
þ kuik2

L2ð0;T ;H1ðXiÞÞ

6 CeCT ðkf k2
L2ð0;T ;L2ðXÞÞ þ kgk

2
L2ð0;T ;L2ðC0ÞÞ þ kðuiÞ0k

2
0;Xi
Þ. ð2:9Þ
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Next, (2.1) and (2.2) can be rewritten as

ðotui; vÞXi
¼ ðf ; vÞXi

þ ð�1Þiþ1ðg; vÞC0
� aiðui; vÞ

6 Cðkf k0;X þ kgk0;C0
þ kuik1;Xi

Þkvk1;Xi
. ð2:10Þ

From the last equation and (2.9) we obtain

kotuik2
L2ð0;T ;H�1ðXiÞÞ 6 CeCT ðkf k2

L2ð0;T ;L2ðXÞÞ þ kgk
2
L2ð0;T ;L2ðC0ÞÞ þ kðuiÞ0k

2
0;Xi
Þ.
ð2:11Þ

The estimate (2.6) follows from (2.9) and (2.11). h

We show the existence of optimal solutions in the next theorem.

Theorem 2.2. There exists a unique optimal solution ðû1; û2; ĝÞ 2 Uad such that

(1.4) is minimized.
Proof. Clearly, Uad is not empty. Let fuðnÞ1 ; uðnÞ2 ; gðnÞg be a minimizing sequence
in Uad, i.e.,

lim
n!1

Jdðu
ðnÞ
1 ; uðnÞ2 ; gðnÞÞ ¼ inf

ðu1;u2;gÞ2Uad

Jdðu1; u2; gÞ.

Then, from (2.3), we have that the sequence {g(n)} is uniformly bounded in
L2(0, T;L2(C0)) and hence from (2.6), so are fuðnÞi g and fotu

ðnÞ
i g in L2(0, T;Xi)

and L2(0,T;H�1(Xi)), for i = 1,2. Thus, there exists a subsequence
fuðnjÞ

1 ; uðnjÞ
2 ; gðnjÞg such that

uðnjÞ
i ! ûi in L2ð0; T ; X iÞ;

otu
ðnjÞ
i ! otûi in L2ð0; T ; H�1ðXiÞÞ;

gðnjÞ ! ĝ in L2ð0; T ; L2ðC0ÞÞ;

for some ðû1; û2; ĝÞ 2 Uad. Now, by the process of passing to the limit, we have
that ðû1; û2; ĝÞ satisfies (2.1) and (2.2). Then, the fact that the functional Jdð�; �Þ
is lower semi-continuous implies that

inf
ðu1;u2;gÞ2Uad

Jdðu1; u2; gÞ ¼ lim
j!1

inf Jdðu
ðnjÞ
1 ; uðnjÞ

2 ; gðnjÞÞP Jdðû1; û2; ĝÞ.

Hence, Jdðû1; û2; ĝÞ ¼ inf ðu1;u2;gÞ2Uad
Jdðu1; u2; gÞ so that ðû1; û2; ĝÞ is an optimal

solution. Uniqueness follows from the convexity of the functional and the
admissibility set and the linearity of the constraints. h
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3. Convergence with vanishing parameter

The functional (1.4) contains the penalty parameter d that controls the rel-
ative importance of the two terms. Clearly, for finite values of d, optimal solu-
tions will not be the same as that for the heat equation. In the next theorem, we
show that, as d! 0, optimal solutions converge to the solution of (1.1).

Theorem 3.1. For each d > 0, let ðud
1; u

d
2; g

dÞ denote the optimal solution

satisfying 2.3,2.4,2.5. Let u* denote the solution solution of (1.1). Then,

kud
i � u�i kL2ð0;T ;H1ðXiÞÞ ! 0 as d! 0, where u�i ¼ u�jXi[C0

.

Proof. Let g� ¼ ou�

on1
jC0

. Suppose fðud
1; u

d
2; g

dÞg is a sequence of optimal solutions
and d! 0. Then, we have that

Jdðud
1; u

d
2; g

dÞ 6 Jdðu�1; u�2; g�Þ 8d.

Since u�1jC0
¼ u�2jC0

,

1

2

Z T

0

Z
C0

ðud
1 � ud

2Þ
2 dCdt þ d

2

Z T

0

Z
C0

ðgdÞ2 dCdt

6
d
2

Z T

0

Z
C0

ðg�Þ2 dCdt 8d.

Then, {gd} is uniformly bounded in L2(0, T;L2(C0)) and kud
1 � ud

2kL2ð0;T ;L2ðC0ÞÞ !
0. We then obtain, from (2.6), that fud

i g and fotud
i g are uniformly bounded

in L2(0, T;Xi) and L2(0,T;H�1(Xi)). Hence, as d! 0, there exists a subse-
quence of fðud

1; u
d
2; g

dÞg which converges to some ðû1; û2; ĝÞ 2 L2ð0; T ; X 1Þ�
L2ð0; T ; X 2Þ � L2ð0; T ; L2ðC0ÞÞ. kud

1 � ud
2kL2ð0;T ;L2ðC0ÞÞ ! 0 yields û1jC0

¼ û2jC0
. By

passing to the limit, we have that ðû1; û2; ĝÞ satisfies (2.1) and (2.2). If we define
û 2 L2ð0; T ; H 1

0ðXÞÞ by

û ¼
û1 in X1 [ C0;

û2 in X2 [ C0;

�

û satisfies (1.1), and thus û ¼ u�. h
4. The optimality system

4.1. The Lagrange multiplier rule

We use the Lagrange multiplier rule to derive an optimality system of equa-
tions for the optimal solution. For the linear problem we are considering, the
applicability of the Lagrange multiplier rule is easily shown; see, e.g., [10].
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We define the Lagrangian

Lðu1; u2; g; k1; k2Þ

¼ Jdðu1; u2; gÞ �
X2

i¼1

Z T

0

Z
Xi

ðuiÞtki dXdt �
X2

i¼1

Z T

0

Z
Xi

rui � rki dXdt

þ
X2

i¼1

Z T

0

Z
Xi

fiki dXdt þ
Z T

0

Z
C0

gk1 dCdt �
Z T

0

Z
C0

gk2 dCdt.

Next, we apply the necessary conditions for finding stationary points of L. Set-
ting to zero the first variations with respect to k1 and k2 yields the constraints

ðotu1; vÞX1
þ a1ðu1; vÞ ¼ ðf ; vÞX1

þ ðg; vÞC0
8v 2 X 1;

u1jt¼0 ¼ ðu1Þ0; ð4:1Þ
ðotu2; vÞX2

þ a2ðu2; vÞ ¼ ðf ; vÞX2
� ðg; vÞC0

8v 2 X 2;

u2jt¼0 ¼ ðu2Þ0. ð4:2Þ

Setting to zero the first variations with respect to u1 and u2 yields the adjoint
equations

� ðotk1; nÞX1
þ a1ðk1; nÞ ¼ ðu1 � u2; nÞC0

8n 2 X 1;

k1jt¼T ¼ 0; ð4:3Þ
� ðotk2; nÞX2

þ a2ðk2; nÞ ¼ �ðu1 � u2; nÞC0
8n 2 X 2;

k2jt¼T ¼ 0. ð4:4Þ

Finally, setting to zero the first variations with respect to g yields the optimality
conditions

ðg; rÞC0
¼ � 1

d
ðr; k1 � k2ÞC0

8r 2 L2ðC0Þ. ð4:5Þ

To summarize, optimal solution may be determined by solving the optimal-
ity system (4.1)–(4.5). Note that this system is coupled, i.e., the constraint equa-
tions for the state variables depend on the unknown controls, the adjoint
equations for the Lagrange multipliers depend on the state, and optimality
conditions for the controls depend on the Lagrange multipliers.

4.2. Sensitivity derivatives

The optimality system (4.1)–(4.5) may also be derived in a direct manner
using sensitivity derivatives instead of the Lagrange multiplier rule. The first
derivatives dJd

dg of Jd is defined through it actions on variations ~g as follows:

dJd

dg
; ~g

� �
¼
Z T

0

ðu1 � u2; ~u1 � ~u2ÞC0
dt þ d

Z T

0

ðg; ~gÞC0
dt; ð4:6Þ
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where ~u1 2 L2ð0; T ; X 1Þ and ~u2 2 L2ð0; T ; X 2Þ are the solutions of sensitivity
equations

ðot~u1; vÞX1
þ a1ð~u1; vÞ ¼ ð~g; vÞC0

8v 2 X 1;

~u1jt¼0 ¼ 0; ð4:7Þ
ðot~u2; vÞX2

þ a2ð~u2; vÞ ¼ �ð~g; vÞC0
8v 2 X 2;

~u2jt¼0 ¼ 0. ð4:8Þ

Now, let k1 and k2 denote the solution of (4.3) and (4.4), respectively. Set
n ¼ ~u1 in (4.3), n ¼ ~u2 in (4.4), v = k1 in (4.7), and v = k2 in (4.8). Combining
the results yields

ð~g; k1 � k2ÞC0
¼ ðu1 � u2; ~u1 � ~u2ÞC0

;

so that, substituting in (4.6), we have that

dJd

dg
; ~g

� �
¼
Z T

0

ð~g; k1 � k2ÞC0
dt þ d

Z T

0

ðg; ~gÞC0
dt 8~g 2 L2ð0; T ; L2ðC0ÞÞ.

ð4:9Þ
Thus, the first-order necessary conditions dJd

dg ¼ 0 yield that

dðg; ~gÞC0
¼ �ð~g; k1 � k2ÞC0

8~g 2 L2ðC0Þ;

which is the same as (4.5).

Remark. Eq. (4.9) yield an explicit formula for the gradient of Jd, i.e.,

dJd

dg
¼ dg þ ðk1 � k2ÞjC0

;

where k1 and k2 are determined from g through (4.3) and (4.4). Thus, one has in
hand the information needed if one were to use a gradient-based method, e.g.,
a method that requires Jd and dJd

dg for a given approximation of g, to solve our
optimization problem. We now consider one such method.
5. A gradient method

The simple gradient method we consider is defined as follows. Given a start-
ing guess g(0), let

gðnþ1Þ ¼ gðnÞ � a
dJdðgðnÞÞ

dg
; for n ¼ 1; 2; . . . ; ð5:1Þ

where a is a step size.
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5.1. Algorithm

Combining (4.9) and (5.1) yields, for n = 1,2, . . .,

gðnþ1Þ ¼ ð1� daÞgðnÞ � aðkðnÞ1 � kðnÞ2 ÞjC0
;

where kðnÞ1 and kðnÞ2 are determined by (4.3) and (4.4) with g replaced by g(n).
In summary, the simple gradient algorithm we consider is given as follows.

Algorithm 5.1

1. Choose a and g(0).
2. For n = 0,1,2, . . .,

(a) determine uðnÞ1 and uðnÞ2 from

ðotu
ðnÞ
1 ; vÞX1

þ a1ðuðnÞ1 ; vÞ ¼ ðf ðnÞ; vÞX1
þ ðgðnÞ; vÞC0

8v 2 X 1;

uðnÞ1 jt¼0 ¼ ðu1Þ0;
ðotu

ðnÞ
2 ; vÞX2

þ a2ðuðnÞ2 ; vÞ ¼ ðf ðnÞ; vÞX2
� ðgðnÞ; vÞC0

8v 2 X 2;

uðnÞ2 jt¼0 ¼ ðu2Þ0.

(b) determine kðnÞ1 and kðnÞ2 from

� ðotk
ðnÞ
1 ; nÞX1

þ a1ðkðnÞ1 ; nÞ ¼ ðuðnÞ1 � uðnÞ2 ; nÞC0
8n 2 X 1;

kðnÞ1 jt¼T ¼ 0;

� ðotk
ðnÞ
2 ; nÞX2

þ a2ðkðnÞ2 ; nÞ ¼ �ðuðnÞ1 � uðnÞ2 ; nÞC0
8n 2 X 2;

kðnÞ2 jt¼T ¼ 0.

(c) determine g(n+1) from

gðnþ1Þ ¼ ð1� daÞgðnÞ � aðkðnÞ1 � kðnÞ2 ÞjC0
.

5.2. Convergence of gradient method

The following result which can be found in, e.g., [11], is useful in determin-
ing sufficient conditions for the convergence of the gradient method of Algo-
rithm 5.1.

Theorem 5.2. Let X be a Hilbert space equipped with the inner product (Æ, Æ)X and

norm kÆkX. Suppose M is a functional on X such that

1. M has a local minimum at x̂ and is twice differentiable in an open ball B cen-

tered at x̂,
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2. jhM00ðuÞ; ðx; yÞij 6 MkxkXkykX 8u 2 B; x 2 X ; y 2 X ,

3. jhM00ðuÞ; ðx; xÞijP mkxk2
X 8u 2 B; x 2 X ,

where M and m are positive constants. Let R denote the Riesz map. Choose x(0)

sufficiently close to x̂ and choose a sequence qn such that 0 < q* 6 qn 6 q* < 2m/

M2. Then the sequence x(n) defined by

xðnÞ ¼ xðn�1Þ � qnRM0ðxðn�1ÞÞ for n ¼ 1; 2; . . . ;

converges to x̂.

We examine the second derivatives of Jd to determine the constants M and
m. We have:

d2Jd

dg2
; ð~g; gÞ

� �
¼
Z T

0

ðu1 � u2; ~u1 � ~u2ÞC0
dt þ d

Z T

0

ðg; ~gÞC0
dt;

where

ðot~u1; vÞX1
þ a1ð~u1; vÞ ¼ ð~g; vÞC0

8v 2 X 1;

~u1jt¼0 ¼ 0;

ðot~u2; vÞX2
þ a2ð~u2; vÞ ¼ �ð~g; vÞC0

8v 2 X 2;

~u2jt¼0 ¼ 0;

ðotu1; vÞX1
þ a1ðu1; vÞ ¼ ðg; vÞC0

8v 2 X 1;

u1jt¼0 ¼ 0;

ðotu2; vÞX2
þ a2ðu2; vÞ ¼ �ðg; vÞC0

8v 2 X 2;

u2jt¼0 ¼ 0.

Then,

d2Jd

dg2
; ð~g; gÞ

� �����
���� 6 ku1 � u2kL2ð0;T ;L2ðC0ÞÞk eu1 � eu2kL2ð0;T ;L2ðC0ÞÞ

þ dkgkL2ð0;T ;L2ðC0ÞÞk~gkL2ð0;T ;L2ðC0ÞÞ

6 ð4þ dÞkgkL2ð0;T ;L2ðC0ÞÞk~gkL2ð0;T ;L2ðC0ÞÞ.

Setting ~g ¼ g, we also have that

d2Jd

dg2
; ðg; gÞ

� �
¼
Z T

0

ðu1 � u2; u1 � u2ÞC0
dt þ d

Z T

0

ðg; gÞC0
dt.

Then,

d2Jd

dg2
; ðg; gÞ

� �����
����P dkgk2

L2ð0;T ;L2ðC0ÞÞ.



Table 1
Convergence of solution using the penalized functional with respect the grid size for different values
of the step size a in the gradient method

a L2 rate H1 rate

1 2.7394 1.9386
3 2.7411 1.9386
5 2.7410 1.9386
7 2.7414 1.9386
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Of course, other, more practical gradient-based algorithms can be defined.
For example, the step length a could be changed at each iteration, e.g., through
a line search in the direction of the negative gradient, or a conjugate gradient
method may be used.
6. Numerical experiments

We consider a fully-discrete method to implement the algorithm defined in
Section 5.1. As usual, spatial discretization is effected by a finite element meth-
od and temporal discretization is brought about by a finite difference method.
The finite element spaces are chosen to consist of the standard continuous,
piecewise quadratic polynomial spaces based on triangular meshes. For the
time discretization, backward Euler is used.

We now report on some experiments with the gradient algorithm. Let the
domain X be the square {(x,y) : 0 < x < 1,0 < y < 1/2}; X is divided into the
two subdomains X1 = {(x,y) :0 < x < 1/2,0 < y < 1/2} and X2 = {(x,y) : 1/2 <
x < 1,0 < y < 1/2} having the interface C0 = {(x,y) :x = 1/2,0 < y < 1/2}. The
computations were carried out with f = 3t2x(x � 1)y(y � 1/2) � 2t2(y2 � y/2 +
x2 � x). This set up allows us to test the convergence of the algorithm with
respect to various parameters.

For the gradient algorithm of Section 5.1, is necessary to adjust the param-
eters a and d so that satisfactory convergence results can be obtained while still
obtaining good agreement with the exact solution. We choose d to be small so
that we do not over penalize the functional. Also, we choose very small time
step to examine the rate of convergence with respect to the grid size h. Then
a can be chosen so that the gradient method converges. Calculations have been
performed for various values for the parameters (Table 1).
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